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Abstract 

F. Good morning Hermann, I would like to talk with you about infinitesimals. 

G. Tell me Pierre. 

F. I'm fed up of all these slanders about my attitude to be non rigorous, so I've started 
to study nonstandard analysis (NSA) and synthetic differential geometry (SDG). 

G. Yes, I've read something. . . 

F. Ok, no problem about their rigour. But, when I've seen that the sine of an infinite in 
NSA is infinitely near to a real number I was astonished: what is the intuitive meaning 
of this number, if any? Then, I've seen that to work in SDG I must learn to work in 
intuitionistic logic. . . You know, I love margins of books, and I don't want to loose too 
much time, I have many things to do. . . 

G. In SDG they also say that every infinitesimal is at the same time positive and negative, 
what is the meaning of all these? And why does the square of a first order infinitesimal 
equal zero, whereas the product of two first order infinitesimals is not necessarily zero? 
And do you know that from any single infinitesimal in NSA is possible to construct a non 
measurable set? Without using the axiom of choice! 

F. Yes, I know, I know. . . Ok, listen: why cannot we start from standard functions 
x : E — > R and use. . . 

This work is the ideal continuation of this dialogue: a theory of actual infinitesimals 
that do not need a background of formal logic to be understood, with a clear intuitive 
meaning and with non trivial applications to differential geometry of both finite and infinite 
dimensional spaces. 
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If we do not believe in the existence of God, then, from Godel's 
ontological theorem it follows that an absolute, necessary and 
not only possible moral system cannot exists. But I believe 
that the human kind can achieve this type of moral system, so 
I have to believe in God. 

If you further assume, suitably formalized with a rigorous 
mathematical language, that any good thing has in God its 
first cause and that mathematics is a good thing, then you 
cannot believe in genius anymore. The simple consequences 
for the everyday work of a mathematician and, more in gen- 
eral, for scientific collaboration are left to the reader. 



P. Castelluccia 



Abstract and structure 

The main aim of the present work is to start a new theory of actual in- 
finitesimals, called theory of Fermat reals. After the work of A. Robinson on 
nonstandard analysis (NSA), several theories of infinitesimals have been de- 
veloped: synthetic differential geometry, surreal numbers, Levi-Civita field, 
Weil functors, to cite only some of the most studied. We will discuss in 
details of these theories and their characteristics, first of all comparing them 
with our Fermat reals. One of the most important differences is the philo- 
sophical thread that guided us during all the development of the present 
work: we tried to construct a theory with a strong intuitive interpretation 
and with non trivial applications to the infinite- dimensional differential ge- 
ometry of spaces of mappings. This driving thread tried to develop a good 
dialectic between formal properties, proved in the theory, and their informal 
interpretations. The dialectic has to be, as far as possible, in both directions: 
theorems proved in the theory should have a clear and useful intuitive inter- 
pretation and, on the other hand, the intuition corresponding to the theory 
has to be able to suggest true sentences, i.e. conjectures or sketch of proofs 
that can then be converted into rigorous proofs. Almost all the present theo- 
ries of actual infinitesimals are either based on formal approaches, or are not 
useful in differential geometry. As a meaningful example, we can say that 
the Fermat reals can be represented geometrically (i.e. they can be drawn) 
respecting the total order relation. 

The theory of Fermat reals takes a strong inspiration from synthetic 
differential geometry (SDG), a theory of infinitesimals grounded in Topos 
theory and incompatible with classical logic. SDG, also called smooth in- 
finitesimal analysis, originates from the ideas of Lawvere [1979] and has been 
greatly developed by several categorists. The result is a powerful theory able 
to develop both finite and infinite dimensional differential geometry with a 
formalism that takes great advantage of the use of infinitesimals. This the- 
ory is however incompatible with classical logic and one is forced to work 
in intuitionistic logic and to construct models of SDG using very elaborated 
topoi. The theory of Fermat reals is sometimes formally very similar to SDG 
and indeed, several proofs are simply a reformulation in our theory of the 
corresponding proofs in SDG. However, our theory of Fermat reals is fully 
compatible with classical logic. We can thus describe our work as a way to 
bypass an impossibility theorem of SDG, i.e. a way considered as impossible 
by several researchers. The differences between the two theories are due to 
our constraint to have always a good intuitive interpretation, whereas SDG 
develops a more formal approach to infinitesimals. 

Generally speaking, we have constructed a theory of infinitesimals which 
does not need a background of logic to be understood. On the contrary, 
nonstandard analysis and SDG need this non trivial background, and this is 
a great barrier for potential users like physicists or engineers or even several 



mathematicians. This is a goal strongly searched in NSA, so as to facilitate 
the diffusion of the theory. 

Many parts of our construction are completely constructive and this re- 
sult, also considered by several researchers in NSA, opens good possibilities 
for a computer implementation of our Fermat reals, with interesting poten- 
tial applications in automatic proof theory or in automatic differentiation 
theory. 

Our infinitesimals h, like in SDG, are nilpotent so that we have h 7^ 0, 
but h is "so small" that for some power n £ N>i we have h n = 0. This 
permits to obtain an equality between a function and its tangent straight 
line in a first order infinitesimal neighborhood, i.e. 

f(x + h)=f(x) + h-f'(x), (0.0.1) 

where h? = 0. More generally, we will prove infinitesimal Taylor's formulas 
without any rest, so that every smooth functions, in our framework, is equal 
to a /c-th order polynomial in every k-th order infinitesimal neighborhood. 

The second part of the work is devoted to the development of a theory 
of smooth infinite dimensional spaces, first of all thinking applications in 
differential geometry. Our approach is based on a generalization of the notion 
of diffeology (see e.g. Iglesias-Zemmour [2008]). This permits to obtain a 
cartesian closed complete and cocomplete category in which the category of 
smooth manifolds is embedded. Using the above mentioned generalization we 
can obtain a category containing the extension of all smooth manifolds using 
our new infinitesimal points. We have hence the category C°° of diffeological 
spaces, which contains all the smooth manifolds, and a functor *(— ) : C°° — ► 
*C°°, called Fermat functor, which extends every space X G C°° adding 
infinitesimal points. E.g. the ring of Fermat reals is *R := *(K). The 
above mentioned categorical properties of these categories permits to say 
that we can construct infinite products, spaces of mapping, infinite sums, 
quotient spaces and we also have that mappings like composition, insertion, 
evaluation, and practically all the interesting set-theoretical operations are 
always smooth. We have hence a flexible framework where infinitesimal 
methods are also available. 

Moreover, the Fermat functor possesses very good properties: it preserves 
products of manifolds and intersections, unions, inclusions, counter-images 
of open sets, to cite some of them. We will study in general this preservation 
properties, discovering some relationships between the Fermat functor and 
intuitionistic logic. 

In the third part of the work we will present the basis for the whole de- 
velopment of the differential and integral calculus both for smooth functions 
defined on open sets of Fermat reals and on infinitesimal domains. We also 
give some first results of differential geometry using infinitesimal methods, 
always considering the case of the space of all the smooth mappings between 



two manifolds. A very general proof of the Euler-Lagrange equations is also 
given, with Lagrangians defined on spaces of mappings of the general form 

•C°°CM S , 'r('M s _i, • • • , 'C co CM 2 , '»)•••), 

where Mj are manifolds. The space 'Mi G 'C°° is the application of the 
Fermat functor to the manifold Mi, so that it can be thought as the manifold 
with the adding of our new infinitesimal points. In this section we also give 
a sketch of some ideas for a further development of the present work. 

The fourth part of the work is composed of an appendix that fixes com- 
mon notations for the concepts of category theory that we have used, and of 
a detailed study about the comparison of our theory and other theories of 
infinitesimals. 

The detailed structure of our work is as follows. After a motivational 
Chapter 1 where we will also give an explanation for the name Fermat reals, 
in Chapter 2 we will define the ring *M of Fermat reals and the ideals Dk of 
fc-th order infinitesimals. Having a ring which contains nilpotent elements, 
one of the most difficult algebraic problem is the dealing with products of 
powers of these nilpotent numbers. In this chapter we will also prove several 
effective results that permits to solve these powers (i.e. to decide whether 
they are zero or not) in an algorithmic way. 

The derivative f'(x) in a Taylor's formula like (0.0.1) is determined only 
up to second order infinitesimals. In Chapter 3 we will deeply study these 
equality up to k-th order infinitesimals, the corresponding cancellation law 
and its application to Taylor's formulas. 

In Chapter 4 we will define the total order relation. We will show that, 
generally speaking, the order relation can be total only if the derivative in 
(0.0.1) is not uniquely determined. In this chapter we will also prove that 
the Fermat reals are in bijective correspondence with suitable curves of the 
plane M 2 , i.e. the geometrical representation of *R. 

Chapter 5 starts the second part of the work, devoted to our approach to 
infinite dimensional spaces. In this chapter we review the most studied ap- 
proaches to infinite dimensional spaces used in differential geometry: Banach 
manifolds and locally convex vector spaces, the convenient vector spaces set- 
tings, diffeological spaces and SDG, presenting some of their positive features 
and some possible deficiencies. 

In Chapter 6 we present our generalization of the notion of diffeological 
space, which permits to define in the same framework both the categories 
C°° and 'C°°, respectively domain and codomain of the Fermat functor. We 
called this generalization the cartesian closure of a given category of figures. 

In Chapter 7 the cartesian closure is applied to the category of open sets 
in spaces of the form W 1 and smooth mappings, obtaining the category C°° 
of diffeological spaces. We review the embedding of smooth finite dimen- 
sional manifolds and give several examples: infinite dimensional manifolds 



modeled on convenient vector spaces (which include manifolds modeled on 
Banach spaces), integro-differential operators, set-theoretical operations like 
compositions and evaluations, and we prove that the space of all the diffeo- 
morphisms between two manifolds is a Lie group. 

In Chapter 8 we generalize the construction of the Fermat ring *M to 
any smooth diffeological space X G C°° and we define the category 'C°° of 
smooth Fermat spaces, which includes all the spaces of the form 'X. 

Chapter 9 starts the study of the Fermat functor '(-) : C°° — ► 'C°° 
that extends every smooth space X E C°° by adding infinitesimal points. We 
prove that this functor preserves products of manifolds and we prove that 
manifolds are also embedded in the category *C°° . In this chapter we also 
prove that a standard part functor, right adjoint of the Fermat functor, does 
not exists. This correspond to analogous results dealing with the standard 
part map in constructive NSA. 

We then study, in Chapter 10, the logical properties of the Fermat func- 
tor, i.e. all the logical operations which are preserved by it. We will see 
that, even if the theory of Fermat reals is fully compatible with classical 
logic, the best properties of this functor are present in the case of an in- 
tuitionistic interpretation of these logical operations, confirming the good 
dialectic between smooth differential geometry and intuitionistic logic. 

The third part of the work starts with the study, in Chapter 11, of the 
development of the basis for the differential and integral calculus of smooth 
functions f : *U — ► m R d defined on an open set *U C *IR n . These functions 
generalize the standard smooth functions and can be expressed, locally, as 
the extension of standard smooth functions *a(p, — ) with a fixed parameter 
p £ *IR P . The differential calculus is based on the analogous, in SDG, of the 
Fermat-Reyes property, and formalizes perfectly the informal methods used 
originally by P. de Fermat. In this chapter we also prove the inverse function 
theorem in 'M. and the existence of primitives, which represent a non trivial 
problem in non- Archimedean fields. 

Due to the connections between total order and nilpotent infinitesimals, 
the differential calculus for function defined on infinitesimal sets, like = 
{h £*R \ h k+l = 0}, must be developed using the properties of the equality 
up to &-th order infinitesimals. This is done in Chapter 12. 

The purpose of Chapter 13 is to show the possibilities of the theory of 
Fermat reals for differential geometry, in particular for spaces of mappings. 
We essentially develop only tangency theory and the existence of integral 
curves using infinitesimal methods. We devoted a particular attention to 
always include in our results spaces of the form *M* N E 'C°° for M and N 
manifolds. In this chapter we also prove the above mentioned general version 
of the Euler-Lagrange equations. 

In the final Chapter 14 we sketch the ideas of some possible further 
developments of our work. 
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Algebraic and order properties 
of Fermat reals 
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Chapter 1 

Introduction and general 
problem 

Frequently in work by physicists it is possible to find informal calculations 
like 

v 2 1 
— = l + _ y/i - h i4 (x) = 1 - -h u {x) (1.0.1) 

with explicit use of infinitesimals v/c <C 1 or h^(x) <C 1 such that e.g. 
ha{x) 2 = 0. For example Einstein [1926] (pag. 14) wrote the formula (using 
the equality sign and not the approximate equality sign ~) 

df 

f(x,t + r) = f( x ,t)+T--±(x,t) (1.0.2) 

justifying it with the words "since r is very small"; the formulas (1.0.1) are 
a particular case of the general (1.0.2). Dirac [1975] wrote an analogous 
equality studying the Newtonian approximation in general relativity. 

Using this type of infinitesimals we can write an equality, in some in- 
finitesimal neighborhood, between a smooth function and its tangent straight 
line, or, in other words, a Taylor's formula without remainder. Informal 
methods based on actual infinitesimals are sometimes used in differential 
geometry too. Some classical examples are the following: a tangent vector 
is an infinitesimal arc of curve traced on the manifold and the sum of tan- 
gent vectors is made using infinitesimal parallelograms; tangent vectors to 
the tangent bundle are infinitesimal squares on the manifold; a vector field 
is sometimes intuitively treated as an "infinitesimal transformation" of the 
space into itself and the Lie brackets of two vector fields as the commutator 
of the corresponding infinitesimal transformations. 

There are obviously many possibilities to formalize this kind of intuitive 
reasonings, obtaining a more or less good dialectic between informal and 
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formal thinking, and indeed there are several theories of actual infinitesimals 
(from now on, for simplicity, we will say "infinitesimals" instead of "actual 
infinitesimals" as opposed to "potential infinitesimals"). Starting from these 
theories we can see that we can distinguish between two type of definitions 
of infinitesimals: in the first one we have at least a ring R containing the real 
field R and infinitesimals are elements e £ R such that — r < e < r for every 
positive standard real r £ M>o- The second type of infinitesimal is defined 
using some algebraic property of nilpotency, i.e. e n = for some natural 
number n E N. For some ring R these definitions can coincide, but anyway 
they lead, of course, only to the trivial infinitesimal e = if R = R. 

However these definitions of infinitesimals correspond to theories which 
are completely different in nature and underlying ideas. Indeed these theories 
can be seen in a more interesting way to belong to two different classes. 
In the first one we can put theories that need a certain amount of non 
trivial results of mathematical logic, whereas in the second one we have 
attempts to define sufficiently strong theories of infinitesimals without the 
use of non trivial results of mathematical logic. In the first class we have Non- 
standard Analysis (NSA) and Synthetic differential geometry (SDG, also 
called Smooth Infinitesimal Analysis), in the second one we have, e.g., Weil 
functors, Levi-Civita fields, surreal numbers, geometries over rings containing 
infinitesimals (see Appendix B for an introduction to several approaches 
to infinitesimals, together with a first comparison with our approach, and 
for references). More precisely we can say that to work in NSA and SDG 
one needs a formal control deeply stronger than the one used in "standard 
mathematics". In NSA one needs this control to apply the transfer theorem 
and in SDG one has to be sufficiently formal to be sure that the proofs 
can be seen as belonging to intuitionistic logic. Indeed to use NSA one has 
to be able to formally write the sentences one needs to transfer. Whereas 
SDG does not admit models in classical logic, but in intuitionistic logic only, 
and hence we have to be sure that in our proofs there is no use of the 
law of the excluded middle, or e.g. of the classical part of De Morgan's 
law or of some form of the axiom of choice or of the implication of double 
negation toward affirmation and any other logical principle which is not 
valid in intuitionistic logic. Physicists, engineers, but also the greatest part 
of mathematicians are not used to have this strong formal control in their 
work, and it is for this reason that there are attempts to present both NSA 
and SDG reducing as much as possible the necessary formal control, even 
if at some level this is technically impossible (see e.g. Henson [1997], and 
Benci and Nasso [2003, 2005] for NSA; Bell [1998] and Lavendhomme [1996] 
for SDG, where using an axiomatic approach the authors try to postpone 
the very difficult construction of an intuitionistic model of a whole set theory 
using Topos). 

On the other hand NSA is essentially the only theory of infinitesimals 
with a discrete diffusion and a sufficiently great community of working math- 
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ematicians and published results in several areas of mathematics and its 
applications, see e.g. Albeverio et al. [1988]. SDG is the only theory of 
infinitesimals with non trivial, new and published results in differential ge- 
ometry concerning infinite dimensional spaces like the space of all the dif- 
feomorphisms of a generic (e.g. non compact) smooth manifold. In NSA we 
have only few results concerning differential geometry (we cite Schlesinger 
[1997] and Hamad [2007], and references therein, where NSA methods are 
used in problems of differential geometry). Other theories of infinitesimals 
have not, at least up to now, the same formal strength of NSA or SDG or 
the same potentiality to be applied in several different areas of mathematics. 

One of the aim of the present work is to find a theory of infinitesimals 
within "standard mathematics" (in the precise sense explained above of a 
formal control more "standard" and not so strong as the one needed e.g. in 
NSA or SDG) with results comparable with those of SDG, without forcing 
the reader to learn a strong formal control of the mathematics he is doing. 
Because it has to be considered inside "standard mathematics", our theory of 
infinitesimals must be compatible with classical logic. Let us note that this 
is not incompatible with the possibility to obtain some results that need a 
strong formal control (like, e.g., a transfer theorem), because they represent 
a good potential instrument for the reader that likes such a strong formal 
control, but they do not force, concretely, all the readers to have such a 
formal aptitude. For these reasons, we think that it is wrong to frame the 
present work as in opposition to NSA or SDG. 

Concretely, the idea of the present work is to by-pass the impossibility 
theorem about the incompatibility of SDG with classical logic that forces 
SDG to find models within intuitionistic logic. This by-pass has to be made, 
as much as possible, keeping the same properties and final results. We think 
that the obtained result is meaningful not only for differential geometry, but 
also for other fields, like the calculus of variations, and we will give a first 
sketch of results in this direction. 

Another point of view about a powerful theory like NSA is that, in spite 
of the fact that frequently it is presented using opposed motivations, it lacks 
the intuitive interpretation of what the powerful formalism permits to do. 
E.g. what is the intuitive meaning and usefulness of ° sin(J) G K, i.e. the 
standard part of the sine of an infinite number / G *M? This and the above- 
mentioned "strong formal control" needed to work in NSA, together with 
very strong but scientifically unjustified cultural reasons, may be some moti- 
vations for the not so high success of the spreading of NSA in mathematics, 
and consequently in its didactics. 

Analogously in SDG from the intuitive, classical, point of view, it is a 
little strange that we cannot exhibit "examples" of infinitesimals (indeed in 
SDG it is only possible to prove that — >3 d G D, where D = {h G R \ h 2 = 0} 
is the set of first order infinitesimals). Because of this, e.g., we cannot con- 
struct a physical theory containing a fixed infinitesimal parameter; another 
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example of a counter intuitive property is that any d € D is, at the same 
time, positive d > and negative d < 0. Similar counter intuitive proper- 
ties can be found in other theories of infinitesimals that use ideals of rings 
of polynomials as a formal scheme to construct particular type of infinites- 
imals. Among these theories we can cite "Weil functors" (see Kolar et al. 
[1993] and Kriegl and Michor [1996] and Appendix B of the present work 
for other references) and "differential geometry over general base fields and 
rings" (see Bertram [2008] and Appendix B). The final conclusion after the 
establishment of this type of counter intuitive examples (even if, of course, in 
these theories there are also several intuitively clear examples and concepts) , 
is that if one wants to work in these types of frameworks, sometimes one has 
to follow a completely formal point of view, loosing the dialectic with the 
corresponding intuitive meaning. 

Another aim of the present work is to construct a new theory of infinites- 
imals preserving always a very good dialectic between formal properties and 
intuitive interpretation. A first hint to show this positive feature of our con- 
struction is that our is the first theory, as far as we know, where it is possible 
to represent geometrically its new type of numbers 1 , and it is undeniable that 
to be able to represent standard real numbers by a straight line inspired, and 
it still inspires, several mathematicians. 

More technically we want to show that it is possible to extend the real 
field adding nilpotent infinitesimals, arriving at an enlarged real line *R, by 
means of a very simple construction completely inside "standard mathemat- 
ics". Indeed to define the extension '1 D 1 we shall use elementary analysis 
only. To avoid misunderstandings is it important to clarify that present 
work's purpose is not to give an alternative foundation of differential and in- 
tegral calculus (like NSA), but to obtain a theory of nilpotent infinitesimals 
and to use it for the foundation of a smooth (C°°) differential geometry, in 
particular in the case of infinite dimensional spaces, like the space of all the 
smooth functions Man(M; N) between two generic manifolds (e.g. without 
compactness hypothesis on the domain M). This focus on the foundation 
of differential geometry only, without including the whole calculus, is more 
typical of SDG, Weil functors and geometries over generic rings. 

The usefulness of the extension 'RDM can be glimpsed by saying e.g. 
that using *R it is possible to write in a completely rigorous way that a 
smooth function is equal to its tangent straight line in a first order neighbor- 
hood; it is possible to use infinitesimal Taylor's formulas without remainder; 
to define a tangent vector as an infinitesimal curve and sum them using 
infinitesimal parallelograms; to see a vector field as an infinitesimal transfor- 
mation, in general to formalize these and many other non-rigorous methods 
used in physics and geometry. This is important both for didactic reasons 

1 I.e. it is possible to establish a bijective correspondence between suitable lines of the 
plane and the numbers belonging to a given infinitesimal neighborhood. 
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and because it was by means of these methods that mathematicians like S. 
Lie and E. Cartan were originally led to construct important concepts of 
differential geometry 

We can use the infinitesimals of *M not only as a good language to re- 
formulate well-known results, but also as a very useful tool to construct, in 
a simple and meaningful way, a differential geometry in classical infinite- 
dimensional objects like Man(M, N) the space of all the C°° mapping be- 
tween two manifolds M, N. Here with "simple and meaningful" we mean 
the idea to work directly on the geometric object in an intrinsic way without 
being forced to use charts, but using infinitesimal points (see Lavendhomme 
[1996]). Some important examples of spaces of mappings used in applica- 
tions are the space of configurations of a continuum body, groups of dif- 
feomorphisms used in hydrodynamics as well as in magnetohydrodynamics, 
electromagnetism, plasma dynamics, and paths spaces for calculus of varia- 
tions (see Kriegl and Michor [1997], Abraham et al. [1988], Albeverio et al. 
[1997, 1988], Albeverio [1997] and references therein). Interesting applica- 
tions in classical field theories can also be found in Abbati and Mania [2000]. 

1.1 Motivations for the name "Fermat reals" 

It is well known that historically two possible reductionist constructions of 
the real field starting from the rationals have been made. The first one is 
Dedekind's order completion using sections of rationals, the second one is 
Cauchy's metric space completion. Of course there are no historical reason 
to attribute our extension '1 3 1 of the real field, to be described below, to 
Fermat, but there are strong motivations to say that, probably, he would have 
liked the underlying spirit and some properties of our theory. For example: 

1. we will see that a formalization of Fermat 's infinitesimal method to 
derive functions is provable in our theory. We recall that Fermat 's idea 
was, roughly speaking and not on the basis of an accurate historical 
analysis which goes beyond the scope of the present work (see e.g. 
Bottazzini et al. [1992], Edwards [1979], Eves [1990]), to suppose first 
h 7^ 0, to construct the incremental ratio 

f(x + h)-f(x) 
h 

and, after suitable simplifications (sometimes using infinitesimal prop- 
erties), to take in the final result h = 0. 

2. Fermat 's method to find the maximum or minimum of a given function 
f(x) at x = a was to take e to be extremely small so that the value of 
f{x + h) was approximately equal to that of f(x). In modern, algebraic 
language, it can be said that f{x + h) = f(x) only if h 2 = 0, that is if e 
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is a first order infinitesimal. Fermat was aware that this is not a "true" 
equality but some kind of approximation (see e.g. Bottazzini et al. 
[1992], Edwards [1979], Eves [1990]). We will follow a similar idea to 
define 'M introducing a suitable equivalence relation to represent this 
equality. 

3. Fermat has been described by Bell [1937] as "the king of amateurs" of 
mathematics, and hence we can suppose that in its mathematical work 
the informal/intuitive part was stronger with respect to the formal one. 
For this reason we can think that he would have liked our idea to obtain 
a theory of infinitesimals preserving always the intuitive meaning and 
without forcing the working mathematician to be too much formal. 

For these reason we chose the name "Fermat reals" for our ring *R (note: 
without the possessive case, to underline that we are not attributing our 
construction of *K to Fermat). 

We already mentioned that the use of nilpotent infinitesimals in the ring 
"K permits to develop many concepts of differential geometry in an intrinsic 
way without being forced to use coordinates, as we shall see in some examples 
in the course of the present work. In this way the use of charts becomes 
specific of stated areas, e.g. where one strictly needs some solution in a finite 
neighborhood and not in an infinitesimal one only (e.g. this is the case for 
the inverse function theorem). We can call infinitesimal differential geometry 
this kind of intrinsic geometry based on the ring *]R (and on extensions of 
manifolds *M and also on more generic object like the exponential objects 
*M' N , see the second part of the present work). 
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Definition and algebraic 
properties of Fermat reals 

2.1 The basic idea 

We start from the idea that a smooth (C°°) function / : *R — > *R is actually 
egwa/ to its tangent straight line in the first order neighborhood e.g. of the 
point x = 0, that is 

Vh & D : f(h) = f(0) + h-f(0) (2.1.1) 

where -D is the subset of *R which defines the above-mentioned neighborhood 
of rr = 0. The equality (2.1.1) can be seen as a first-order Taylor's's formula 
without remainder because intuitively we think that h? = for any h E D 
(indeed the property h 2 = defines the first order neighborhood of x = in 
*R). These almost trivial considerations lead us to understand many things: 
'M. must necessarily be a ring and not a field because in a field the equation 
h 2 = implies h = 0; moreover we will surely have some limitation in the 
extension of some function from R to *R, e.g. the square root, because using 
this function with the usual properties, once again the equation h 2 = 
implies \h\ = 0. On the other hand, we are also led to ask whether (2.1.1) 
uniquely determines the derivative /'(0): because, even if it is true that we 
cannot simplify by h, we know that the polynomial coefficients of a Taylor's's 
formula are unique in classical analysis. In fact we will prove that 

]!melVkD: f(h) = f(0) + h-m (2.1.2) 

that is the slope of the tangent is uniquely determined in case it is an ordinary 
real number. We will call formulas like (2.1.2) derivation formulas. 

If we try to construct a model for (2.1.2) a natural idea is to think our new 
numbers in *R as equivalence classes [h] of usual functions h : R — ► R. In 
this way we may hope both to include the real field using classes generated by 
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constant functions, and that the class generated by h(t) = t could be a first 
order infinitesimal number. To understand how to define this equivalence 
relation we have to think at (2.1.1) in the following sense: 

/(&(*)) ~/(0) + /*(*) •/'(()), (2.1.3) 

where the idea is that we are going to define ~. If we think h(t) "sufficiently 
similar to t", we can define ~ so that (2.1.3) is equivalent to 

lim f{h{t)) - /(0) ~ k{t) ' //(0) 
t^o t 

that is 

x~y lim ^ = ^ = 0. (2.1.4) 

In this way (2.1.3) is very near to the definition of differentiability for / at 
0. 

It is important to note that, because of de L'Hopital's theorem we have the 
isomorphism 

C^K.K)/^ ~ R[s]/(x), 

the left hand side is (isomorphic to) the usual tangent bundle of R and thus 
we obtain nothing new. It is not easy to understand what set of functions we 
have to choose for x, y in (2.1.4) so as to obtain a non trivial structure. The 
first idea is to take continuous functions at t = 0, instead of more regular ones 
like (^-functions, so that e.g. hk(t) = {tl 1 ^ becomes a fc-th order nilpotent 
infinitesimal (h k+1 ~ 0); indeed for almost all the results presented in this 
article, continuous functions at t = work well. However, only in proving 
the non-trivial property 

(Vx G "R : x ■ f(x) =0) =► Vx G 'R : f(x) = (2.1.5) 

(here / : *M — > *M is a smooth function, in a sense we shall make precise 
afterwards), we will see that it does not suffice to take continuous functions 
at t = 0. Property (2.1.5) is useful to prove the uniqueness of smooth 
incremental ratios, hence to define the derivative /' : *K — ► *R of a smooth 
function / : *R — > *R which, generally speaking, is not the extension 
to *M of an ordinary function defined on M. (like, e.g., the function t t— > 
sin(/i • t), where h G 'M. \R, which is used in elementary physics to describe 
the small oscillations of the pendulum ). To prove (2.1.5) the following 
functions turned out to be very useful: 

Definition 2.1.1. // x : M>o — ► M 7 then we say that x is nilpotent iff 
\x(t) — x(0)\ k = o(t) as t — > + , for some k G N. M will denote the set of all 
the nilpotent functions. 



10 



2.1. The basic idea 



In the previous definition, and we will do it also in the following, we have 
used the Landau notation of little-oh functions (see e.g. Prodi [1970], Silov 
[1978a]). E.g. any Holder function | x(t)—x(s) \ < c- \t — s\ a (for some constant 
a > 0) is nilpotent. The choice of nilpotent functions instead of more regular 
ones establish a great difference of our approach with respect to the classical 
definition of jets (see e.g. Brocker [1975], Golubitsky and Guillemin [1973]), 
that (2.1.4) may recall. Indeed in our approach all the (^-functions x with 
the same value and derivative at t = generate the same ~-equivalence 
relation. Only a non differentiable function at t = like x(t) = y/t generates 
non trivial nilpotent infinitesimals. 

Another problem necessarily connected with the basic idea (2.1.1) is that 
the use of nilpotent infinitesimals very frequently leads to consider terms like 
h l i ■ . . . • h 1 ™ . For this type of products the first problem is to know whether 
h % i ■ . . . ■ h l ™ and what is the order k of this new infinitesimals, that is 
for what k we have (h? ■ . . . ■ hfc) k / but • . . . • h^) k+l = 0. We will 
have a good frame if we will be able to solve these problems starting from 
the order of each infinitesimal hj and from the value of the power ij G N. 
On the other hand almost all the examples of nilpotent infinitesimals are of 
the form h(t) = t a , with < a < 1, and their sums; these functions have 
great properties both in the treatment of products of powers and, as we will 
see, in connection with the order relation. It is for these reasons that we 
shall focus our attention on the following family of functions x : M>o — > M. 
in the definition (2.1.4) of ~: 

Definition 2.1.2. We say that x is a little-oh polynomial, and we write 
x G R a [t] iff 

1. x : M> — ► M 

2. We can write 

k 

x t = r + ^2 a i • tai + o(t) as t^0 + 

i=l 

for suitable 

k£N 
r,a 1) ...,a it el 
a±, . . . , afe G M>o 

Hence a little-oh polynomial 1 x G M. [t] is a polynomial function with real 
coefficients, in the real variable t > 0, with generic positive powers of t, and 
up to a little-oh function as t — > + . 

1 actually in the following notation the variable t is mute 
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Remark 2.1.3. In the following, writing Xt = yt + o(t) as t — ► 0+ we will 
always mean 

r x t -y t , 

hm = U and xq = t/Q. 

i->0+ t 

In other words, every little-oh function we will consider is continuous as 

Example. Simple examples of little-oh polynomials are the following: 

1. xt = 1 + t + i 1/2 + f 1/3 + o(t) 

2. xt = r Vi. Note that in this example we can take k = 0, and hence a 
and a are the void sequence of reals, that is the function a = a : — > 
R, if we think of an n-tuple x of reals as a function x : {1, . . . , n} — ► R. 

3. x t = r + o(t) 

2.2 First properties of little-oh polynomials 

Little-oh polynomials are nilpotent: 

First properties of little-oh polynomials are the following: if xt = ?"+X^=i a i' 
t a * + oi(t) as t -> 0+ and y t = s + EjLi " + °2(*), then (re + y) = 

r + s + Ef=i «i • ta ' + Ef=i /3j • tbi + °3(*) and ( x ■ v)t = rs + Ef=i s «i • 

i ai + EjLi r £i • ^ + Ei=i EjLi ' * ai * 6 ' + °4(*), hence the set of little-oh 
polynomials is closed with respect to pointwise sum and product. Moreover 
little-oh polynomials are nilpotent (see Definition 2.1.1) functions; to prove 
this we firstly prove that the set of nilpotent functions J\f is a subalgebra of 
the algebra R R of real valued functions. Indeed, let x and y be two nilpotent 
functions such that \x — x(0)| fc = o\{t) and \y — y(0)\ N = 02(t), then we can 
write x ■ y — x(0) ■ y(0) = x ■ [y — y(0)] + y(0) ■ [x — x(0)], so that we can 

consider \x ■ [y — y(0)]\ k = \x\ k ■ \y — y(0)\ k = \x\ k ■ oi(t) and ^ '° 1 ^- > — > 
as t — > + because |:r| fc — > |x(0)| fc , hence x ■ [y — y(0)] G A/". Analogously 
y(0) • [rc — rc(0)] G and hence the closure of ftf with respect to the product 
follows from the closure with respect to the sum. The case of the sum follows 
from the following equalities (where we use x t := x(t), u := x—xo, v := y—yo, 
\ut\ k = o\(t) and \vt\ N = 02(f) and we have supposed k > N): 

u k = oi(t), v k = 02 (t) 



Vi = 0, . . . , 
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Now we can prove that M [r] is a subalgebra of Af. Indeed every constant 
rgR and every power t ai are elements of Af and hence r + Yli=i a i ' * ai e N", 
so it remains to prove that if y G Af and w = o(t), then y + w £ Af, but this 
is a consequence of the fact that every little-oh function is trivially nilpotent, 
and hence it follows from the closure of Af with respect to the sum. 

Closure of little-oh polynomials with respect to smooth functions: 

Now we want to prove that little-oh polynomials are preserved by smooth 
functions, that is if x G M. [t] and / : M — ► R is smooth, then / o x G R [i]. 
Let us fix some notations: 

k 

x t = r + V] a i • + w ( t ) witn w ( t ) = °(*) 
1=1 

h(t) := x{t) - x(0) Vt G M>o 

hence xt = x(0) + h t = r + ht. The function t i— > h(t) = Yli=i a i ' * ai + 
belongs to R D [i] C so we can write |/t| = o(i) for some iV G N and as 
t — > + . From Taylor's's formula we have 

f(x t ) = f(r + h t ) = f(r) + • ^ + ( 2 - 2 ' 1 ) 

i=l 

But 

1*1 |^| ' 1*1 ~" 

hence o{hf) = o(t) G R [f]. From this, the formula (2.2.1), the fact that 
h G R [i] and using the closure of little-oh polynomials with respect to ring 
operations, the conclusion / o x G R [i] follows. 

2.3 Equality and decomposition of Fermat reals 

Definition 2.3.1. Let x, y G R [i], then we say that x ~ y or that x = y in 
*R iff x(t) = y(t) + o(i) as f — > + . Because it is easy to prove that ~ is an 
equivalence relation, we can define *R := R [i]/ ~, i.e. *R is ifte quotient 
set o/R [i] m'i/j respect to the equivalence relation ~. 

The equivalence relation ~ is a congruence with respect to pointwise oper- 
ations, hence *R is a commutative ring. Where it will be useful to simplify 
notations we will write "x = y in *R" instead of x ~ y, and we will talk 
directly about the elements of R [i] instead of their equivalence classes; for 
example we can say that x = y in *R and z = w in *R imply x + z = y + w 
in *R. 

The immersion of R in *R is r i — ► f defined by f(t) := r, and in the sequel 
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we will always identify M with M, which is hence a subring of *IR. Con- 
versely if x G 'M. then the map °(— ) : x G 'M. i— ► °x = x(0) G M, which 
evaluates each extended real in 0, is well defined. We shall call °(— ) the 
standard part map 2 . Let us also note that, as a vector space over the field 
M we have dim^'M = oo, and this underlines even more the difference of 
our approach with respect to the classical definition of jets (see e.g. Brocker 
[1975], Golubitsky and Guillemin [1973]). As we will see, more explicitly 
later on in the course of the present work, our idea is more near to NSA, 
where standard sets can be extended adding new infinitesimal points, and 
this is not the point of view of jet theory. 

With the following theorem we will introduce the decomposition of a 
Fermat real x G "M, that is a unique notation for its standard part and all 
its infinitesimal parts. 

Theorem 2.3.2. If x £ 'M., then there exist one and only one sequence 

(k,r,ai, . . . ,a k ,ai, . . . ,a k ) 

such that 

ken 

r,«i, . . . ,a k ,ai, . . . ,a k G R 

and 

k 

1. x = r +Y,oii-t ai in *K 

i=l 

2. < a\ < a 2 < ■ ■ ■ < a k < 1 

3. cti / Mi = 1, ... ,k 

In this statement we have also to include the void case k = and a = a : 
— ► K. Obviously, as usual, we use the definition Yli=i bi = for the sum 
of an empty set of numbers. As we shall see, this is the case where x is a 
standard real, i.e. 

In the following we will use the notations t a := dt±/ a := [t £ M>o i— > t a G 
R]~ G *K so that e.g. dt 2 = t 1 / 2 is a second order infinitesimal 3 . In general, 
as we will see from the definition of order of a generic infinitesimal, dt a is 
an infinitesimal of order a. In other words these two notations for the same 
object permit to emphasize the difference between an actual infinitesimal 
dt a and a potential infinitesimal t 1 ^: an actual infinitesimal of order a > 1 
corresponds to a potential infinitesimal of order ^ < 1 (with respect to the 
classical notion of order of an infinitesimal function from calculus, see e.g. 
Prodi [1970], Silov [1978a]). 

2 This denomination should obviously not be confused with the one with the same name 
in NSA. 

3 Let us point out that we make hereby an innocuous abuse of language using the same 
notation both for the value of the function, t a £ R, and for the equivalence class, t a G *R. 
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Remark 2.3.3. Let us note that dt a ■ dtj, = dt_ab_, moreover di" := 

a+b 

(dt a ) a = dts_ for every a > 1 and finally dt a = for every a < 1. E.g. 

dti^ +1 = for every a G M>o, where [a] £ N is the integer part of a, i.e. 
[a]<a< [a] + 1. 

Existence proof: 

Since x G M. [t], we can write x t = J"+X)i=i a i't ai +°(*) as t — > + , where 
r, oa G R, ai G M> and fc G N. Hence x = r + X)?=i ' * a< in * K and our 
purpose is to pass from this representation of x to another one that satisfies 
conditions 1, 2 and 3 of the statement. Since if a$ > 1 then ojj • t ai = in 
*M, we can suppose that a» < 1 for every i = 1, . . . , k. Moreover we can also 
suppose Oj > for every i, because otherwise, if Oj = 0, we can replace r G E 
by r + J2i a i I «i = 0, i = 1, . . ■ , k}. 

Now we sum all the terms t ai having the same a,, that is we can consider 

&i := ^{aj | a,j = ^ , j = 1, . . . , k} 
so that in *M we have 

x = r + y^ j a i -t ai 
iei 

where I C. {1, . . . , k} , {ai \ i G 1} = {a, . . . , at} and ai / Oj for any i, j G I 
with i ^ j- Neglecting ojj if «i = and renaming ai, for z G I, in such a way 
that ai < aj if i, j E I with i < j, we obtain the existence result. Note that 
if x = r G K, in the final step of this proof we have 7 = 0. 

Uniqueness proof: 

Let us suppose that in *R we have 

fc N 

x = r + ^ai-t ai = s + ^l3j ■ t b * (2.3.1) 
i=i j=i 

where ai, (3j, ai and bj verify the conditions of the statement. First of all 
°x = x(0) = r = s because ai, bj > 0. Hence a\t ai — (3\t bl + J2i a i ' ^ ~ 
Ylj Pj ' t bj = By reduction to the absurd, if we had a\ < b\, then 

collecting the term t ai we would have 

a x - f5 l t bl ~ ai + ■ tai ~ ai -^Pj- tb '~ ai = ^J- ■ * 1-01 - ( 2 - 3 - 2 ) 

« j 

In (2.3.2) we have that (3it bl ~ ai -> for t -> 0+ because ai < h by hypoth- 
esis; ^ ai ■ t ai ~ ai — > because cti < for i = 2, . . . , k; Y^j Pj ' t b i~ ai — > 
because a\ < b\ < bj for j = 2, . . . , N , and finally i 1_ai is limited because 
ai < 1. Hence for t — > + we obtain ai = 0, which conflicts with condition 
3 of the statement. We can argue in a corresponding way if we had b\ < a\. 
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In this way we see that we must have a\ = b± . From this and from equation 
(2.3.2) we obtain 

«i - & + ai ' fai ~ ai -J2@r tbj ~ ai = ■ tl_ai ( 2 - 3 - 3 ) 



and hence for t — ► + we obtain ot\ = (3\. We can now restart from (2.3.3) to 
prove, in the same way, that 02 = 62, «2 = etc. At the end we must have 
k = N because, otherwise, if we had e.g. k < N, at the end of the previous 
recursive process, we would have 



j=k+i 



From this, collecting the terms containing t bk+1 , we obtain 

t bfe+1 ~ 1 • \Pk+l + Pk+2 ■ t bk +*- bk +i + -..+(3 N . ^ o. (2.3.4) 

In this sum f3k+j ■ t bk +i~ bk+1 — > as t — > + , because 6^+1 < 6fc+j for j > 1 

and hence /3 fc+1 + ^ fe+2 • t b fe+2- b fe+i -| h ^ • t^ N ~^ -> /? fc +i / 0, so 

from (2.3.4) we get i^+i" 1 — > 0, that is bk+i > 1, in contradiction with the 
uniqueness hypothesis 6^+1 < 1. 

Let us note explicitly that the uniqueness proof permits also to affirm 
that the decomposition is well defined in *IR, i.e. that if x = y in *IR, then 
the decomposition of x and the decomposition of y are equal. 

■ 

On the basis of this theorem we introduce two notations: the first one 
emphasizing the potential nature of an infinitesimal x S *M, and the second 
one emphasizing its actual nature. 

Definition 2.3.4. If x G 'R, we say that 

k 

x = r + a,j ■ t ai is the potential decomposition (of x) (2.3.5) 

i=l 

iff conditions 1., 2., and 3. of theorem 2.3.2 are verified. Of course it is 
implicit that the symbol of equality in (2.3.5) has to be understood in *R. 

For example x = 1 + i 1 / 3 is a decomposition because we have 

increasing powers of t. The only decomposition of a standard real r G E is 
the void one, i.e. that with k = and a = a : — ► M; indeed to see that 
this is the case, it suffices to go along the existence proof again with this 
case x = r G R (or to prove it directly, e.g. by contradiction). 
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Definition 2.3.5. Considering that t ai = dti/ ai we can also use the follow- 
ing notation, emphasizing more the fact that x G 'M. is an actual infinitesi- 
mal: 



+E' 



Xi ■ dt bi (2.3.6) 



where we have used the notation °Xi := a% and bi := 1/a,,, so that the condi- 
tion that uniquely identifies all bi is b\ > 62 > • • • > 6fc > 1. We call (2.3.6) 
the actual decomposition of x or simply the decomposition of x. We will 
also use the notation d l x := °Xj • dt^ (and simply dx := d 1 x) and we will 
call °Xi the i-tb. standard part of x and d % x the i-th infinitesimal part of x 
or the i-th differential of x. So let us note that we can also write 

x = °x + 

and in this notation all the addenda are uniquely determined (the number 
of them too). Finally, if k > 1 that is if x G *R \ M, we set u>(x) := b\ 
and 0Ji(x) := 6j. The real number uj(x) = b\ is the greatest order in the 
actual decomposition (2.3.6), corresponding to the smallest in the potential 
decomposition (2.3.5), and is called the order of the Fermat real x G *M. The 
number u>i(x) = hi is called the i-th order of x. If x £i we set uj{x) := 
and d % x := 0. Observe that in general uj{x) = ui(dx), d(dx) = dx and that, 
using the notations of the potential decomposition (2.3.4), we have us(x) = 
l/oi. 

Example. If x = 1 + t 1 / 3 + t 1 / 2 + t, then °x = 1, dx = dt% and hence x is 
a third order infinitesimal, i.e. lo(x) = 3, d 2 x = dt2 and d 3 x = dt; finally 
all the standard parts are °Xi = 1. 

Remark 2.3.6. To avoid misunderstanding, it is important to underline 
that there is an opposite meaning of the word "order" in standard analysis 
and in the previous definition. Indeed, in standard analysis if we say that 
the infinitesimal function (for t — > + ) 1 1— ► x(t) is of order greater than the 
function 1 1— > y(t), we mean that 

hm ^ = 

Intuitively this implies that we have to think x(t) smaller than y(t), at least 
for sufficiently small t G (0, 5). Because the connection between the definition 
of order given in Definition 2.3.5 and the standard definition of order (with 
respect to the standard infinitesimal t 1— > t) is given by ui(x) = 1/ai, for 
Fermat reals the meaning will be the opposite one: if x, y G Doo are two 
infinitesimals, having every standard part positive °yj > 0, and with 
uj{x) > to(y), then we have to think at x G *K as a bigger number with 
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respect to y G *K. More formally, in the next section we will see that this 
will correspond to say that if a, b G N are such that x a 7^ and x a+1 = 0, 
y b 7^ and = 0, then a > b. When we will introduce the order relation 
in *R (see 4), we will see that if for two infinitesimals we have lo(x) > u(y), 
then x > y iff °x\ > 0. Recalling the Remark 2.3.3 we can remember this 
difference between classical and actual order, recalling that dt a > dtb if 
a > b and that the smallest non zero infinitesimal is dt\ = dt, because 
dt a = if a < 1. 

2.4 The ideals D k 

In this section we will introduce the sets of nilpotent infinitesimals corre- 
sponding to a k-th order neighborhood of 0. Every smooth function re- 
stricted to this neighborhood becomes a polynomial of order k, obviously 
given by its fc-th order Taylor 's's formula (without remainder). We start 
with a theorem characterizing infinitesimals of order less than k. 

Theorem 2.4.1. // x G *R and k G N>i, then x k = in *R if and only if 
°x = and uj(x) < k. 

Proof: If x k = 0, then taking the standard part map of both sides, we have 
°{x k ) = (°x) k = and hence °x = 0. Moreover x k = means x k = o(t) 

and hence {^f%j and — > 0. We rewrite this condition using the 

potential decomposition x = Y^i=i a i ' t a ' of x (note that in this way we have 
uj(x) = obtaining 

lim V ai ■ t a *~-k = = lim t ai ~^ ■ \a x + a 2 ■ t a2 ~ ai + ■ • • + a k ■ t ak ~ ai ] 
i 

But ai + «2 • t a2 ~ ai -\ + «fc • t ak ~ ai — ► a\ ^ 0, hence we must have that 

t ai ~k — > 0, and so a\ > r, that is uj(x) < k. 

Vice versa if °x = and u(x) < k, then x = Ya=i a i ' t ai + an d 

%t , n 1 , 0(t) 1 1 

lim — rr = hm > a, • t" 1 "* + lim — • t^* 
t^o+ t x l k i^o+ ^r 1 t^o+ t 

But t x ~^ — ► because fc > 1 and f ai "^ — ► + because — < — = u(x) < k 

Oj — ai v. / 

and hence x k = in "K. 

■ 

If we want that in a k-th order infinitesimal neighborhood a smooth 
function is equal to its k-th Taylor's's formula, i.e. 

VheD k :f(x + h) = J2^-f {i) (x) 

i=0 
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we need to take infinitesimals which are able to delete the remainder, that is, 
such that h k+1 = 0. The previous theorem permits to extend the definition 
of the ideal D k to real number subscripts instead of natural numbers k only. 

Definition 2.4.2. If a G M> U {oo}, then 

D a := {x G 'R | °x = 0, u(x) < a + 1} 
Moreover we will simply denote D\ by D. 

1. If x = d*3, then u(x) = 3 and x G D3. More in general dtfc G .D a if 
and only if uj( dtk) = k < a + 1. E.g. dtk G D if and only if 1 < < 2. 

2. Dqo = (J a D a = {x G *R I °x = 0} is the set of all the infinitesimals of 
*R. 

3. Do = {0} because the only infinitesimal having order strictly less than 
1 is, by definition of order, x = (see the Definition 2.3.5). 

The following theorem gathers several expected properties of the sets D a and 
of the order of an infinitesimal ui{x): 

Theorem 2.4.3. Let a, b G M>o and x, y G D^, then 

1. a<b D a C D b 

2. x G D u ^ 

3. a G N => D a = {x G *R | x a+1 = 0} 

4. xeD a = 

5. x G -Doo \ {0} and = [w(sc)] => x £ D k \ D k _x 

6. d(x ■ y) = dx ■ dy 

1 1 1 

7. X . y / => — r = — - + 



w(x-y) uj{x) Lo{y) 

8. x + y^0 => uj{x + y) = uj(x) \/ oj(y) 

9. D a is an ideal 

In this statement if r G M, then \r\ is the ceiling of the real r, i.e. the unique 
integer \r\ G Z such that [~r] — 1 < r < [r] . Moreover if r, s G R, then 
r V s := max(r, s). 

Proof: Property and £ follow directly from Definition 2.4.2 of D a: 
whereas property 3. follows from Theorem 2.4.1. From 1. and 3. property 
4- follows: in fact x G D a C L>p a -| because a < \a], hence xM+i = from 

19 



Chapter 2. Definition of Fermat reals 



property 3. To prove property 5., if k = [ui(x)], then k < co(x) < k + 1, 
hence directly from Definition 2.4.2 the conclusion follows. 
To prove 6. let 

k N 

x = J ^2°x i - dt ai and y = ^ °yj • dt bj (2.4.1) 
i=i j=i 

be the decompositions of x and y (considering that they are infinitesimals, 
so that °x = °y = 0). Recall that dx = °x\ ■ dt ai and dy = °y\ ■ dt bl . From 
(2.4.1) we have 

k N k N 

i=l j=l i=l j=l ai+b j 

where we have used the Remark 2.3.3. But u(x) = a\ > ai and u(y) = b\ > 
bj from the Definition 2.3.5 of decomposition. Hence 

1111 

a\ b\ a-i bj 

a\b\ a.jbj 



a\ + b\ ai + bj 
so that the greatest infinitesimal in the product (2.4.2) is 

d(x ■ y) = °xi°yi dt ai dt bl = dx ■ dy 

From this proof, property 7. follows, because x • y ^ by hypothesis, and 
hence its order is given by 

u[x ■ y) = — = h — 



ai+b\ \a\ b\) \uj{x) w(y) 

From the decompositions (2.4.1) we also have 

k N 

x + y = '^2°x i dt ai + ^2 °yj dt bj 
i=i j=i 

and therefore, because by hypothesis x + y ^ 0, its order is given by the 
greatest infinitesimal in this sum, that is 

uj{x + y) = a\ V b\ = uj{x) V oj{y) 

It remains to prove property 9. First of all uj(0) = < a + 1, hence € D a . 
If x, y G D a , then lo(x) and uj(y) are strictly less than a + 1 and hence 
x + y G D a follows from property 8. Finally if x G D a and y G then 
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x-y = x-°y + x-(y — °y), sou){x-y) = uj(x-°y)V u>(x-(y — °y)) = uj{x)\Juj{x-z), 
where z := y — °y G Dqo is an infinitesimal. If x ■ z = 0, we have u>(x • y) = 
ui(x) < a + 1, otherwise from property 7. 



1 111 



L0{x ■ z) L0{x) Uj(z) Oj(x) 

and hence uj{x ■ y) < uj(x) < a + 1; in any case the conclusion x • y € D a 
follows. 

■ 

Property 4- of this theorem cannot be proved substituting the ceiling \a] 
with the integer part [a]. In fact if a = 1.2 and x = di2.i, then uj(x) = 2.1 
and [a] + 1 = 2 so that x'"] +1 = x 2 = diaa / in *IR, whereas \a] + 1 = 3 

and x 3 = dt 2j. = 0. 

3 

Finally let us note the increasing sequence of ideals/neighborhoods of 
zero: 

{0} = D C D = D 1 C D 2 C • • • C D k C • • • C (2.4.3) 

Because of (2.4.3) and of the property dt a = if a < 1, we can say that 
dt is the smallest infinitesimals and dt2, dt^, etc. are greater infinitesimals. 
As we mentioned in the Remark 2.3.6, after the introduction of the order 
relation in *R, we will see that this "algebraic" idea of order of magnitude 
will correspond to a property of this order relation, so that we will also have 
dt < dt 2 < dt$ < . . . . Moreover, from the properties 1. and 5. of the 
previous theorem it follows that if x a / and x a+1 = 0, then a = [u(x)], so 
that if also y b ^ 0, y h+l = and ui(x) > u>(y), then a > b. This proves what 
has been stated in Remark 2.3.6. 



2.5 Products of powers of nilpotent infinitesimals 

In this section we will introduce several simple instruments that will be 
very useful to decide whether a product of the form h 1 ^ ■ . . . ■ h l ™ , with 
hk 6 A» \ {0}, is zero or whether it belongs to some D k - 

Theorem 2.5.1. Let h±, . . . ,h n G \ {0} and i\, . . . ,i n G N ; then 

n 

n 

2. lti-...-h% ^0 — — = Y 



■■■■■h l n n ) t[u(h k ) 



Proof: Let 



h k = Y, a krt akr (2.5.1) 

r=l 
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be the potential decomposition of h k for k = 1, . . . , n. Then by definition 
2.3.4 of potential decomposition and the definition2.3.5 of order, we have 
< afei < a k2 < ■ ■ ■ < a kNk < 1 and j k := to{h k ) = hence i < a kr for 
every r = 1, . . . , N k . Therefore from (2.5.1), collecting the terms containing 

t i/j k 

we have 

h k = t 1 ^ ■ (a kl + ajai*"- 1 /'* + ■■■ + a kNk t akN ^^ 

and hence 

i\ , \ in, / 1 1 \ 21 

^ • . . . • f# = t5T + - + ^ • ^ u + ai 2 t ai2 "5T + . . . + a 17Vl £ ai ^JT 

1 1_ \ i n 

am + a n 2t an2 ^ + • • • + a nN J anNn in J (2.5.2) 
il-i- -Lis. 

Hence if Efc ^ > 1 we have that * Jl 3n = in * M ; so also h i ■ . . . ■ /4 n = 0. 
Vice versa if /i^ 1 • . . . • /i^ n = 0, then the right hand side of (2.5.2) is a o(t) as 
t -> + , that is 



•^an+ai2i J1 H hauvi* 

• • • • (anl + a n2 t° n2 ~£ + • • • + anAT n t anJVn_ ^ 

ctfci + OL k 2t k2 j k + • • • + a k N k t kNk j k J — > a£ so, 

necessarily, we must have ^ + • • • + ^ — 1 > 0, and this concludes the proof 
of 1. 

To prove it suffices to apply recursively property 7. of Theorem (2.4.3), 
in fact 

1 1 1 

+ 



u>(h? ■ . . . ■ K?) ujihl 1 ) uj(h l 2 2 h% ) 



1 1 

+ 



+ — "3 — = -T7-^ + --- + 



w(hi) u(hi 2 -...-hi?) u(h x ) w(K) 
and this concludes the proof. ■ 

Example 2.5.2. u( d*£ ■ . . . • d^)' 1 = £, = £* & and < " ■ ■ ■ " 

di„™ = if and only if ^ > 1, so e.g. dt • h = for every h 6 Doo- 

From this theorem we can derive four simple corollaries that will be useful in 
the course of the present work. Some of these corollaries are useful because 
they give properties of powers like h ^ • . . . • h l £ in cases where exact values 
of the orders to(h k ) are unknown. The first corollary gives a necessary and 
sufficient condition to have h 1 ^ ■ . . . ■ h 1 ™ G D p \ {0}. 
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Corollary 2.5.3. In the hypotheses of the previous Theorem 2.5.1 let p G 
M>0, then we have 

n 

*f.....*fr 6 ^\{0} ~ ?TT <E^y£i 



Proof: This follows almost directly from Theorem 2.5.1. In fact if h 1 



n 



-i 



6 AAM, then its order is given by w^ 1 ■. . . -h%) = [£ fe 

and moreover a > 1 because h 1 ^ ■ . . . ■ h 1 ™ / 0. Furthermore, h 1 ^ ■ . . . ■ h l ™ 
being an element of D p , we also have a < p + 1, from which the conclusion 
^ < i < 1 follows. 

Vice versa if ^j-j- < - := Ylk Uh k ) — ^> then from Theorem 2.5.1 we have 
Hi ■ . . . ■ h l ™ / and uiQi 1 ^ ■ . . . ■ h 1 ™) = a; but a < p + 1 by hypothesis, hence 
h% G D p . 

■ 

Now we will prove a sufficient condition to have ti^ ■ . . . ■ h l ™ = 0, starting 
from the hypotheses hk G Dj k only, that is uj(hk) < jk + 1. The typical 
situation where this applies is for jk = [^>(hk)] £ N. 

Corollary 2.5.4. Let hk £ Dj k for k = 1, . . . ,n and i\, . . . ,i n G N, then 

n 

In fact YJk=i ZJ(hk) > YZ=\ if+T - 1 because w (^fc) < 3k + 1, hence the 
conclusion follows from Theorem 2.5.1. 

Let h, k G D; we want to see if h- k = 0. Because in this case ^2 k j^+i = 
\ + \ = 1 we always have 

h-k = (2.5.3) 

We will see that this is a great conceptual difference between Fermat reals 
and the ring of SDG, where, not necessarily, the product of two first order 
infinitesimal is zero. The consequences of this property of Fermat reals arrive 
very deeply in the development of the theory of Fermat reals, forcing us, 
e.g., to develop several new concepts if we want to generalize the derivation 
formula (2.1.2) to functions defined on infinitesimal domains, like / : D — > 
'M. (see 3). We will return more extensively to this difference between Fermat 
reals and SDG in Chapter 4 about order relation on *R. We only mention 
here that looking at the simple Definition 2.3.1, the equality (2.5.3) has an 
intuitively clear meaning, and it is to preserve this intuition that we keep 
this equality instead of changing completely the theory toward a less intuitive 
one. 

The next corollary solves the same problem of the previous one, but 
starting from the hypotheses /il fe = 0: 
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Corollary 2.5.5. If hi, . . . ,h n G and h 3 k k = for j\, . . . , j n G N, i/ien 
?/ ii , . . . , i n G N, we /iat;e 

— > i =^ ^ . . . . . h% = o 

^ lk~ 

k=l JK 

In fact if h J u = 0, then jk > and % G Dj k -i by Theorem 2.4.3, so the 
conclusion follows from the previous corollary. 
Finally, the latter corollary permits e.g. to pass from 

V7t G Dp : f(h) = Y,h i -a i 

\i\<P 

to 

V/i G D n q : f(h) =Y,h l -a i 

if q < p. In the previous formulas D™ = D a x . . ™ . . xD fl and we have used 
the classical multi-indexes notations, e.g. h % = ■ . . .-Kfi and \i\ = Ylk=i 

Corollary 2.5.6. Let p G N>o and G D p for each k = 1, . . . , n; i G N n 

and h G D^, then 

\i\ > p => h l = 
To prove it, we only have to apply Corollary 2.5.4: 

E ik = Efc^ = Nl > p + 1 = 1 
x p + i p + i p + i~ p + i 

Let us note explicitly that the possibility to prove all these results about 
products of powers of nilpotent infinitesimals is essentially tied with the 
choice of little-oh polynomials in the definition of the equivalence relation ~ 
in Definition 2.1.2. Equally effective and useful results are not provable for 
the more general family of nilpotent functions (see e.g. Giordano [2004]). 



2.6 Identity principle for polynomials 

In this section we want to prove that if a polynomial oo + a\x + a2X 2 + • • • + 
a n x n of *M is identically zero, then = for all k = 0, ... , n. To prove this 
conclusion, it suffices to mean "identically zero" as "equal to zero for every 
x belonging to the extension of an open subset of E". Therefore we firstly 
define what is this extension. 

Definition 2.6.1. IfU is an open subset ofW 1 , then *U := {x G 'IR n | °x G 
U}. Here with the symbol 'R n we mean T:='tx...';.. x'R. 
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We shall give further the general definition of the extension functor *(— ); in 
these first chapters we only want to examine some elementary properties of 
the ring *IR that will be used later. 

The identity principle for polynomials can now be stated in the following 

way: 

Theorem 2.6.2. Let ao,...,a n G 'M. and U be an open neighborhood of 
in R such that 

a + aix + a 2 x 2 H h a n x n = in *R Vx G *C7 (2.6.1) 

T/ien 

ao = ai = • • • = a n = in *R 

Proof: Because U is an open neighborhood of in R, we can always find 
xi, . . . , x n +i G ^ such that rcj / for i, j = 1, . . . ,n + 1 with i / j. Hence 
from hypothesis (2.6.1) we have 

a n x\ + • • • + a\Xk + ao = in *M Vfc = 1, . . . , n + 1 

That is, in vectorial form 



(a n , . . . , ao) • 



_n-l 



1 



7'" 



x 2 

1 



Xn+1 
1 



in 



This matrix V is a Vandermonde matrix, hence it is invertible 

(a n ,...,a Q )-V = in *IR ri+1 

(a n ,...,a )-F-y _1 =0 in 'R n+1 
hence a^ = in *R for every k = 0, . . . , n. 

■ 

This theorem can be extended to polynomials with more than one vari- 
able using recursively the previous theorem, one variable per time: 

Corollary 2.6.3. Let a» G *R for every i G N n with \i\ < d. Let U be an 
open neighborhood of in W 1 ' such that 



a iX l = Vx G 'U 



\i\<d 

Then 

a, =0 Vi G N n : \i\ < d 
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2.7 Invertible Fermat reals 

We can see more formally that to prove (2.1.1) we cannot embed the reals 
M into a field but only into a ring, necessarily containing nilpotent element. 
In fact, applying (2.1.1) to the function f(h) = h? for h G D, where D C •M 
is a given subset of *R, we have 

f(h) = h 2 = /(O) + h ■ /'(0) = Vh€D 

Hereby we have supposed the preservation of the equality /'(0) = from R 
to *R. In other words, if D and f(h) = h 2 verify (2.1.1), then necessarily 
each element h G D must be a new type of number whose square is zero. Of 
course in a field the only subset D verifying this property is D = {0}. 

Because we cannot have property (2.1.1) and a field at the same time, we 
need a sufficiently good family of cancellation laws as substitutes. We will 
dedicate a full chapter of this work to this problem, developing the notion 
of equality up to a k-th order infinitesimal (see Section 3). At present to 
prove the uniqueness of (2.1.2) we need the following simplest form of these 
cancellation laws: 

Theorem 2.7.1. // x G *M is a Fermat real and r, s G M. are standard real 
numbers, then 

x ■ r = x • s in'M. and a:/0 =>■ r = s 

Remark. As a consequence of this result, we can always cancel a non zero 
Fermat real in an equality of the form x ■ r = x ■ s where r, s are standard 
reals. This is obviously tied with the uniqueness part of (2.1.2) and implies 
that formula (2.1.2) uniquely identifies the first derivative in case it is a 
standard real number. 

Proof: From the Definition 2.3.1 of equality in 'M. and from x ■ r = x • s we 
have 

lim =Q 

t^o+ t 

But if we had r ^ s this would implies lim t ^ + = ^' is x = in *IR 
and this contradicts the hypothesis i / 0. 

■ 

The last result of this section takes its ideas from similar situations of 
formal power series and gives also a formula to compute the inverse of an 
invertible Fermat real. 

Theorem 2.7.2. Let x = °x + Ya=i ° x i ■ d ^ £ *R be a Fermat real and its 
decomposition. Then 

x is invertible 
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if and only if °x / 0, and in this case 

1 1 +°° ( n o_. \ j 

j=0 \i=l / 

In the formula (2.7.1) we have to note that the series is actually a finite sum 
because any dt ai is nilpotent. 

1. (1 + dt 2 ) _1 = 1 - dt 2 + di§ - dt| H = 1 - dt 2 + d< because di| = 

2. (1 + dt-z)- 1 = 1 - di 3 + di§ - dt| + d#j = 1 - di 3 + dt§ - dt 

Proof: If x • y = 1 for some y € then, taking the standard parts of each 
side we have °x ■ °y = 1 and hence °x ^ 0. Vice versa the idea is to start 
from the series 

, +0O 

— = J2(-iy. r j VrGM: \r\ < 1 



1 + r 

3=0 



and, intuitively, to define 



3 



3=0 



So let y := ^ 1)' ■ (Z* ^ and /i := = £ 4 °^ d^ E 

Dqo so that we can also write 

+oo , j 

j=0 

But /j € "M is a little-oh polynomial with /i(0) = 0, so it is also continuous, 
hence for a sufficiently small 5 > we have 



Vt G (-5, 5) : 

Therefore 



°x 



< 1 



Vt€(-6,S): y t = — ■ 1 + 



1 A M 1 i i 



3 x \ °xy °x + /it xt 
From this equality it follows 2; • y = 1 in "R from Definition 2.3.1. 
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2.8 The derivation formula 

Even if, in the following of this work, we will see several generalizations of the 
derivation formula (2.1.2), we want to give here a proof of (2.1.2) because it 
has been the principal motivation for the construction of the ring of Fermat 
reals *R. Anyhow, before considering the proof of the derivation formula, 
we have to understand how to extend a given smooth function / : K — ► E 
to a certain function */ : *R — ► 'R. 

Definition 2.8.1. Let A be an open subset ofR n , f : A — ► K a smooth 
function and x G 'A then we define 

'f(x) ■= f ox 

This definition is well defined because we have seen (see Subsection 2.2) that 
little-oh polynomials are preserved by smooth functions, and because the 
function / is locally Lipschitz, so 

f(xt) - f(yt) 



< K ■ 


xt ~ Vt 




t 



Vt G (-5, 5) 

for a sufficiently small 5 and some constant K, and hence if x = y in 'M, 
then also 'f(x) = *f(y) in •R. 

The function •/ is an extension of /, that is 

•/( r ) = /( r ) in 'R Vr G R, 

as it follows directly from the definition of equality in *R (i.e. Definition 
2.3.1), thus we can still use the symbol f(x) both for x G *M and x G 
R without confusion. After the introduction of the extension of smooth 
functions, we can also state the following useful elementary transfer theorem 
for equalities, whose proof follows directly from the previous definitions: 

Theorem 2.8.2. Let A be an open subset of R n , and t, a : A — ► R be 
smooth functions. Then 

Vx G 'A : *t(x) = V(x) 

iff 

Vr G A : r(r) = <r(r). 
Now we will prove the derivation formula (2.1.2). 

Theorem 2.8.3. Let A be an open set in R, x G A and f : A — ► R a 
smooth function, then 

3lm G R Wh G D : f(x + h) = f(x)+h-m (2.8.1) 

In this case we have m = f'(x), where f'(x) is the usual derivative of f at 
x. 
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Proof: Uniqueness follows from the previous cancellation law Theorem 2.7.1, 
indeed if mi G M and mi G IR both verify (2.8.1), then h-m\ = h-rrti for every 
h £ D. But there exists a non zero first order infinitesimal, e.g. dt G D, so 
from Theorem (2.7.1) it follows mi = mi. 

To prove the existence part, take h G D, so that h 2 = in *M, i.e. 
/i 2 = o(£) for t — > + . But / is smooth, hence from its second order Taylor's 
formula we have 

f(x + ht) = f(x) + h ■ f'(x) + M . /"(x) + o^) 



But 



o(h 2 ) _ o(hl) h\ 



-> for t 



so 



t h\ t 

] ^.f"{ x )+o(h 2 t )=oi{t) for t^0+ 
and we can write 

f(x + h t )=f(x) + h t -f'(x)+oi(t) for t^0+ 

that is 

f(x + h) = f(x) + h- f'(x) in *R 
and this proves the existence part because f'(x) G M. 

■ 

For example e h = 1 + h, sin(/i) = /i and cos(h) = 1 for every h G D. 

Analogously we can prove the following infinitesimal Taylor's formula; in 
its statement we use the usual multi-indexes notations (see e.g. Prodi [1987], 
Silov [1978b]) and the notation := D n x . . A . . xD n . 

Lemma 2.8.4. Let A be an open set in M. d , x G A, n G N>o and f : A — ► E 
a smooth function, then 

Vh£D d n : f{x + h)= J2j-^(x) 

\j\<n 

For example sin(/t) = h — ^ if h G D% so that /i 4 = 0. 

It is possible to generalize several results of the present work to functions 
of class C n only, instead of smooth ones. However it is an explicit purpose of 
this work to simplify statements of results, definitions and notations, even 
if, as a result of this searching for simplicity, its applicability will only hold 
for a more restricted class of functions. Some more general results, stated 
for C n functions, but less simple can be found in Giordano [2004]. 

Note that m = f'(x) G K, i.e. the slope is a standard real number, and 
that we can use the previous formula with standard real numbers x only, 
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and not with a generic x 6 "K, but we shall remove this limitation in a 
subsequent chapter. 

In other words we can say that the derivation formula (2.1.2) allows 
us to differentiate the usual differentiable functions using a language with 
infinitesimal numbers and to obtain from this an ordinary function. 

If we apply this theorem to the smooth function p{r) := f* +r f(t) dt, for 
/ smooth, then we immediately obtain the following 

Corollary 2.8.5. Let A be open in M., x S A and f : A — ► K smooth. Then 

r-x+h 



G D : f f(t)dt = h-f(x). 

J X 



Moreover f(x) S M. is uniquely determined by this equality. 

We close this section by introducing a very simple notation useful to empha- 
size some equalities: ifh,ke *M then we say that 3h/k iff 3!r el : /i = r-k, 
and obviously we denote this r G E with h/k. Therefore we can say, e.g., 
that 

f {x) = a* + h ) - k*) 



h 

V/i G -D^o 



1 



f{x) = h'L f(t)dt 

Moreover we can prove some natural properties of this "ratio", like the fol- 
lowing one 

u x u x uy + vx 

3—, — and v y f= ==>■ — I — = 

w y v y vy 

Example 2.8.6. Consider e.g. x = 1 + 2dt3 + dt2 + 5dt 4 / 3 , then using the 
previous ratio we can find a formula to calculate all the coefficients of this 
decomposition. Indeed, let us consider first the term 2dt3: if we multiply 
both sides by di 3 / 2 , where 

3 1 



2 1 



w(dt 3 ) 
we obtain 

(x - °x) ■ dt 3/2 = 2 dt 3 dt 3/2 + dt 2 dt 3 / 2 + 5 dt 4/3 dt 3/2 
but di 3 df3/2 = di whereas dt a dt 3 / 2 = if a < 3, so 

(x - °x) dt 3/2 _ 
dt ~ l 
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Analogously we have 

(x - °x - 2dt 3 )dt 2 , , (x-°x-2dt 3 - dt 2 )dt 4 „ 

: = 1 and : = 5 

dt dt 

where 

1 1 

2 = = — and 



1-^ 1 1 



A dt 2) ^(d< 4 /3) 

Using the same idea we can prove the recursive formula 



1 \x-°x- Y! k=l xi dt^ x) ) ■ dt ai+1 

a i+i = 1 — t: = x i+l 

1 di 

Finally, directly from the definition of decomposition it follows 



1 [X-°X- Y!k=l X i dt ^(x) ■ d t a 

a + = Wi => ^ 

1 dt 



«+i(aO 

X — °X — Y2k=l Xi ^Wj(x) ) ' dt a 



/ =► a 



dt 1 



so that all the terms of the decomposition of a Fermat real are uniquely 
determined by these recursive formulas. 
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Chapter 3 



Equality up to k-th order 
infinitesimals 

3.1 Introduction 

As proved in Theorem 2.8.3, the derivation formula has several limitations 
that we are forced to avoid if we want to obtain results like Stokes's theorem 
in the space Man(M; N) of smooth functions between two smooth manifolds 
M, N. Let us analyze the hypotheses of Theorem 2.8.3 so as to motivate 
some generalizations: 

1. " The point x £ A is a standard real". This is the hypothesis that can 
be more easily generalized. Indeed we can consider that any general 
Fermat real x G "M can be written as the sum of its standard part °x G 
M, and of its infinitesimal part k x := x — °x G Doo- The infinitesimal 
part k x is of course nilpotent and hence, for h G D, we can compute 
f{x + h) = f(°x + k x + h) using the usual infinitesimal Taylor's formula 
or arbitrary order (see Theorem 2.8.4). We will follow this idea in this 
chapter, but another solution is included in the generalization of the 
following hypothesis. 

2. " The function f : A — ► E is a standard smooth function". As we 
already mentioned, not every function we are interested in is of type 
•/, i.e. is the extension of a classical smooth function. We already 
mentioned, as a simple example, the function t G M>o ► sin(h-t) G 
where h G is an infinitesimal. More generally any function of type 
x G *M i— > °g(h, x) G *K, where g : M 2 — > K is a given smooth 
function and h G *K \ R is a non standard Fermat real, is not of type 
*/ for some /, because it can happen that *g(h, r) G *R \ R for a 
standard r G M (whereas, of course, */(r) = f(r) G M for every r G M). 
This implies that, on the one hand, we need a more general notion 
of smooth function, surely including domains and codomains of type 
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(p : *U — > *R, where U C M is open; on the other hand we have to 
define a notion of derivative for this new type of smooth function. 
We will solve this problem introducing the smooth incremental ratio 
(an idea that is mainly due to G. Reyes, see Kock [1981]) , i.e. for 
every x G 'U, a function h G *(—S x ,5 x ) t— > ip[x,h] G "R verifying 

<p(x + h) = <p(x) + (p[x, h] • h V7i G *(— <5 X , <5 X ) (3.1.1) 

and formalizing Fermat's method: <p'(x) := ip[x,Q], These results are 
not usable for functions of the type tp : Dk — ► *M which are not 
defined on the extension of a standard open set. This problem is tied 
with the next hypothesis analyzed in this list. 

3. " The domain of the smooth function f : A — > R is an open set". 
Especially considering spaces like spaces of functions, more general 
than locally flat spaces, sometimes the more general results can be 
stated only in infinitesimal domains like the above Dk- Examples are 
the existence and uniqueness of the flux corresponding to a given vector 
field or the existence and uniqueness of the exterior derivative of an 
ra-form. For this reason we will have to define some notion of derivative 
for functions of type tp : Dk — > # R. At first sight, the definition of 
derivative for this type of function may seem an easy goal. In fact, 
intuitively, a function of this type can be thought as some type of 
polynomial of degree k G N. The problem is due to the fact that, in 
our setting, the derivation formula does not determine uniquely the 
coefficients of this polynomial. Indeed we know that in *R we have 
h ■ k = for every first order infinitesimal h, k G D, so both the 
coefficients m\ = 1 + k, for a fixed k G D, and mi = 1, verify, for every 
h G -D, the derivation formula f(h) = /(0) + h ■ rrii if f(h) = h. 
We want to underline, even if it will be formally clear only later in 
this work, that here we do not have a problem of existence, but of 
uniqueness only. In other words, e.g. for a function of type ip : D — ► 
•R there always exists an m G *R such that tp(h) = ip(0) + h • m for 
every h G D, but this coefficient m G *M is not uniquely determined by 
this formula. We can tackle this problem in several ways. For example 
we can try to find another formula that uniquely identifies what we 
intuitively think of as the derivative of ip : Dk — ► *M at 0. The idea of 
the smooth incremental ratio (3.1.1) goes in this direction. Anyhow, in 
this work we followed another idea: because we only have a uniqueness 
and not an existence problem, we shall try to define precisely "what is 
the simplest m G *M that verifies the derivation formula, and we will 
call "derivative" this simplest coefficient". E.g. among m\ = 1 + k and 
m2 = 1 in the previous example, the simplest one will surely be m2 = 1 
and hence we shall have tp'(0) = 1. This chapter is devoted to the 
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development of these ideas. Indeed mi = 1 is simpler than m\ = l + k 
in the sense that m-i is mi up to second order infinitesimals. 

Let us start from the hypothesis 

m G *R and V7i G D : h ■ m = 

and try to derive some necessary condition on m G *R based on the idea 
that "because we have a product with h G D, some infinitesimal in the 
decomposition of m will give zero if multiplied by h, so not every infinitesimal 
in the decomposition of m is really useful to obtain the final value of the 
product h ■ m". In fact let 



v 

m = 

i=i 



+ ^2°m t -dt ai (3.1.2) 
be the decomposition of m, and 

k 

h = Y J °hy dt b . (3.1.3) 
i=i 

be the decomposition of a generic h G D. Then 

k k N 

h-m = Y^ °m°hj dt bj + ° h j° m * dt J^±_ ( 3 - L4 ) 

3=1 3=1 i=l ai+b i 

But h G D, hence bj < u(h) = b\ < 2 so that if we had o« < 2 we would 
have 

1 1 1 1 _ 

&~ + aI > 2 + 2~ 

and hence „°*fo < 1 and dt a ,6, = 0. Therefore we can write 

CLi+Oj I J 

k k N 

V/t G D : h- m = °m°hj dt^ + °hj°mi dt ai t 



N 



a i+ b j 

J a,i>2 

\ 



j=l j=l i=l 

cii>2 



--h ■ \°m + ^ "m; • di ai 



ai>2 



(3.1.5) 



/ 



Looking at (3.1.5), we can say that "in a product of type h • m, with h G D, 
only sufficiently big infinitesimals (fli > 2) in the decomposition of m will 
survive". In other words, "all the infinitesimals of order less or equal 2 are 
useless to define the value of the product h ■ m". 
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The quantity 

N 

L 2 (m) := °m + ^ "m; • dt ai 
i=l 

di>2 

is exactly the number m up to second order infinitesimals 1 , in the sense that 
it is obtained from m neglecting all the "small" infinitesimals d l m = °mj dt ai 
of order u)(°midt ai ) = a\ < 2. In the example mentioned at the item 3., 
where k G D, we have 12(^4) = 12(1 + k) = 1 and, indeed, among all the 
Fermat reals m G *M that verify the derivation formula, ^(m) will be our 
candidate for the definition of "the simplest Fermat real that verifies the 
derivation formula". In fact, the formula (3.1.5) can be written as 

V7t G D : h ■ m = h ■ ^(m) 

and it can be interpreted intuitively saying "among all the numbers m that 
gives the same value of the product h • m, the number 12 (m) is the simplest 
one because it contains the minimal information, neglecting all the useless 
infinitesimals, i.e. not useful to define the value of the product h ■ m". 

3.2 Equality up to k-th order infinitesimals 

The considerations of the previous section give us sufficient heuristic moti- 
vations to define: 

Definition 3.2.1. Let m = °m< + X^i ° m i ' d.t w .r m \ be the decomposition of 
m G *IR and k G M>o U {00}, then 

N 

1. i k m := L k (m) :=°m+ ^ "m; • d^. (m) 

i=l 
LOi(m)>k 

2. *R k := {i k m\m G 

Finally if x, y G *M, we will say x = k y iff i^x = L k y in *M, and we will read 
it as x is equal to y up to fc-th order infinitesimals. 

Remark 3.2.2. Firstly note that if < k < 1 then the condition u>i(m) > k 
is trivial because we always have that uJi{m) > 1. Hence 

LQm = m and *Mq := *M 

Moreover toom = °m and 'Moo := R- 

The first simple property we can note about if. is that ij(tkx) = ijvk(x) 
(recalling that j V k := max(j,k)) so that we have, e.g., Lj(ik%) = i-k(t-jx) 

1 Remember that for Fermat reals, the greater is the order and the bigger the infinites- 
imal has to be thought, see Remark 2.3.6. 
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and for every x G *Rfc- Moreover we have the following chain of 

inclusions 

R = 'Moo Q ■ ■ • C "R 3 C *R 2 C 'Mi C 'Mo = *R (3.2.1) 

In fact if z G *Mfc, we can write z = t^m for some m G *R; but ij{u k m) = 
ikim) = z if j < k and hence z is also of type Lj(m') for m' = t^m and so 
z G The intuitive meaning of (3.2.1) is clear: the more infinitesimals 

we neglect from a Fermat real m G *M and the less terms will remain in 
the decomposition of m; continuing in this way, only the standard part °m 
remains. 

We start the study of L k considering the relationships between this operation 
and the algebraic operations on "R. 

Theorem 3.2.3. Let x, y G *R and k G R>i, then 

1. If x = r + YlhLi'yh ' dt Ch in *R (noi necessarily the decomposition of 
x), with r, 7ft, G R and Cft G R>i, i/ien t^x = r + X] 7/i ' d£ Cft 

/i:Cf l >fc 

g. tfc(x + y) = L k x + 
5. t fc = 

4- Lk{r ■ x) = r ■ t k x Vr G R 

5. t fc (sc • y) = i fc (i fc 2; • ttai is x ■ y = k i k x ■ i k y 

6. The relation = k is an equivalence relation and the quotient set *R= fe : = 
•R/ = k is a ring with respect to pointwise operations 

Proof: To prove 1. we can consider that if x = r + J2hLi lh • dt Ch , then 
M 

x = r + 7^ • dt Ch = 
= °x+ ^ dt g -^{ 7 ft|/i = 1,...,M, Cft = <?} 

9:?e{cj |j=l,...,M} 

where we have summed all the addends 7ft dt Ch having the same order Cft = 
q. Now call {qi, ■ ■ ■ ,qp} '■= {cj\j = 1,...,M} the distinct elements of 
the set of all the Cj, and 7 a := Ylilh I h = 1,...,M, Cft = g a }. Hence 
=i7adt ga , and we can suppose that every j a / 0. Recalling 
the construction of the decomposition of a Fermat real (see the existence 
proof of Theorem 2.3.2) we can state that P = N, where N is the number of 
addends in the decomposition of x, and that permuting the addends of this 
sum we obtain the decomposition of x, i.e. for a suitable permutation a of 
{1, . . . , N} we have 

?<t(0 = ^i{x) and = °Xi 
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or, in other words, we can say that 

N 

x = °x + Y^ 7<r(j) d£q a (i) 1S t ne decomposition of x. 
i=t 

Therefore, by Definition 3.2.1 

N N 
i k X = °X+ Mi) dt q<T(i) = °X + Y la dt qa = 

i=l a=l 

q<r(i)>k q a >k 

N 

= °x+Y dt q a Y^ h \h = l,...,M,c h = q a } = 

a=l 

q a >k 

= °x+ Yl dt q -J2{lh\h=l,...,M,c h = q} = 

q-qe{cj \j=l,...,M} 

q>k 

M 

= r +Y "?hdt Ch , 

h=l 

c h >k 

2.) We consider the decompositions of x and y, so that we have that 
ikX + tkV = °x+ Y ° Xi ' d *wi(x) + °V + Y ° V 'J ' dt ^j(y) ( 3 - 2 - 2 ) 

i:u}i(x)>k j:ujj(y)>k 

On the other hand we have 

X + y = °x + °y + Y ° X i dt u>i(x) + Y dt "j(v) 
i 3 

Prom this and from the previous result 1. we have that 
tk{x + y) = °x + °y+ Y ° x i dt ^(x)+ Y °yj dt ^(y) = °kX + tky 

i:LJi(x)>k j:ujj(y)>k 

Property 3. is a general consequence of 2. for x = y = 0. 
4 ) We multiply x by r E M. obtaining 

N 

r • x = r ■ °x + Y r " ° x i dt ^(x) 

so that, once again from 1., we have 

L k (r -x)=r-°x+ Y r-°Xi di^) = r ■ i k x 

(x)>k 
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5.) Let us consider the product of the decompositions of x and y and let 
cii := oji(x), bj := uij(y) for simplicity, then we have 



.r 



y = ° x °y + ^2 °x °yj dt bj + ^2°y °Xi dt a% + ^ °xi °yj dt_ 



Hence from 1. we have 

i k (x ■ y) = °x°y + ^2 °x°yjdt bj + °y°Xidt a% + 

j:bj>k i:a{>k 

+ Y J {°x t y J dt^ |-^->fc) 
^ \ ^d] ai + bj J 

On the other hand we have 

^ ■ iky = °x°y + ^2 °x°yjdt bj + ^ °y°Xidt ai + 

j:bj>k i:ai>k 

+ J2 "x^yjdt^ (3.2.3) 

r. ai >k a * +b 3 
j:bj>k 

and applying 1. to (3.2.3) we get 

L k {i k x ■ i k y) =°x°y + x y j dt b] + °y°Xidt a .+ 

j:bj>k i:ai>k 

+ V < °Xi °y i di^ | at > fc, bj > k, > k \ (3.2.4) 

So it suffices to prove that the set of Fermat reals in the third summation 
sign both in (3.2.3) and (3.2.4) are equal. But immediately we can see that 
the set in (3.2.4) is a subset of the set of numbers in (3.2.3). For the opposite 
inclusion we have 

ou-fro , 111 . 

>k => - + -<- (3.2.5) 



Oi + bj ai bj k 

but — < — + ^7 because bj = ujj(y) > and hence from (3.2.5) we obtain 
at > k. Analogously we can prove that bj > k so that the two sets of Fermat 
reals are equal. 

6 ) We have only to prove that the ring operations on the quotient set 
•R/ =fc, are well defined, i.e. that 

x = k x' and y = k y' x + x' = k y + y' (3.2.6) 

x = k x' and y = k y' =>• x ■ x' = k y • y' (3.2.7) 
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Indeed if x =k x' and y =k y', then i^x = i^x' and i^y = iky' (obviously 
these equalities have to be understood in so ik{x) ■ tk(y) = ^k( x ') • ^k{y')- 
Applying L}. to both sides we obtain t& (tk( x ) " L k{y)) = tjfc {^k{x') • tfe(y')) so 
that from 5. we have ik{x-y) = ik{x' -y'), that is x-y x' -y' . Analogously, 
using we can prove (3.2.6). 

■ 

Remark 3.2.4. If m G "Kfe and m then we can write m = tk n for 
some n G but, on the other hand, t^m = ifcO = in 'M. because m =k 0. 
But Lkvn = tk( L k n ) = ^k n — m , so we can finally deduce that m must be zero 
in *R, i.e. m = 0. Therefore: 

m G and m =k =>■ m = in *M 

This can also be restated saying that the notion of equality up to fc-th order 
infinitesimals, i.e. the equivalence relation is trivial in *Rfe, i.e. if m, 
n G "Mfc and m n, then m = n in *M. 

Moreover we can also state (3.2.6) and (3.2.7) saying that if we work with 
equality up to A;-th order infinitesimals, that is with the equivalence relation 
=k, we can always use ring operations sum and product of *R and this will 
preserve the equality =k- 

Example. Whereas property 2. says that is closed with respect to 
sums, in general it is not closed with respect to products. Indeed let 

x = dt 3 = y 

then L2X = i2y = dt 3 and 12X ■ i^y = (dt^) 2 = di 3 / 2 - On the other hand 
x-y = dt 3 / 2 and i^ix-y) = 0, so i2{x-y) 7^ ^(x) • i-2(y) ■ This counterexample 
exhibits why we stated the relationships between tk and the product as in 5 
of Theorem 3.2.3. 

We close this section with a theorem that states some properties of the 
order of Lfe X Lj X . The starting idea is roughly the following: with ikX we 
"delete" in the decomposition of x all the infinitesimals of order less or equal 
to k; we do the same with ijx, so if j > k in the difference bfe Xi L j X there 
will remain only infinitesimals of order between k and j. 

Theorem 3.2.5. Let x £ 'U. and j, k G M>i, with j > k, then 

1. k < u(ikX — ijx) < j and hence ikX — Ljx G Dj 

2. k < Lo(ikx) 

3. u>(x — ijx) < j 

4- V7i G : h ■ (ikX — Ljx) = 
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Proof: To prove 1. let x = r + ~Y^ i=1 a i dt ai be the decomposition of x, then 
i k x - ljx = r + a, dt ai - r - a, dt ai = 

i:ai>k i:ai>j 

= ^2 ai dt ai + ai dt aj - a, dt ai = 

i:k<ai<j i:ai>j i:aj>j 

= a;d^ (3.2.8) 

i:k<ai <j 

S° Srfc<ai<j a * * s * ne decomposition of t^a; — tjX and its order is given 
by uj{ukX — Ljx) = a p , where p is the smallest index i = 1,... ,JV in the 
decomposition (3.2.8), i.e. p := min{z = 1, . . . , N | k < Oj < j}. Therefore 

k < Uj(lkX — LjX) = dp < j . 

Property 2. can be proved exactly as the previous 1. but with j = +oo. 
Property 3. is simply property 1. with k = 0. 

^.) If /i G D_t_, then u;(/i) < j^- + 1 = j^-. Let us analyze the product 
h ■ {ikX — ijx): 

1 1 7 — 1 1 

+ r > — + 



u(h) oj(u k x - tjx) " j j 
Hence from 2.5.1 the conclusion follows. 

■ 

As a consequence of the previous property 2 of Theorem 3.2.5 we have 
the following simple cancellation law. 

Corollary 3.2.6. Let m e 'Rk, with k > 1, and h £ with k + uj{h) < 
k ■ uj{h), then 

m ■ h = ==>• m = 

Proof: First we note that h ^ 0, because otherwise we had u>(h) = u>(0) = 
and k < from the hypothesis k + u(h) < k ■ u(h). Secondly, from the 
hypothesis m ■ h = we immediately have °m = 0, so that m E D^. Ad 
absurdum, if we had then we would also have 

1 111 

+ — 7TT < r + 



u(m) co(h) k u>(h) 

indeed u(m) > k because m S and the previous Theorem 3.2.5. But 

\ + T^K) = T^wlhJ — 1 by hypothesis and therefore m • h / by Theorem 
2.5.1, in contradiction with the hypothesis. 

■ 

For example if we take m as above and consider the infinitesimal h = dtj 
with 2 < j < k, then 

m ■ dtj = ==>■ m = 
indeed \ + = | + j < f < 1. i-e. k + w( dtj) < fc • w( dtj). 
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3.3 Cancellation laws up to k-th order infinitesi- 
mals 

The goal of this section is to find for what infinitesimals h G -Doo and for 
what power j G N and order k G M>i we have h? ■ m = h? ■ i^vn. We recall 
that we started this chapter motivating the definition of i^x starting from 
the property 

V/i£D: h ■ m = h ■ 12m 

In this section we want to generalize this property. We will see that, as a 
consequence of this generalization, we will obtain a cancellation law up to 
fe-th order infinitesimals of the form 

If V/iG D ai x ••• x D an : h? ■ m = (3.3.1) 
then m =k 

and hence a general Taylor's formula for smooth functions of the type / : 
W 1 — > K with independent infinitesimals increments, that is a formula useful 
to compute with a polynomial a term like f(x\ + h±, . . . ,x n + h n ), with 
(hi, . . . , h n ) E D ai x • • • x D an , i.e. with infinitesimal increments in general 
of different orders. 

We shall use the classical multi-indexes notations (see e.g. Prodi [1987] 
) frequently used in the study of several variables functions. E.g. in (3.3.1) 
we already used W := h^ 1 ■ . . . ■ h 3 n . 

We start proving one simple lemma that will be useful in the following. 
Lemma 3.3.1. Let m G *R 7 k G M>i and h G such that 

1 + -L>1 (3-3.2) 

k ujyh) 



then 



h ■ m = h ■ L^m (3.3.3) 



Condition (3.3.2) is not difficult to foresee if we want to obtain (3.3.3), be- 
cause it implies, as we will see in the following proof, that all the infinitesi- 
mals, in the decomposition of m, having an order which is less than or equal 
to k, multiplied by h will give (compare property (3.3.2) with Theorem 
2.5.1). 

Proof: Let h = J2p=i 0p dtb p resp. m = r + YldLi a i dt ai be the decomposi- 
tions of h and m. Then 

n 

h-m = ^2 r(3 p dtb p + ^ a;/3 p dt c H b p (3.3.4) 

1 • a i+ b P 

p=l l,p y 
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But if a,i < k, then 

1111 

dj bp k ijjyh) 

So if a>i < k, then ^pf- < 1 and dt ai b p = 0, hence we can write (3.3.4) as 

P a i+ b V 
n 

h-m = s ^rfj p dt bp + ^2 ^2 ai(3 p dt a lbp = 

p=l p i:a,i>k a i+ b p 

= h ■ r + ^2 a i dt ai J = h ■ L k m 

\ i:ai>k I 



In the proof of (3.3.1) the exponents j G N n will be tied with the ideals 
D ai through the following term: 

Definition 3.3.2. If j G N n , with n G N >0 , and a G (M >0 U {oo}) n , then 
we set by definition 

n 

J Ji 



a + 1 t-f a, + 1 

Let us note that in the notation the variables j and a are n-tuples. In 
the particular case n = 1, we have that j and a are real numbers and the 
notation has the usual meaning of a fraction. If a, = oo, then we define 

-^fi ■= 0. Now we can state and prove the main theorem of this section 

Theorem 3.3.3. Let m G *M ; n G N >0; j G N n \{0} and a G M> . Moreover 
/e£ ms consider k G K defined by 

1 j , 

1 (3.3.5) 



fc a + 1 
t/ien 

1. V7t G -D Ql x • • • x Z? Qn : h? ■ m = h? ■ i^m 

2. u{m) >k =► 3h G £> m x • • • x D an : + = l 

3. If h? ■ m = for every h G D ai x • • • x , then m =k 

The idea of the cancellation law 3. is that if we have h^ 1 ■ . . . ■ h J n ■ m = for 
every (hi, . . . , /i n ) G D ai x • • • x D a „, then condition (3.3.5) permits to find 
the best k > 1 such that m 0. Note that there is no limitation neither 
on the exponents j G N n \ {0} nor on the ideals D a . , so we can call 3. the 
general cancellation law. 
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Proof of Theorem 3.3.3: 

1.) By the definition of k it follows 



n . n 



k + u(hJ) 1 a + l + M) 1 S a + i + £ uih ) ( 3 " 3 - 6 ) 

where we have supposed h? ^ 0, otherwise the conclusion is trivial, and we 
have applied Theorem 2.5.1. 

But uj{hi) < oti + 1 because hi G D ai , so 

n n 

Y^-Y— ZL T>° (3-3-7) 



i=l v *' t=l 



Hence from (3.3.6) and (3.3.7) we have i H — t^jt > 1 and the conclusion 



follows from Lemma 3.3.1. 
2.) For simplicity let Xi : = (ctj + 1) • and ^ := u>(m), then - > k from 
the hypothesis cj(m) > k and 



l-a 



Xi Xi \ k ) ij all a, + 1 
so 2 di^i_ = t x i G D ai , and if we set 

1 — a 

/i := ( dt^L , • ■ • , dij^. ) G D ai x • • • x D an 



we have 

w = ..... = i A " )>: % 

But 

n . n 

hence h? = t 1 ~ a and 

+ ~~nT\ = a + (1 - a) = 1 



uj(m) uj{hJ) 

3.) This part is essentially the contrapositive of 2. Indeed from 2. we have 

V/i G D ai x • • • x D a : — -- + — — + \ ) ==> w ( m ) < fc 

(3.3.8) 



2 Here we are using the usual abuse of notation that consists in indicating the Fermat 
real (equivalence class modulo ~, see 2.3.1) [t £ K>o i— » f 6 ]~ simply by t 6 . 
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so if we assume that b? • m = for every h € D ai x • • • x D an , then it 
immediately follows °m = and from Theorem 2.5.1 the equality b? ■ m = 
becomes equivalent to 

1 1 

uj(m) uj(hJ) 

Therefore (3.3.8) is actually stronger than the hypothesis of 3. 
Prom (3.3.8) it follows uj{m) < k and hence m =k 0. 

■ 

For example suppose we want to obtain m = 2 from a product of the 
type h ■ m = for every h £ D a . What kind of infinitesimals D a do we have 
to choose? We have k = 2, j = 1 and n = 1, hence we must have 

1 j 1 1 

— + = - + = 1 

k a+1 2 a + 1 

hence a = 1 and from the general cancellation law we have 

(VheD: h-m = 0) m = 2 

Analogously if we want n = 2, then we must have 

I = i 1 



2 ai + 1 a 2 + 1 

so that we must choose a = (ai, a 2 ) so that Qi 1 +1 + a ^ +1 = \, e.g. a = (3, 3), 
i.e. 

(V7i, k€ D 3 : h-k-m = 0) =^ m= 2 

Vice versa now suppose to have D a , with a E N>o and we want to find k: 

1 1 
1 



k a + 1 

hence k = and we obtain 

a 

(V/i S D a : /i • m = 0) =>• m = a +i 

a 

and 

(V/i £ Dqo : h - m = 0) => m =1 

Let us note explicitly that the best we can obtain from the general cancel- 
lation law is that m is equal to zero up to first order infinitesimals. As an 
immediate consequence of the definition of equality in 'R, it follows that 
h ■ dt = for every infinitesimal h € -Doo, and because dt =1 but dt ^ 0, 
this exhibits that a better result cannot be obtained from this type of can- 
cellation law. 
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A counterexample 

The idea to have a cancellation law like the general one 3. of Theorem 3.3.3 
comes from SDG. The particularity of this law is that it is not of the form 

"if a given number h G *K has the property V(h) (e.g. h is invertible), and 

h- m = 0, then m = 0", 

as usual, but it is of the form, e.g. 

"if h ■ m = for every h G D, then m =2 0". 

We can foresee that these differences will not cause any problem each time we 
will use infinitesimal Taylor's formulae. Indeed, as we will see concretely later 
in the present work, typically these formulae are used for generic infinitesimal 
increments h G D™, i.e. usually we will be able to prove our equalities derived 
from Taylor's formulae for every h G D™- 

Finally, these cancellation laws do not guarantee a strict equality but an 
equality up to infinitesimals of a suitable order k. As we will see, this corre- 
spond to have Taylor's formulae with uniqueness up to some order k. If we 
use these formulae to define derivatives, this implies that we will have deriva- 
tives identified up to infinitesimals of some order k. Roughly speaking, even 
if this is unusual for derivatives of smooth functions, it is very common in 
mathematics; think e.g. to definite integrals or Radon-Nikodym derivatives, 
where certain operators are defined up to a suitable notion of equality (i.e. 
an equivalence relation) like "up to a constant" or "up to a set of measure 
zero". In the same way, e.g., we will define first derivatives of smooth func- 
tions of the type / : D™ — > *K up to second order infinitesimals. Exactly 
as for the Radon-Nikodym derivative, the meaningful properties will be only 
those "up to second order infinitesimals". 

Now we want to see that it is not possible to avoid the quantifier 11 for 
every h" in the cancellation law. More precisely let us suppose to have an 
infinitesimal h G with the property of being deleted from every product, 
i.e. such that 

Vme'K: h-m = =>■ m = (3.3.9) 

Does such an infinitesimal exist? 

Of course h 7^ and hence u(h) > 1, but it cannot be that uj{h) = 1 
because otherwise 

^ + ^ = 2 

io(h) w(dt) 

and hence h ■ dt = even if dt 7^ 0, in contradiction with (3.3.9). Hence it 
must be that u(h) > 1. 

Now we want to find k > 1 such that ^ + > 1, that is 

1 1 u(h) - 1 

k ijj\h) uj[h) 
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the latter inequality being due to ui(h) > 1. Therefore the number k we are 
searching for must satisfy 

uj(h) 

1< k < ' 3.3.10 

u(h) - 1 ' 

A A; in this interval exists always because uj{h) > 1, and if we set m := dt^, 
then £ + > 1, and from Lemma 3.3.1 we have 

h ■ m = h • t^m = h ■ ik{ dt^) = 

but m = dtk 7^ 0. For these reasons we can affirm that an infinitesimal 
h G with the property of being deleted form every product, i.e. such 
that (3.3.9) holds, does not exist. 

3.4 Applications to Taylor's formulae 

General forms of uniqueness in Taylor's formulae 

Corollary 3.4.1. Let n G N >0 , a G R™ 0; and for every j G N n with < 
^q-j- < 1, let rrij G *M and set kj G M smc/i £/ia£ 

fcj a + 1 ~ 
T/ien £/iere exists one and only one 

fh : | j G N n I — ^— < 1 
I a + 1 

1. fhj G 'IRfcj /or every j G N n suc/i </iai < 1 

5. VTt G D ai x • • • x D an : ^ — ■ rrij = 2^ — • rrij 

—i—<i —i—<i 
Moreover the unique fhj is given by fhj = ikjrrij. 

To motivate the statement let us observe that if h G D ai x • • • x D an and 
-^fi > 1, then u>(hi) < CKj + 1, and so 



+ 1 

and hence also 

n n 

V -Ji- > V J * = — — > i 
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thus b? = h^ 1 • . . . • h J n = 0. For this reason the general Taylor's formula is 
restricted to j G N n such that — < 1. 

The meaning of this corollary is that if we have an infinitesimal Taylor's 
formula like 

A h? 

/(^) = /(0)+^ T -m j \fheD n 

then we can substitute the coefficients rrij G *R by fhj = (rrij) G ■, 
that is with rrij up to infinitesimals of order kj, and the formula remains 
unchanged 

f(h)=f(0)+Y,— •% V/t€5„ (3.4.1) 
i=i J ' 

But now the new coefficients fhj G are uniquely determined by (3.4.1). 

E.g. this will permit to prove that if / : D — > *R, then there exist one 
and only one pair 

ae'R 
b G *K 2 

such that f(h) = a + h ■ b for every h £ D. 



Proof of Corollary 3.4.1: 

Existence: Let := ^(rrij) for every j G N n such that ^-j- < 1. Note 
that if j = 0, then fhj = rrij = mo, because ko := 0. Moreover if j ^ 0, then 
< —>T-r < 1 and hence kj > 1. 

We have fhj G and, from Theorem 3.3.3 for every j we obtain 

V7t G -D Ql x • • • x D an : h? ■ rrij = h? ■ fhj 
and hence also the conclusion 



Wh G D ai x • • • x D an : ^ — • rrij = ^ 



^ 7! 1 — ' 7. 

jeN 71 J jeN n J 

Uniqueness: Let us consider mj G 'M^ that verify the identity we shall 
use the identity principle for polynomials (Theorem 2.6.2). Indeed for each 
fixed h G D ai x • • • x D an and every r G *(— 1, 1) we have r • h G -D ai x • • • x 
£)q,„, hence 

. . hi 

22 r3 ■ — ■ (rhj - fhj) = Vre*(-l,l) 

-2-<l 

o+l ^ 
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Prom the identity principle of polynomials every coefficient of this polynomial 
in r is zero, i.e. 

Vj : — • {fhj — rhj) = 

These equalities are also true for every h G D ai x • • • x D an , therefore from 
Theorem 3.3.3 we obtain fhj fhj, that is fhj = fhj because fhj, fhj G 'K^. 
(see Remark 3.2.4). 

■ 

Using the equalities up to fcj-th order infinitesimals we can state this 
uniqueness in another equivalent form: 

Corollary 3.4.2. In the hypotheses of the previous Corollary 3.4-1, if Pj 6 
'M. for every j G N n with < 1 are such that 

V/i G D ai x • • • x D an : ^ — • rrij = ^ — • p j 

a + 1 ^ Q + l^ 

i/ten mj for every j. 

Proof: In fact we can apply the previous Corollary 3.4.1 both with (rrij)j 
and with (j)j)j obtaining that the unique (fhj)j is given by fhj = Lk^rrij) = 
%iPj), so rrij = k pj for every j. 



Existence in Taylor's formulae for ordinary smooth functions 

The following theorem is a very simple evidence that a suitable and meaning- 
ful mathematical language can be useful to extend even well known classical 
results. Indeed, using the language of actual nilpotent infinitesimals we shall 
see that it is possible to extend the Taylor's formula for f(x + h) to generic 
infinitesimal increments h G D ai x • • • x D ad (the classical formulation being 
for a± = ■ ■ ■ = ad): 

Theorem 3.4.3. Let f : U — > 1" be a smooth function, with U open in 
M d . Take a standard point x G U and a\, . . . , G M>o, then there exist one 
and only one 

m : | j G n d I — ^— < 1 1 — >R U 
\ a + 1 J 

such that 

hi 

V/i G D ai x • • • x D ad : f( x + h) = — ■ rrij 

jeN d "'' 

-J-<1 
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Proof: For simplicity let 

j G N d I < 1 1 , n := max {hi eNh'G/} 

a + 1 J 

where, of course, \j\ := j± + . . . + j n . Let us take the infinitesimal Taylor's 
formula of / of order n (see Theorem ??): 

VhdDt: f( x + h)=Y J -- mj (3.4.2) 

\j\<n 

where nij := ^f(x) G M". Now if we take h G D Q1 x ••• x D ad , then 
/ii G D ai and hence < a.% + 1. We want to apply (3.4.2) with this h, 

so we have to prove that hi G D n , i.e. that co(hi) < n + 1. But if we set 
j := (0,.. 0, a*, 0,...,0), then 

d 

1 - = ^2 Jk = ai < 1 



a + 1 f— ' a*; + 1 ai + 1 

fe=i 

because ojj > 0, so j G / and hence n > |j| = Qj. Therefore u;(/i,) < 04 + 1 < 
n + 1, that is foj G D n and we can apply (3.4.2) obtaining: 

_ hi 

f{x + h)= Y,-/ m i ( 3A3 ) 

\j\<n 

But we know that if > 1, then b? = 0, so the sum in (3.4.3) is extended 
to j £ I only. This proves the existence part. Uniqueness follows from 
Corollary 3.4.1. 

■ 

At present the previous version of the Taylor's formula can be applied 
to ordinary smooth functions and to standard points x G U only. In the 
following results we will remove the limitation that the base point x has to 
be standard. 

Lemma 3.4.4. Let A be an open set in R d , x G 'A, n G N>o and f : A — > IR 
a smooth function, then 

hi pib\ f 

VheD d n : f( x + h )=Y l j--a + {x) (3.4.4) 

jeN d 
\j\<n 

Note that in (3.4.4) we do not have the problem to define the derivatives 
of the function / at the non standard point x G 'A, because we have to 
mean -q^-(x) as 

^(x)=(^A (x) 
dxi [X) dxi [ h 
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that is as the Fermat extension of the smooth function ^f{x) applied to 
the non standard point x. 

Proof: We prove the result for d = 1 only; the proof for the multivariable 
case is analogous using the suitable multi-indexes notations. Let k := x — °x 
be the nilpotent part ofx£ 'A, then f(x+h) = f(°x+k+h), and we can use 
the infinitesimal Taylor's formula (Theorem 2.8.4) for / at the standard point 
°x and with infinitesimal increment k + h. Let us firstly suppose k + h ^ 0. 
Then the order of this sum is u){k + h) = u(k) V uj(h) (see Theorem 2.4.3) 
and we can write 



f( x + h)=f(°x + k + h)= £ (fc^L/Wfa;) 

6=0 

w(fc)Vw(fc) b /K . h a h b-a 

= E EQH— / w c) = 

6=0 a=0 V 7 



u(h)Vu{k) 6 t ai,6-o 

£ Ej^r/<"M 

6=0 a=0 v ; 



But k a = if a > u(k), hence 



E E^-/ (s) m 

6=0 a=0 v ; 



£»■ 



where 

a 1,6— a 



t ._ J kah> . f(b)(O f 



b=0,...,oj{h)Vuj{k) 
a=0,...,6A£j(fc) 



On the other hand we have 



i=o J ' i=o ■ / ' 

j=0 i=0 J ' 

=£< 

teJ 



where 



J:= ^./^rx) 



i 2_<i 



(3.4.5) 



j=0,...,w(h) ) 

i=o,...,u(k) I (3.4.6) 
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in fact h?k x = if + ^y > 1 (see Theorem 2.5.1). Now we can prove 
that the two sets of addends I and J are equal or they differ at most for 
zero, i.e. IU {0} = JU {0}. Indeed, take an element t from J 

j = 0, . . .,uj(h) 
i = 0,..., oo{k) 

~~7TT "I 77T — 1> (3-4-7) 
then setting a := i, b := a + j = i + j we have 

i,b—ai,a 

(o — a)!a! 

Moreover, we have that a = i < u>(k) and a = b—j < b, so a = 0, . . . , bAuj(k). 
From 3.4.7 we have i < cj(fe) — j^y and hence i+J < + j • ^1 — jjjj^J = 
"(k)+j- ^j$& . lfcv(k) > u(h), then i+j < u{k)+j.^^ < u(k) = 
co(h) V uj(k). Vice versa if u(k) < ui(h), then since ^y < 1 we have that 

u(k) + j ■ < cj(fc) + w(/i) — cj(A;) = u(h) = u)(h) V u){k). In any case 

we have proved that b = i + j < uj{h) V uj{k), so the addend t is indeed an 
element of J . 

Vice versa, let us consider 

ub—aua 

f {b \°x) G J 



(6-a)!a! 
6 = 0,... ,w(/i) Vw(fc) 
a = 0, . . . , b A w(fe), 
and set i := a, j = b — a, then 



Moreover, i < b A ui(k) < u(k) and j < oj{h) or, in the opposite case, we 
have h h ~ a = b? ' = = s. Analogously we have ^y + ^y < 1 or, in the 

opposite case, we have h b ~ a k a = h?k % = = s. At the end we have proved 
that s £ I U {0}. 

It remains to prove the case h + k = 0. But with the previous deduction 
we have proved that 

w(h)vw(fc) 6 ■ 

E ^ i '/ (6) M = E^ (3) ( 0l+ ^ ( 3 - 4 - 8 ) 

6=0 ' i=0 ■'' 
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If h + k = the right hand side of (3.4.8) gives f{°x) = f(°x + k + h) = 
f(x + h). ■ 
Using this lemma, and the general uniqueness of Corollary 3.4.1, we can 
repeat equal the proof of Theorem 3.4.3 obtaining its generalization to a non 
standard base point x G *U : 

Theorem 3.4.5. Let f : U — ► 1" be a smooth function, with U open in 
M. d . Take a point x G *U and ct\, . . . , OL& G M>o, then there exists one and 
only one 

m : i j G N d I < 1 

1 a + 1 



such that 

1. rhj G *Mkj for every j G N d such that < 1 



hi 

2. V7i G D ai x • • • x D ad : f(x + h) = 2^ — • mj 

In the following chapters we shall see how to generalize these theorems 
to more general functions with respect to */, i.e. extension of standard 
functions. We have an example of a function which is not of this type, 
considering e.g. / = *g(p, — ) for p G 'M. and g G C°°(IR,]R). In this case we 
will see that in general the coefficients of the corresponding Taylor's formulae 
will be generic elements nij G "Rfc. and not standard reals only. 

Example. We want to find the Taylor's formula of 

for h G D3 and k G D^. We can note, using the previous theorem, that the 
sum in this Taylor's formula is extended to all pair G N 2 such that 

i j 



3+1 4+1 

that is such that 5i + 4j < 20. But to find this Taylor's formula it is simpler 
to substitute in (3.4.9) the Taylor's formulae of sin(/i) = h — ^ for h G D% 
and of cos (A;) = 1 — ^- + |^ for AG and to apply the algebraic calculus 
of nilpotent infinitesimals we have developed until now: 

~k 4 k 2 ' 



f(h,k) = — w f E =(h 

1 2 24 




24 2 



1 h 3 

= h + -hk 2 V/i G D 3 Vk£ D 4 (3.4.10) 

2 6 

For example to obtain this result we have used the equalities hk 4 = and 
h 3 k 2 = 0, easily deducible from Corollary 2.5.4. 
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Prom (3.4.10) and from the previous Theorem 3.4.3 we have 
d f d 3 f d 3 f 

and for all the other indexes i, j G N such that 5i + 4j < 20 we have 

Qi+j f 

*w (ao> = ° 

Of course this is only an elementary example, similar to several exercises 
one can find in elementary courses of Calculus. The only meaningful dif- 
ference is that we have not used directly neither the concept of limit nor 
any rest in the form of suitable little-oh functions. An easy to use algebraic 
language of nilpotent infinitesimals have been used instead. It can also be 
useful to note that, in comparison with SDG, for Fermat reals it is very easy 
to decide if products of type h?k 2 , with h G D3 and k G D4, are zero or 
not; the same easiness is not possible in SDG where starting only from the 
belonging to some it is not possible to decide products of this type (see 
e.g. Kock [1981] for more details). 



3.5 Extension of some results to 

In this section we want to extend some of the results of the previous sections 
to the ideal of all the infinitesimals (see Definition 2.4.2). 

Corollary 3.5.1. Let m£*R, n£ N >0; j £ N™\ {0} 
then 

1. VheD^: h j -m = h j -urn 

2. If h? ■ m = for every h G D^, then m =1 0, that is m = adt for 
some a£l, 

Proof: We recall that 

N 

Ll m = °m+ ^2 ° m i di^(m) 

i:oJi(m)>l 

and because Ui(m) > 1 for every Fermat real m and every i = 1, . . . , N we 
can write 

m = a dt + i\m 

where a := if U0i{m) = 1 for some 1 = 1,...,N, otherwise a := 0. 
Therefore if h G D^, we have h? ■ m = b? ■ a dt + h? ■ i\m = h? ■ i\m because 
kdt = for every infinitesimal k G D^. This proves 1. 
2.) From the hypothesis h? ■ m = for every h G D 1 ^, because D a C Doo, 
it follows 

Wt G -D™ : h j ■ m = (3.5.1) 
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where a > 1. So we can apply Theorem 3.3.3 for each one of these a. We set 
k a with 

1 j 
K + (a,.. ™..,a) + l " 



that is 

n 

ia a + 1 

a + 1 



o + l 

1=1 



k 



a a+l-\j\ 

and hence from (3.5.1) and Theorem 3.3.3 we have that m =k a for every 
a > 1, that is 

°m+ J2 ° m idt^ (m) =0 Va>l (3.5.2) 

u; 4 (m)>fc a 

This implies °m = and for each a > 1 the sum in (3.5.2) does not have 
addends, i.e. 

Va>l$i = l,...,N: Ui(m)>ka (3.5.3) 
But lim a ^ +00 A: a = 1 + , so if we had 

3i=l,...,N: uJt(m) > 1 

then we could find a suitable a > 1 such that LVj(m) > fc„ > 1, in contradic- 
tion with (3.5.3). Therefore cjj(m) < 1 for each i = 1,... ,N, i.e. m =i 
and hence m = q dt for a = Vi or a = if m = 0. 

■ 

Using exactly the same ideas used in the proof of the previous corollary we 
can also generalize Taylor's formulae to the case of D^. First the uniqueness: 

Corollary 3.5.2. Let ( r ^j)jgN d \{o} be a sequence of *R, then there exists 
one and only one 

( m j)jeN d \{o} sequence o/*Ki 



such that 



h? x W 



7! ' — ' 1 



Secondly, it is also easy to derive the Taylor's formula for standard functions: 

Corollary 3.5.3. Let f : U — ► M. u be a smooth function, with U open in 
M d . Take x G 'U , then there exist one and only one 

m:N d — ► R" 
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such that 



f{x + h) 



hP 

— ■ m.j 



(3.5.4) 



Let us point out that in formulae like (3.5.4) we do not have a series but a 
finite sum because every hi £ D ^ is nilpotent. 

3.6 Some elementary examples 

The elementary examples presented in this section want to show, in a few 
rows, the simplicity of the algebraic calculus of nilpotent infinitesimals. Here 
"simplicity" means that the dialectic with the corresponding informal calcula- 
tions, used e.g. in engineering or in physics, is really faithful. The importance 
of this dialectic can be glimpsed both as a proof of the flexibility of the new 
language, but also for researches in artificial intelligence like automatic dif- 
ferentiation theories (see e.g. Griewank [2000] and references therein). Last 
but not least, it may also be important for didactic or historical researches. 

1. Commutation of differentiation and integration. This example 
derives from Kock [1981], Lavendhomme [1996]. Suppose we want to 
discover the derivative of the function 



rf3(x) 

g(x) := / f(x,t)dt Vx£ 

J a(x) 



where a, (3 and / are smooth functions. We can see g as a composition 
of smooth functions, hence we can apply the derivation formula, i.e. 
Theorem 2.8.3: 

rp{x+h) 

g(x + h) = I f(x + h,t)dt = 

Ja(x+h) 

«a(x) r-a(x) q j 



/ f(x,t)dt + h- / ^-( Xjt )dt+ 

Ja(x)+ha'(x) Ja(x)+ha'(x) u x 

r/3(x) p0(x) Qf 

+ / f(x,t)dt + h- / 7 ±(x,t)dt+ 

Ja(x) Ja(x) UX 

rf3(x)+h{3'(x) r/3(x)+hP'(x) Qf 

+ / f(x,t)dt + h- / 1 f(x,t)dt. 

J0(x) J0(x) ax 



' a(x) J a(x) 

rp(x)+h/3'{x) r 0(x)+h0'(x) df 

f(x,t)dt + h- \ 

lp(x) J/3(x) 

Now we use h? = to obtain e.g. (see Corollary 2.8.5 

-a(x) 



ra(x) Qf Qf 

h- / -£-(x,t)dt = -h 2 ■ a'{x) — (a(x),t) = 

J a(x)+ha> (x) OX OX 
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and 



■a(x) 



f(x, t) dt = —h ■ a'(x) ■ f(a(x),i) 



a(x)+ha' (x) 



Calculating in an analogous way similar terms we finally obtain the 
well known conclusion. Note that the final formula comes out by itself 
so that we have "discovered" it and not simply we have proved it. From 
the point of view of artificial intelligence or from the didactic point of 
view, surely this discovering is not a trivial result. 

2. Circle of curvature. A simple application of the infinitesimal Tay- 
lor's formula is the parametric equation for the circle of curvature, that 
is the circle with second order osculation with a curve 7 : [0, 1] — > M 3 . 
In fact if r G (0, 1) and 7 r is a unit vector, from the second order 
infinitesimal Taylor's formula we have 

h 2 -. h 2 

Vh G D 2 : 7(r + h) = 7 r + hj r + — j r = 7 r + ht r + — c r n r (3.6.1) 

where n is the unit normal vector, t is the tangent one and c r the 
curvature. But once again from Taylor's formula we have sin(c/i) = ch 
and cos(ch) = 1 — Now it suffices to substitute h and 4^ from 
these formulas into (3.6.1) to obtain the conclusion 

V7i € D2 ■ 7(r + h) = ( 7 r H — - ] H • [s'm(c r h)t r — cos(c r /i)n r ] . 

\ c r j c r 

In a similar way we can prove that any / G C°°(R, R) can be written 
Vh £ Dk as 



so that now the idea of the Fourier series comes out in a natural way. 

3. Schwarz's theorem. Using nilpotent infinitesimals we can obtain a 
simple and meaningful proof of Schwarz's theorem. This simple exam- 
ple aims to show how to manage some differences between our setting 
and Synthetic Differential Geometry (see Kock [1981], Lavendhomme 
[1996], Moerdijk and Reyes [1991]). Let / : V — ► E be a C 2 function 
between spaces of type V = M m , E = W 1 (in subsequent chapters we 
will see that the same proof is still valid for Banach spaces too) and 
a E V, we want to prove that d 2 /(a) : V x V — ► E is symmetric. 



A' 



k 




n=0 



Take 



k£D 2 
h, j G £>oo 
jkh G D^o 
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(e.g. we can take k t = di2, h t = jt = dt^ so that jkh = dt, see also 
Theorem 2.5.1). Using k G D2 and Lemma 3.4.4, we have 



j ■ f(x + hu + kv) = 

k 2 

f(x + hu) + k d v f(x + hu) + —d 2 v f{x + hu) 



3 ■ 

j ■ f(x + hu) + jk ■ d v f(x + hu) 



(3.6.2) 



where we used the fact that k 2 £ D and j infinitesimal imply jk 2 = 0. 
Now we consider that jkh G D so that any product of type jkhi is 
zero for every i E -Doo, so we obtain 

jk • d v f(x + hu) = jk • d v f(x) + jkh • d u (d v f)(x). (3.6.3) 

But k £ D2 and j/c 2 = hence 

J • /(z + kv) - j • f(x) = jk ■ d v f(x). 

Substituting this in (3.6.3) and hence in (3.6.2) we obtain 



j ■ [f(x + hu + kv) - f(x + hu) - f(x + kv) + f(x)] 
= jkh - d u (d v f)(x). 



(3.6.4) 



The left hand side of this equality is symmetric in u, v, hence changing 
them we have 

jkh ■ d u (d v f)(x) = jkh ■ d v (d u f)(x) 

and thus we obtain the conclusion because jkh / and d u (d v f)(x), 
d v (d u f)(x) G E. From (3.6.4) it follows directly the classical limit 
relation 

f(x + h t u + k t v) - f(x + h t u) - f(x + k t v) + f(x) 

hm = d u d v f(x) 

t^o+ hth 

4. Electric dipole. In elementary physics, an electric dipole is usually 
defined as " a pair of charges with opposite sign placed at a distance d 
very less than the distance r from the observer". 

Conditions like r 3> d are frequently used in Physics and very often 
we obtain a correct formalization if we ask d G *M infinitesimal but 
r G M\{0}, i.e. r finite. Thus we can define an electric dipole as a pair 
{PI1P2) of electric particles, with charges of equal intensity but with 
opposite sign such that their mutual distance at every time t is a first 
order infinitesimal: 

Vt: \ Pl (t)- P2 (t)\=:\d t \=:d t eD. (3.6.5) 
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In this way we can calculate the potential at the point x using the 
properties of D and using the hypothesis that r is finite and not zero. 
In fact we have 

<p{x) = -ir— ■ \ ) fl:=x-pi 

Aneo \ri r 2 / 

and if r := r*2 — ^ then 

— = ( r 2 + 4- + r-d 



r<i \ 4 J \ r 2 

because for (3.6.5) d 2 = 0. For our hypotheses on d and r we have that 
v ' d 

— — € D hence from the derivation formula 

Cr • d\ ^ r • d 

In the same way we can proceed for 1/ri, hence: 




2r 2 



47re 



The property d 2 = is also used in the calculus of the electric field 
and for the moment of momentum. 

5. Newtonian limit in Relativity. Another example in which we can 
formalize a condition like r ^> d using the previous ideas is the New- 
tonian limit in Relativity; in it we can suppose to have 

• Vi : v t G D 2 and cGl 

• Vx G M4 : gij(x) = r]ij + hij(x) with hij(x) £ D. 

where (rjij)^ is the matrix of the Minkowski's metric. This conditions 
can be interpreted as v t <^ c and hij(x) <C 1 (low speed with respect to 
the speed of light and weak gravitational field). In this way we have, 
e.g. the equalities: 

I v i \ 

1 H 7y and yl — h^{x) = 1 /144 (x) . 



-2 , 2c2 — V 2 
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6. Linear differential equations. Let 

d N v dv 
L(y) := A -^r + ... + A N .^ + A N ■ y = 

be a linear differential equation with constant coefficients. Once again 
we want to discover independent solutions in case the characteristic 
polynomial has multiple roots e.g. 

(r — r^) 2 • (r — r 3 ) • . . . • (r — r N ) = 0. 

The idea is that in *K we have (r— r\) 2 = also if r = n+h with h € D. 
Thus y(t) = e ( ri+h )* is a solution too. But ^+ h ) 1 = e ri * + ht ■ e rit , 
hence 



e (n+h)t 





L [e rit + /it • e ri *] 
L [e ri *] + h ■ L [t ■ e 



nil 



We obtain L [t • e ri *] = 0, that is yi(t) = t ■ e rit must be a solution. 
Using fc-th order infinitesimals we can deal with other multiple roots 
in a similar way. 

We think that these elementary examples are able to show that some results 
that frequently may appear as unnatural in a standard context, using Fermat 
reals may be even discovered, even by suitably designed algorithm. 
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Chapter 4 

Order relation 



4.1 Infinitesimals and order properties 

Like in other disciplines, also in mathematics the layout of a work reflects the 
personal philosophical ideas of the authors. In particular the present work 
is based on the idea that a good mathematical theory is able to construct 
a good dialectic between formal properties, proved in the theory, and their 
informal interpretations. The dialectic has to be, as far as possible, in both 
directions: theorems proved in the theory should have a clear and useful 
intuitive interpretation and, on the other hand, the intuition corresponding 
to the theory has to be able to suggest true sentences, i.e. conjectures or 
sketch of proofs that can then be converted into rigorous proofs. 

In a theory of new numbers, like the present one about Fermat reals, 
the introduction of an order relation can be a hard test of the excellence of 
this dialectic between formal properties and their informal interpretations. 
Indeed if we introduce a new ring of numbers (like *M) extending the real 
field K, we want that the new order relation, defined on the new ring, will 
extend the standard one on K. This extension naturally leads to the wish 
of findings a geometrical representation of the new numbers, in accord with 
the above principle of having a good formal/informal dialectic. 

For example, on the one hand in NSA the order relation on *M has the 
best formal properties among all the theories of actual infinitesimals. On the 
other hand, the dialectic of these properties with the informal interpretations 
is not always good, due to the use of, e.g., an ultrafilter in the construction of 
*K. Indeed, in an ultrafilter on N we can always find a highly non constructive 
set A C N; any sequence of reals x : N — ► E which is constant to 1 on A 
is strictly greater than in *R, but it seems not easy to give neither an 
intuitive interpretation nor a clear and meaningful geometric representation 
of the relation x > in *M. In fact, it is also for motivations of this type 
that some approaches to give a constructive definition of a field similar to *M 
have been attempted (see e.g. Palmgren [1995, 1997, 1998] and references 
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therein). 

In SDG we have a preorder relation (i.e. a reflexive and transitive re- 
lation, which is not necessarily anti-symmetric) with very poor properties 
only. Nevertheless, the works developed in SDG (see e.g. Lavendhomme 
[1996]) exhibits that meaningful geometric results can be obtained in infinite 
dimensional spaces, even if the order properties of the ground base ring are 
not so rich. Once again, the dialectic between formal properties and their 
intuitive interpretations represents a hard test for SDG too. E.g. it seems 
not so easy to interpret intuitively that every infinitesimal h in SDG verifies 
both h > and h < 0. The lack of a total order, i.e. of the trichotomy law 

x < y or y < x or x = y (4-1.1) 

makes really difficult, or even impossible, to have a geometrical representa- 
tion of the infinitesimals of SDG. 

We want to start this section showing that in our setting there is a strong 
connection between some order properties and some algebraic properties. In 
particular, we will show that it is not possible to have good order properties 
and at the same time a uniqueness without limitations in the derivation 
formula (see the discussion starting Chapter 3). We know that in 'M. the 
product of any two first order infinitesimals h, k G D is always zero: h- k = 0, 
and a consequence of this property is that we have some limitations in the 
uniqueness of the derivation formula, and for these reasons we introduce 
the notion of equality up to k-th order infinitesimals (see Chapter 3). In 
the following theorem we can see that the property h ■ k = is a general 
consequence if we suppose to have a total order on D. The idea of this 
theorem can be glimpsed at from the Figure 4.1, where it is represented that 
if we neglect h 2 and k 2 because we consider them zero, then we have strong 
reasons to expect that also h ■ k will be zero 




Figure 4.1: How to guess that h ■ k = for two first order infinitesimals h, k £ D 
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Prom this picture comes the idea to find a formal demonstration based on 
the implication 

h,k>0 , h<k =^ 0<hk<k 2 = 
All these ideas conduct toward the following theorem. 

Theorem 4.1.1. Let (R, <) be a generic ordered ring and D C R a subset 
of this ring, such that 

1. G D 

2. V/i£ D : h 2 = and -h £ D 
3- (D,<) is a total order 

then 

Vh,k£D: h-k = (4.1.2) 

This theorem implies that if we want a total order in our theory of infinites- 
imal numbers, and if in this theory we consider D = {h \ h? = 0}, then we 
must accept that the product of any two elements of D must be zero. For 
example, if we think that a geometric representation of infinitesimals can- 
not be possible if we do not have, at least, the trichotomy law, then in this 
theory we must also have that the product of two first order infinitesimals 
is zero. Finally, because in SDG property (4.1.2) is false, this theorem also 
implies that in SDG it is not possible to define a total order (and not only a 
preorder) on the set D of first order infinitesimals compatible with the ring 
operations. 

Proof of Theorem 4.1.1: 

Let h, k G D be two elements of the subset D. By hypotheses 0, — h, —k € D, 
hence all these elements are comparable with respect to the order relation 
<, because, by hypotheses this relation is total (i.e. (4.1.1) is true). E.g. 

h < k or k < h 

We will consider only the case h < k, because analogously we can deal with 
the case k <h, simply exchanging everywhere h with k and vice versa. 

First sub-case: k > 0. By multiplying both sides of h < k by k > we 
obtain 

hk < k 2 (4.1.3) 

If h > then, multiplying by k > we have < hk, so from (4.1.3) we have 
< hk < k 2 = 0, and hence hk = 0. 
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If h < then, multiplying by k > we have 

hk < (4.1.4) 

If, furthermore, h > — k, then multiplying by A; > we have hk > —k 2 1 
hence form (4.1.4) > hk > -k 2 = 0, hence hk = 0. 

If, otherwise, h < —k, then multiplying by — h > we have — h 2 = < 
hk < from (4.1.4), hence M; = 0. This concludes the discussion of the case 
k>0. 

Second sub-case: k < 0. In this case we have h < k < 0. Multiplying both 
inequalities by h < we obtain h 2 = > hk > and hence /i/c = 0. 

■ 

Property (4.1.2) is incompatible with the uniqueness in a possible deriva- 
tion formula like 

3\meR: \fh € D : f{h)=f(0) + h-m (4.1.5) 

framed in the ring R of Theorem 4.1.1. In fact, if a, b S D are two elements 
of the subset D C i?, then both a and b play the role of m € R in (4.1.5) for 
the linear function 

f: heD^h-a = 0eR 

So, if the derivation formula (4.1.5) applies to linear functions (or less, to 
constant functions), the uniqueness part of this formula cannot hold in the 
ring R. 

In the next section we will introduce a natural and meaningful total order 
relation on *R. Therefore, the previous Theorem 4.1.1 strongly motivate 
that for the ring of Fermat reals *M we must have that the product of two 
first order infinitesimals must be zero and hence, that for the derivation 
formula in *R the uniqueness cannot hold in its strongest form. Since we will 
also see that the order relation permits to have a geometric representation 
of Fermat reals, we can summarize the conclusions of this section saying 
that the uniqueness in the derivation formula is incompatible with a natural 
geometric interpretation of Fermat reals and hence with a good dialectic 
between formal properties and informal interpretations in this theory. 

4.2 Order relation 

From the previous sections one can draw the conclusion that the ring of 
Fermat reals *R is essentially "the little-oh" calculus. But, on the other hand 
the Fermat reals give us more flexibility than this calculus: working with 
*M we do not have to bother ourselves with remainders made of "little-oh", 
but we can neglect them and use the useful algebraic calculus with nilpotent 
infinitesimals. But thinking the elements of *R as new numbers, and not 
simply as "little-oh functions", permits to treat them in a different and new 



G4 



4.2. Order relation 



way, for example to define on them an order relation with a clear geometrical 
interpretation 1 . 

First of all, let us introduce the useful notation 

y°t > : V(t) 

and we will read the quantifier V°i > saying "for every t > (sufficiently) 
small", to indicate that the property V(t) is true for all t in some right 2 
neighborhood of t = 0, i.e. 

36 >0: We [0,5): V{t) 

The first heuristic idea to define an order relation is the following 

x < y x — y < 3z : z = in *M and x — y < z 

More precisely, if x, y G *K are two little-oh polynomials, we want to ask 
locally that 3 xt is less than or equal to yt, but up to a o(t) for t — > + , where 
the little-oh function o(t) depends on x and y. Formally: 

Definition 4.2.1. Let x, y G 'M, i/ien we say 

x < y 

iff we can find z£'l smc/i i/iai z = in *M and 

V°t > : x 4 < y t + z t 

Recall that z = in 'M. is equivalent to zt = o(t) for t — ► + . It is immediate 
to see that we can equivalently define a; < y if and only if we can find x' = x 
and y' = y in *M such that x% < for every i sufficiently small. From this 
it also follows that the relation < is well defined on "R, i.e. if x' = x and 
y' = y in # M and x < y, then x' < y'. As usual we will use the notation 
x < y for x < y and x ^ y. 

Theorem 4.2.2. The relation < is an order, i.e. is reflexive, transitive and 
anti-symmetric; it extends the order relation ofM. and with it <) is an 
ordered ring. Finally the following sentences are equivalent: 

1. h G Doo, i.e. h is an infinitesimal 

1 We will see that this order relation is different from the order of infinite or infinitesimal 
originally introduced by P. Du Bois-Reymond (see Hardy [1910]). 

2 We recall that, by Definition 2.1.2, our little-oh polynomials are always defined on 

R>o 

3 We recall that, to simplify the notations, we do not use equivalence classes as ele- 
ments of *R but directly little-oh functions. The only notion of equality between little-oh 
functions is, of course, the equivalence relation defined in Definition 2.3.1 and, as usual, 
we must always prove that our relations between little-oh polynomials are well defined. 



G5 



Chapter 4. Order relation 



2. W G M >0 : —r < h < r 

Hence an infinitesimal can be thought of as a number with standard part 
zero, or as a number smaller than every standard positive real number and 
greater than every standard negative real number (thus it has in this sense 
the same property as an infinitesimal both in NSA and in SDG (in the latter 
case with real numbers of type - (n G N>o) only). 

Proof: It is immediate to prove that the relation is reflexive. To prove 
transitivity, if x < y and y <w, then we have 

y°t > : x t < yt + z t and V°t > : y t < w t + z' t 

and these imply 

V°t > : x t < y t + zt < w t + z t + z[ 

showing that x < w. To prove that it is also anti-symmetric, take x < y and 
y < x, then we have 

xt<yt + z t ViG[0,<5i) (4.2.1) 
Vt<x t + 4 Vt€[0,5 3 ) (4.2.2) 

lim — = and lim — = 

t^o+ t t^o+ t 

because z and z' are equal to zero in •R, that is are o(t) for t — > + . Hence 
from (4.2.1) and (4.2.2) for 5 := minj^i,^} we have 

t - t - t 1 ' ; 

and hence lim t _ > o+ Xt ^ yt = 0, that is x = y in *R. 

If r, s G R and r < s as real numbers, then it suffices to take zt = for 
every t > in the Definition 4.2.1 to obtain that r < s in *R too. Vice versa 
if r < s in *R, then for some z = in *R we have 

V°t > : r < s + z t 

and hence for t = we have r < s in R because z = and hence = 0. This 
proves that the order relation < defined in *R extends the order relation on 
R. 

The relationships between the ring operations and the order relation can 
be stated as 

x < y => x + w < y + w 

x < y —x > — y 

x < y and w > =^ x ■ w < y ■ w 
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The first two are immediate consequences of the Definition 4.2.1. To prove 
the last one, let us suppose that 

x t <yt + z t V°t>0 (4.2.3) 
w t > z' t V°f > 

then Wt — z\ > for every t small and hence from (4.2.3) 

x t ■ (w t - z' t ) < y t ■ (w t - z' t ) + z t ■ (w t - z' t ) V°i > 

from which it follows 

xt ■ w t < y t ■ w t + {-x t z' t - y t z' t + z t w t - z t z' t ) V°t > 

But — xz' — yz' + zw — zz' = in *R because z = and z' = and hence 
the conclusion follows. 

Finally we know (see Definition 2.4.2) that h G Doo if and only if °h = 
and this is equivalent to 

Vr G M> : -r <°h<r (4.2.4) 

But if, e.g., °h < r, then 

V°t > : h t < r 

because the function t — > h t is continuous, and hence we also have h < r in 
*M. Analogously, from (4.2.4)we can prove that —r<h for all r G M>o- Of 
course r £ if r G R, so it cannot be that h = r. 
Vice versa if 

Vr G R>o : — r < h < r 

then, e.g., h t < r + zt for t small. Hence, for t = we have —r<°h = ho<r 
for every r > 0, and so °/i = 0. 

■ 

Example. We have e.g. dt > and dt2 — 3di > because for t > 
sufficiently small t 1 / 2 > 3t and hence 

t 1/2 -3t>0 V°t > 

From examples like these ones we can guess that our little-oh polynomials 
are always locally comparable with respect to pointwise order relation, and 
this is the first step to prove that for our order relation the trichotomy law 
holds. In the following statement we will use the notation \f°t > : V(t), 
that naturally means 

V°t > : t / => V{t) 
where V(t) is a generic property depending on t. 



GT 



Chapter 4. Order relation 



Lemma 4.2.3. Let x, y £ 'M, then 

1, ° x <°y =^ V°i > : x t < y t 

2. If°x = °y, then 

(V°t > : x t <y t ) or (V°i > : x t >y t ) or (x = y in *R) 

Proof: 

1. ) Let us suppose that °x < °y, then the continuous function t > i— > 
yt — xt G K assumes the value yo — > hence is locally positive, i.e. 

V°t > : xt < y t 

2. ) Now let us suppose that °x = °y, and introduce a notation for the po- 
tential decompositions of x and y (see Definition 2.3.4). Prom the definition 
of equality in "M, we can always write 

N 

Xt = ° x + ^ ai . t ai + Zt yt > o 

i=X 
M 

y t = °y + Y,f 3 r tbl + w t Vt > 
j=i 

where x = °x + X^Li a « ' ^ an d U = °D + Ylj=i Pj ' are the potential 
decompositions of x and y (hence < ojj < aj+i < 1 and < (5j < (3j+i < 1), 
whereas w and 2 are little-oh polynomials such that z t = o(t) and wt = o(t) 
for t -» 0+. 



Case: ai < 61 In this case the least power in the two decompositions is 
a\ ■ t ai , and hence we expect that the second alternative of the conclusion 
is the true one if a.\ > 0, otherwise the first alternative will be the true 
one if a\ < (recall that always a; / in a decomposition). Indeed, let 
us analyze, for t > 0, the condition xt < yt' the following formulae are all 
equivalent to it 



N 



N 



J2ai-t ai <^2/3j-t b i +W t 



1=1 



iV 



a 1 + Y j a i -t a *- ai 



i=2 



< t° 



N 



i=i 



N 



ai + Y a i- ^~ ai <Y&r tbj ~ ai + ( Wi " **) • r 

i=2 i=l 
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Therefore, let us consider the function 



N 



N 



fit) := J>r * 6 '~° 1 + K - **) ■ *" 



ai 



i=2 



We can write 



and JStfS 



as i — ► + because = o(t) and z$ = o(t). Furthermore, 
ax < 1 hence is bounded in a right neighborhood of t = 0. Therefore, 

(wt — zt) • t~ ai — > and the function / is continuous at t = too, because 
a,, < ai and ai < b\ < bj. By continuity, the function / is locally strictly 
positive if and only if /(0) = —a\ > 0, hence 

(V°t > : x t <yt) "i < 

(V°t > : a; t > y t ) <=> qi > 

Case: ai > bi We can argue in an analogous way with b\ and ft instead 
of a\ and a\ . 

Case: a% = b\ We shall exploit the same idea used above and analyze 
the condition x% < yt- The following are equivalent ways to express this 
condition 



i=2 



<t° 



N 



p 1 + J2Pi--t bi ~ ai + {wt-zt)-r 



3=2 



N 

ol\ + > a,; 



A? 



i=2 



■ ^- ai < ft + J^ft • t 6 ' _ai + K - *t) • < 

Hence, exactly as we have demonstrated above, we can state that 

=> V°i >0 : x t < y t 



ai < ft 

Q!l > ft 



V u i > : x t > y t 



Otherwise a.\ = ft and we can restart with the same reasoning using 02, &2, 
«2, ft, etc. If N = M, the number of addends in the decompositions, using 
this procedure we can prove that 

yt > : x t = y t + w t - z t , 

that is x = y in "R.s 

It remains to consider the case, e.g., iV < M. In this hypotheses, us- 
ing the previous procedure we would arrive at the following analysis of the 
condition xt < yt'- 

< Pj ■ & +wt-z t 

j>N 
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0<t bN + 1 - P N+1 + Pj ■ t b >- bN+1 + (w t - z t ) ■ t~ bN+1 

j>N+l 

0<(3 N+1 + 0j-t b ^ bN+1 + (w t -z t )-t- b ^ 

j>N+l 

Hence 

(i N+l > V°f > : x t < y t 

j3 N+l < => V°i > : x t > yt 



This lemma can be used to find an equivalent formulation of the order rela- 
tion. 

Theorem 4.2.4. Let x, y £ *R, then 

1. x <y <=^> (y°t > : x t < yt) or (x = y in *R) 

2. x < y <^=^ (y°t > : x t < y t ) and (x / y in *R) 
Proof: 

1.) =4> If °x < °y then, from the previous Lemma 4.2.3 we can derive that 
the first alternative is true. If °x = °y, then from Lemma 4.2.3 we have 

(V°i > : x t <y t ) or (x = y in *R) or (V°t > : x t > y t ) 

(4.2.5) 

In the first two cases we have the conclusion. In the third case, from x < y 
we obtain 

y°t > : x t < y t + z t (4.2.6) 
with ^ = o(t). Hence from the third alternative of (4.2.5) we have 

o<xt-vt<zt y°t>o 

and hence lim t _ >0 + Xt ~ t Vt = 0, i.e. x = y in *R. 

1. ) <^= This follows immediately from the reflexive property of < or from 
the Definition 4.2.1. 

2. ) => From x < y we have x < y and x ^ y, so the conclusion follows from 
the previous i. 

5.) <= From V°i > : x t < yt and from 1. it follows x < y and hence x < y 
from the hypotheses x ^ y. 

■ 

Now we can prove that our order is total 
Corollary 4.2.5. Let x, y £ 'M., then in *M we have 

TO 
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1. x < y or y < x or x = y 

2. x < y or y < x or x = y 
Proof: 

1. ) If °x < °y, then from Lemma 4.2.3 we have xt < yt for t > sufficiently 
small. Hence from Theorem 4.2.4 we have x < y. We can argue in the same 
way if °a; > °y. Also the case °x = °y can be handled in the same way using 

2. of Lemma 4.2.3. 

2.) This part is a general consequence of the previous one. Indeed, if we have 
x = y, then we have the conclusion. Otherwise we have x ^ y, and using 
the previous 1. we can deduce strict inequalities from inequalities because 
x^y. 

■ 

From the proof of Lemma 4.2.3 and from Theorem 4.2.4 we can deduce 
the following 

Theorem 4.2.6. Let x, y £ *R. If°x / °y, then 

x < y <^=^ x < y 

Otherwise, if °x = °y, then 

1. If lo(x) > u>(y), then x > y iff°xi > 

2. If lu(x) =uj(y), then 

°xi > °yi => x > y 
°x 1 < °y 1 =^ x < y 

This Theorem proves also some sentences about the order relation antici- 
pated in the Remark 2.3.6. 

Example. The previous Theorem gives an effective criterion to decide whe- 
ther x < y or not. Indeed, if the two standard parts are different, then the 
order relation can be decided on the basis of these standard parts only. E.g. 
2 + dt 2 > 3dt and 1 + dt 2 < 3 + di. 

Otherwise, if the standard parts are equal, we firstly have to look at the order 
and at the first standard parts, i.e. °x\ and °y\, which are the coefficients of 
the biggest infinitesimals in the decompositions of x and y. E.g. 3di2 > 5di, 
and dt2 > adt for every a£l, and di < dt 2 < dt^ < . . . < dife for every 
k > 3, and dtk > 0. 

If the orders are equal we have to compare the first standard parts. E.g. 
3dt 5 > 2dt 5 . 

The other cases fall within the previous ones, because of the properties of the 
ordered ring *R. E.g. we have that dis — 2dt3 + 3dt < dis — 2d*3 + dt s / 2 
if and only if 3dt < di 3 / 2 , which is true because u>(dt) = 1 < u)(dt 3 / 2 ) = §. 
Finally di 5 - 2dt 3 + 3dt > dt 5 -2dt 3 - dt because 3dt > - dt. 
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4.2.1 Absolute value 

Having a total order we can define the absolute value 
Definition 4.2.7. Let x £ *R, then 

{x if x > 
—x if x < 

Exactly like for the real field E we can prove the usual properties of the 
absolute value: 

M > o 

\x + y\ < \x\ + \y\ 
— \x\ < x < \x\ 
I \x\ — \y\ | < \x — y\ 
\x\ = <J=^ x = 

Moreover, also the following cancellation law is provable. 

Theorem 4.2.8. Let h£'R\ {0} and r, s el, then 

\h\ ■ r < \h\ ■ s =^ r < s 

Proof: In fact if \h\ ■ r < \h\ ■ s then from Theorem 4.24 we obtain that 
either 

V°t>0: \ht\ ■ r < \h t \ ■ s (4.2.7) 
or \h\-r = \h\ ■ s. But h / so 

(V°t > : ht > 0) or (V°t > : h t < 0) 

hence we can always find a i > such that / and to which (4.2.7) is 
applicable. Therefore, in the first case we must have r < s. In the second 
one we have 

\h\-r= \h\ -s 

but h 7^ 0, hence \h\ / and so the conclusion follows from Theorem 2.7.1. 

■ 

4.3 Powers and logarithms 

In this section we will tackle definition and properties of powers x y and 
logarithms log^, y. Due to the presence of nilpotent elements in *K, we cannot 
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define these operations without any limitation. E.g. we cannot define the 
square root having the usual properties, like 

xe'R v^G'K (4.3.1) 

x = y in *R = y/y in # R (4.3.2) 



x 2 = \x\ 

because they are incompatible with the existence of h £ D such that h 2 = 0, 
but h / 0. Indeed, the general property stated in the Subsection 2.2 permits 
to obtain a property like (4.3.1) (i.e. the closure of *R with respect to a given 
operation) only for smooth functions. Moreover, the Definition 2.8.1 states 
that to obtain a well defined operation we need a locally Lipschitz function. 
For these reasons, we will limit x y to x > only, and log;,, y to x, y > 0. 

Definition 4.3.1. Let x, y £ *IR ; with x > 0, then 

1. x y := [t > ^ xf} = in . H 

2. Ify> 0, then log x y := [t > i-> log Xt y t ]= in . K 
Because of Theorem 4.2.4 from i>0we have 

V°t > : x t > 

so that, exactly as we proved in Subsection 2.2 and in Definition 2.8.1, the 
previous operations are well defined in •R. 

From the elementary transfer theorem 2.8.2 the usual properties follow: 



if n £ N 



{ X yy 


= x y - z 




x y -x z 


= x y+z 




x n 


= X ■ . . 


. n . . . -X 


log x (x y ) 


= y 




x i°gx y 


= y 




log (a; • y) 


= log X 


+ logy 


log^ (y z ) 


= z ■ loj 


ix y 


x logy 


_ y^ogx 





About the monotonicity properties, it suffices to use Theorem 4.2.4 to prove 
immediately the usual properties 

z > and x > y > => x z > y z 

z < and x > y > x z < y z 

z > 1 and x > y > => log z x > log 2 y 

< z < 1 and a; > y > =>■ log z x < log z y 
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Analogous implications, but with strict equalities, are true if we suppose 
x > y. 

Finally, it can be useful to state here the elementary transfer theorem for 
inequalities, whose proof follows immediately from the definition of < and 
from Theorem 4.2.4: 

Theorem 4.3.2. Let A be an open subset of R n , and r, a : A — > E be 
smooth functions. Then 

Vx G M : V(x) < V(x) 

iff 

Vr E A : r(r) < <r(r). 

4.4 Geometrical representation of Fermat reals 

At the beginning of this chapter we argued that one of the conducting idea in 
the construction of Fermat reals is to maintain always a clear intuitive mean- 
ing. More precisely, we always tried, and we will always try, to keep a good 
dialectic between provable formal properties and their intuitive meaning. In 
this direction we can see the possibility to find a geometrical representation 
of Fermat reals. 

The idea is that to any Fermat real i 6 'I we can associate the function 

N 

t6R> ^°i + 5] o xri lM(l) eR (4.4.1) 
i=i 

where N is, of course, the number of addends in the decomposition of x. 
Therefore, a geometric representation of this function is also a geometric 
representation of the number x, because different Fermat reals have different 
decompositions, see 2.3.2. Finally, we can guess that, because the notion of 
equality in 'M. depends only on the germ generated by each little-oh polyno- 
mial (see Definition 2.3.1), we can represent each iG'M with only the first 
small part of the function (4.4.1). 

Definition 4.4.1. If x G 'R and 5 G R >0 , then 

graph^x) := j (°x + ^ °x t ■ i 1 M(*) j t ) \ < t < <j| 

where N is the number of addends in the decomposition of x. 

Note that the value of the function are placed in the abscissa position, so 
that the correct representation of graph^x) is given by the Figure 4.2. This 
inversion of abscissa and ordinate in the graph^x) permits to represent this 
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graph as a line tangent to the classical straight line M. and hence to have 
a better graphical picture (see the following Figures). Finally, note that if 
x G E is a standard real, then N = and the graph^x) is a vertical line 
passing through °x = x. 




Figure 4.2: The function representing the Fermat real d^2 6 D?, 



The following theorem permits to represent geometrically the Fermat reals 

Theorem 4.4.2. If 5 £ M>o, then the function 

iG'Ih graphs (x) C M 2 

is infective. Moreover if x, y G *R, f/ien we can /md <5 € M>o (depending on 
x and y) such that 



x < y 



if and only if 



Vp,q,t: (p,t) G graphs (x) ; (g, i) G graph^y) 



p < g (4.4.2) 



Proof: The application p(x) := graph^x) for x G *M is well defined because 
it depends on the terms °x, °Xi and uji(x) of the decomposition of x (see The- 
orem 2.3.2 and Definition 2.3.5). Now, suppose that graph^x) = graph (5 (y), 
then 

N M 

vt g [o, 5): °x + ^2 ° x i ■ t llUt[x) = °y + Yl "vj • tl/uJj{y) ( 4 - 4 - 3 ) 

i=l j=l 
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Let us consider the Fermat reals generated by these functions, i.e. 



x' : 



N 



t>0^°x + Y,°Xi- t 1/wi 



(x) 



8=1 

M 



in *] 



then the decompositions of x' and y' are exactly the decompositions of x 
and y 



x 



N 

' = °x + ^2°Xi dt Ui ( x ) = x 

i=l 
M 

y' = °y + ^2 ° y i dt ^j(y) = y 



(4.4.4) 
(4.4.5) 



But from (4.4.3) it follows x' = y' in *R, and hence also x = y from (4.4.4) 
and (4.4.5). 

Now suppose that x < y, then, using the same notations of the previous 
part of this proof, we have also x' = x and y' = y and hence 



N 



x! = °X 



+ Y,° x i- tl/Ut{x) <°y + Yl °vj • tl/ujAy) = y 



t=i j=i 

We apply Theorem 4.2.4 obtaining that locally x' t < y' t , i.e. 

N AI 
35 >0: V°t>0: °x + ^ ° Xi ■ t 1 '^ < °y + ° Vj ■ t 1 '^ 

i=l j=l 

This is an equivalent formulation of (4.4.2), and, because of Theorem 4.2.4 
it is equivalent to x' = x < y' = y. 



Example. In Figure 4.3 we have the representation of some first order in- 
finitesimals. 

The arrows are justified by the fact that the representing function (4.4.1) 
is defined on M>o and hence has a clear first point and a direction. The 
smaller is a G (0, 1) and the nearer is the representation of the product adt, 
to the vertical line passing through zero, which is the representation of the 
standard real x = 0. Finally, recall that dtk G D if and only if 1 < k < 2. 
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o 



Figure 4.3: Some first order infinitesimals 



dt4 • dt3 








Figure 4.4: The product of two infinitesimals 

If we multiply two infinitesimals we obtain a smaller number, hence one 
whose representation is nearer to the vertical line passing through zero, as 
represented in the Figure 4.4 

In Figure 4.5 we have a representation of some infinitesimals of order greater 
than 1. We can see that the greater is the infinitesimal h G D a (with 
respect to the order relation < defined in *M) and the higher is the order of 
intersection of the corresponding line graph (5 (/i). 




Figure 4.5: Some higher order infinitesimals 

Finally, in Figure 4.6 we represent the order relation on the basis of Theorem 
4.4.2. Intuitively, the method to see if x < y is to look at a suitably small 
neighborhood (i.e. at a suitably small 5 > 0) at t = of their representing 
lines graph^x) and graph^y): if, with respect to the horizontal directed 
straight line, the curve graph^x) comes before the curve graph^y), then x 
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Part II 

Infinite dimensional spaces 
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Approaches to differential 
geometry of infinite 
dimensional spaces 

5.1 Introduction 

In this section we want to list some of the most important, i.e. well- 
established, approaches that are used to define geometrical structures in 
infinite dimensional spaces. One of the most important example we have 
in mind is the set Man(M, N) of all the smooth applications between two 
finite dimensional manifolds M and N. For the aims of the present section, 
we are interested to list some of the most studied structures on Man(M, N), 
and its subspaces, that permit to develop at least a tangency theory, i.e. the 
notion of tangent functor and the notion of differentiability of maps between 
this type of infinite dimensional spaces, and have sufficiently good categori- 
cal properties. This is not a trivial goal because, for example, an important 
example we can cite is the group Diff(M) of all the diffeomorphisms of a man- 
ifold M. Flows in a compact manifold M can be considered as 1-parameter 
subgroups of Diff(M), and it would seem useful to express the smoothness 
of a flow by means of a suitable differentiable structure on Diff(M), which 
should also behave like a classical Lie group with respect to this structure. 

A typical restriction to distinguish among different approaches to infi- 
nite dimensional spaces is the hypotheses of compactness of the domain M, 
assumed to obtain some desired property: is this a necessary hypotheses or 
are we forced to assume it due to some restrictions of the chosen approach? 

Another interesting property is the possibility to extend the classical 
notion of manifold to a more general type of space, so as to get better 
categorical properties, like the existence of infinite products or co-products 
or a cartesian closed category 1 . 

1 For a short introduction, mainly motivated to fix common notations, of the few notions 
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Finally, several authors had to tackle the following problem: suppose we 
have a new notion of smooth space able to include the space Man(M, N), 
at least for M compact and finite dimensional, and to embed faithfully 
(i.e. injectively, see Appendix A) the category of smooth finite dimen- 
sional manifolds. Even if the extension of the notion of finite dimensional 
manifold is faithful, usually the category C of these new smooth spaces 
includes spaces which are too much general, so that it seems really hard 
to generalize for these spaces meaningful results of differential geometry 
of finite dimensional manifolds. For this reason, several authors (see e.g. 
Kriegl and Michor [1997], Frolicher and Kriegl [1988], Lavendhomme [1996], 
Moerdijk and Reyes [1991]) try to select, among all their new smooth spaces 
in C, the best ones having some new more restrictive properties. In this way 
the category C acts as a universe, usually closed with respect to strong cat- 
egorical operations (like arbitrary limits, colimits and cartesian closedness), 
and the restricted class of smooth spaces works as a true generalization of 
the notion of manifold. 

For example, in Kriegl and Michor [1997] the category of Frolicher spaces 
acts as a universe, but indeed the monograph is about manifolds modeled 
in convenient vector spaces instead of classical Banach spaces (see subsec- 
tion The convenient vectors spaces settings on page 88). This permits to 
Kriegl and Michor [1997] to generalize as far as possible to infinite dimen- 
sional manifolds the results of finite dimensional spaces, but as a consequence 
the class of manifolds modeled in convenient vector spaces loses some desired 
categorical properties. 

Analogously, in SDG (see e.g. Lavendhomme [1996], Moerdijk and Reyes 
[1991], Kock [1981]) the class of restricted smooth spaces is introduced with 
the notion of microlinear space and the universe is a suitable topos, i.e. a 
whole model for intuitionistic set theory. In this approach, the infinitesimals 
are used to define the properties of this class of restricted, better behaved, 
spaces. 

Of course, this is not possible in theories that have not an explicit lan- 
guage of actual infinitesimals, like in the case of diffeological spaces (see 
Iglesias-Zemmour [2008]). For them we can proceed either as in convenient 
vector spaces theory considering the notion of vector space in the category 
of smooth diffeological spaces (i.e. smooth diffeological spaces that are also 
vector spaces with smooth operations, see Iglesias-Zemmour [2008]) and con- 
sidering manifolds modeled in diffeological vector spaces, or we can try to 
develop directly for a generic diffeological space some notion of differen- 
tial geometry (see e.g. Iglesias-Zemmour [2008], Laubinger [2008, 2006], 
Hector and Marias- Virgos [2002], Hector [1995], Souriau [1984, 1981]). In 
the following subsections we will return to this problem giving some more 
precise definitions. 

of category theory used in the present work, see Appendix A. 
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To understand better some differences between the approaches we are 
going to describe shortly in this section, we want to motivate the notion 
of cartesian closure, because is one of the basic choice shared by several 
authors like Bastiani [1963], Bell [1998], Brown [1961, 1963, 1964], Chen 
[1982], Colombeau [1973], Prolicher and Bucher [1966], Prolicher and Kriegl 
[1988], Kock [1981], Kriegl and Michor [1997], Lavendhomme [1996], Lawvere 
[1979], Lawvere et al. [1981], Moerdijk and Reyes [1991], Seip [1981], Souriau 
[1981], Steenrod [1967], Vogt [1971]. We firstly fix the notations for the 
notions of adjoint of a map. 

Definition 5.1.1. If X , Y , Z are sets and f : X — > Z Y , g:XxY — ► Z 
are maps, then 

V(s, y) £ X x Y : / v (x, y) := [/(*)] (y) £ Z 
VxGX: g A (x) :=g(x,-) £ Z Y 

hence 

/ v :X xY — ► Z 
f :X — > Z Y 

The map f v is called the adjoint of f and the map g A is called the adjoint 2 
of g. 

Let us note that (/ V ) A = / and (g A ) v = g, that is the two applications 

(_)V . ( Z Y f _^ Z XxY 
(_)A , Z Xy.Y _^ ( z Yf 

are one the inverse of the other and hence represent in explicit form the 
bijection of sets (Z Y ) X ~ Z XxY i.e. Set(X, Set(Y, Z)) ~ Set(X x Y, Z). 

One of the main aim of the second part of the present work is to generalize 
the notions of smooth manifold and of smooth map between two manifolds 
so as to obtain a new category "with good properties" that will be denoted 
by C°°; if we call smooth maps the morphisms of C°° and smooth spaces its 
objects, then this category must be cartesian closed, i.e. it has to verify the 
following properties for every pair of smooth space X, Y £ C°°: 

1. C°°(X,Y) is a smooth space, i.e. C°°(X,Y) £ C°° 

2. The maps (— ) v and (— ) A are smooth, i.e. they realize in the category 
C°° the bijection C°°(X, C°°(Y, Z)) ~ C°°{X x Y, Z) 



2 Here we are using the notations of Adamek et al. [1990], but some authors, e.g. 
Kriegl and Michor [1997], used opposite notations for the adjoint maps. 
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Property 1. is another way to state that the category we want to construct 
must contain as objects the space of all the smooth maps between two generic 
objects X,Y G C°° 

C°°(X, Y) = {/ | X Y i s smooth} = 

= {/ | X ► Y is a morphism of C°°}. 

Moreover, let us note that as a consequence of 2. we have that 

X -^C°°{Y,Z) is smooth IxF-^Z is smooth (5.1.1) 

X xY — ^ Z is smooth X C°°{Y, Z) is smooth. 

(5.1.2) 

The importance of (5.1.1) and (5.1.2) can be explained saying that if we 
want to study a smooth map having values in the space C°°(Y,Z), then it 
suffices to study its adjoint map / v . If, e.g., the spaces X, Y and Z are 
finite dimensional manifolds, then C°°(Y, Z) is infinite- dimensional, but f v : 
XxY — > Z is a standard smooth map between finite dimensional manifolds, 
and hence we have a strong simplification. Conversely, if g : X x Y — > Z 
is a smooth map, then it generates a smooth map with values in C°°(Y, Z), 
and all the smooth maps with values in this type of spaces can be generated 
in this way. Of course, this idea is frequently used, even if informally, in the 
calculus of variations. Let us note explicitly that the cartesian closure of the 
category C°°, i.e. properties 1. and 2., does not say anything about smooth 
maps with a domain of the form C°°(Y, Z), but it reformulates in a convenient 
way the problem of smoothness of maps with codomain of this type. For a 
more abstract notion of cartesian closed category, see e.g. Mac Lane [1971], 
Borceux [1994], Arbib and Manes. [1975], Adamek et al. [1990]. 

We also want to see a different motivation drawn from Frolicher and Kriegl 
[1988]. Let us suppose to have a smooth function g:lxJ — ► R, where 
/ = [a, b], and define the integral function 

b 

s) ds Vt <E 



/(*) := / g(t, 

J a 



Then we can look at the function / as the composition of two applications 

/iteRKj^-jH I g (t,-)eR. 

J a 

Hence, if we denote 

i:he C°°(I,R) i — ► f heM, 

J a 
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then 

f = iog A i-e. f(t) = i(g A (t,-)) Vi G M. 

In this way, it is natural to try a proof of the formula for the derivation under 
the integral sign in the following way: 

= i[d l9 (t,-)] = I d l9 (t,s)ds. (5.1.3) 

J a 

Here we have supposed that the following properties hold: 

• g A : R — ► C°°(I,M) is smooth, 

• i : C°°(I,R) — > M is smooth, 

• the chain rule for the derivative of the composition of two functions, 

• the differential of the function i is given by di{h) = i for every h G 
C°°(I,M), because i is linear, 

. 4&{t) = d l g{t,-). 

Let us note explicitly that the space C°°(I,M) is infinite dimensional. 

Even if in the present work we will be able to prove all these properties, 
the aim of (5.1.3) is not to suggest a new proof, but to hint that a theory 
where we can consider the previous properties seems to be very flexible and 
powerful. 



dt 



(t) 



5.2 Banach manifolds and locally convex vector spaces 

Banach manifolds is the more natural generalization of finite-dimensional 
manifolds if one takes Banach spaces as local model spaces. Even if, as we 
will see more precisely in this section, this theory does not satisfy our con- 
dition to present in this chapter only generalized notions of manifolds able 
to develop at least a tangency theory and having sufficiently good categor- 
ical properties, Banach manifolds are the most studied concept in infinite 
dimensional differential geometry. Some well known references on Banach 
manifolds are Lang [1999], Abraham et al. [1988]. Among the most impor- 
tant theorems in this framework we can cite the implicit and inverse function 
theorems and the existence and uniqueness of solutions of Lipschitz ordinary 
differential equations on such spaces. The use of charts to prove these funda- 
mental results is indispensable, so it is not easy to generalize them to more 
general contexts where we cannot use the notion of chart having values in 
some modeling space with sufficiently good properties. 



$5 



Chapter 5. Approaches to oo-dimensional diff. geom. 



For the purposes of the present analysis, a typical example of infinite- 
dimensional Banach space is the space C r (M,E) of C r -maps, where M is a 
compact manifold and E is a Banach space. The vector space C r (M,E) is a 
Banach space with respect to the norm 

||/|| r := max sup ||d\f(m)||, (5.2.1) 

l<'<r m6 M 

but the theory fails for the space C°°(M,E) := p\+™C r (M,E) of smooth 
mappings defined in M and with values in E. On the one hand, even if 
it is not a formal motivation, but it remains very important in the real 
development of mathematics, the hypotheses of considering r < +00 and M 
compact in the previous definition 5.2.1 are not intrinsic to the problem but 
are motivated solely by the limitations of the instrument we are trying to 
implement, i.e. a norm in the space C r (M,E). On the other hand, more 
formally, any two different norms || — || r and || — || s are not equivalent, and 
hence the space C°°(M;,E) is not normable with a norm generating the 
same topology generated by the family of norms (|| — || r )^i (for details, see 
e.g. Friedman [1963]; in the following, saying that the space C°°{M,E) is 
not normable, we will always mean with respect to this topology). 

Moreover, C°°(M,E) is not a Banach manifold: indeed, it is separable 
and metric (see Friedman [1963]), hence if it were a Banach manifold, then it 
would be embeddable as an open subset of an Hilbert space (see Henderson 
[1970]), and hence it would be normable. 

Therefore, the category of Banach manifolds and smooth maps Ban is 
not cartesian closed because it is not closed with respect to exponential 
objects Ban(M, E) = C°°(M, E), see condition 1. in the previous definition 
of cartesian closed category, section 5.1. 

This also proves that the category of Banach manifolds Ban and smooth 
maps does not have arbitrary limits: in fact if it had infinite products (a 
particular case of limit in a category, see Appendix A), then we would have 

Y[ E = Ban(M, E) = C°°(M, E), 

but we had already seen that this space is not a Banach manifold. 

These important counter-examples can conduct us toward the idea of 
considering spaces equipped with a family of norms, like (|| — || r ) or, more 
generally, of seminorms, i.e. toward the theory of locally convex vector spaces 
(see e.g. Jarchow [1981]). But any locally convex topology on the space 
C°°(M,E) is incompatible with cartesian closure, as stated in the following 

Theorem 5.2.1. Let F be a locally convex vector space contained in a sub- 
category T of the category Top of topological spaces and continuous functions 
such that T(F,WL) always contains all the linear continuous functionals on 
the space F 

Lin(F,K) C T(F,R). 
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Then we have the following implication 

T is cartesian closed => F is normable. 
Hence the category Ban is not cartesian closed because the space 

F = C°°(R,R) 

is not normable. 

Proof: We can argue as in Kriegl and Michor [1997]: because T is cartesian 
closed, every evaluation 

evxr (x, f) := f(x) VxeXVfe T(X, Y) 

is an arrow of T (this is a general result in every cartesian closed category, 
see e.g. Mac Lane [1971]) and hence it is also a continuous function, because 
T is a subcategory of Top by hypotheses. In this case, we also have that 
the restriction of evFR to the subspace F* := Lin(F, R) C T(F,M) of linear 
continuous functionals on the space F would also be (jointly) continuous: 

£ := ev FR \ FxF * : F x F* — > R. 

Then we can find neighborhoods U C F and V C F* of zero such that 
e(U xV)C [-1,1], that is 

UC {ueF\Vfe V : |/(«)| < 1}. 

But then, taking a generic functional we can always find A € IR^o sucn that 
Xg £ V, and hence \g(u)\ < 1/A for every u E U. Any continuous functional 
is thus bounded on U, so the neighborhood U itself is bounded (see e.g. 
Jarchow [1981], Kriegl and Michor [1997]). But any locally convex vector 
space with a bounded neighborhood of zero is normable (see e.g. Jarchow 
[1981], Donoghue and Smith [1952]). 

■ 

This theorem also asserts that notions like Prechet manifolds (manifolds 
modeled in locally convex metrizable and complete vector spaces) are in- 
compatible with cartesian closedness too. 

For a more detailed study about cartesian closedness and Banach man- 
ifolds, see Brown [1961, 1963, 1964]; for a more detailed study about the 
relationships between the topology on spaces of continuous linear function- 
als Lin(F, E) and normable spaces, see Keller [1965], Maissen [1963]. 

Because one of our aim is to obtain a category C°° of "smooth" (and hence 
topological) spaces embedding the category Ban, a direct consequence of 
Theorem 5.2.1 is that, in general, we will not have a locally convex topology 
on spaces of functions like C°°(M, K). Nevertheless, in C°° we always have 
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that every arrow (i.e. every smooth function in a generalized sense) is also 
continuous and every evaluation is smooth. 

Finally, another important problem in the theory of Banach manifolds is 
tied with infinite dimensional Lie groups. As it is well known, they appear 
in several connections in physics, like in the study of both compressible 
and incompressible fluids, in magnetohydrodynamics, in plasma-dynamics or 
in electrodynamics (see e.g. Abraham et al. [1988] and references therein). 
The fundamental results of Omori [1978] (see also Omori and de la Harpe 
[1972], Omori [1997]) show that a Banach Lie group G acting smoothly, 
transitively and effectively on a compact manifold M must necessary be 
finite dimensional. This result strongly underlines that the space of all the 
diffeomorphisms G = Diff(M) of a compact manifold in itself cannot be a 
Banach Lie group. 

It is important to note that the present work is not in contrast with the 
theory of Banach manifolds, but rather it tries to complement it overpassing 
some of its defects, like the absence of a calculus of actual infinitesimals 
and the lacking of spaces of mappings. On the one hand, a first aim of 
the present work is to obtain a category C°° of smooth spaces with better 
categorical properties (e.g. we will see that the category C°° is cartesian 
closed and possesses arbitrary limits and colimits, e.g. infinite products, 
infinite disjoint sums or quotient spaces). On the other hand, of course we 
aim at exploiting the language of nilpotent infinitesimals. We will see that 
the category Ban of smooth Banach manifolds is faithfully embedded in our 
category C°° of smooth spaces. 

5.3 The convenient vector spaces settings 

It is very interesting to note that the original idea to define the differential 
of functions / : M n — > IR' m reducing it to the composition foe with differ- 
entiable curves c : IR — > W 1 goes back (for didactic reasons!) to Hadamard 
[1923]: in this work a function / : IR 2 — ► IR was called differentiable if all 
the compositions foe with differentiable curves c : R — ► IR 2 are again differ- 
entiable and satisfy the chain rule. Later (see Michal [1938]) this notion has 
been extended to mapping / : E — ► F between generic topological vector 
spaces: / is defined to be differentiable at x G E if there exists a continuous 
linear mapping I : E — ► F such that foe : R — ► F is differentiable at with 
derivative (Zoc')(0) for each everywhere differentiable curve c : IR — ► E with 
c(0) = x. This notion of differentiable function is really more restrictive that 
the usual one, but it is equivalent to the standard notion of smooth function 
if in it we replace the word "differentiable" with "smooth". More generally if 
we replace "differentiable" with "of class C k and with locally Lipschitz k-th 
derivative", we obtain an equivalence with the classical notion. These results 
have been proved by Boman [1967] and all the theory of convenient vector 
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spaces depends strongly on these non trivial results. 

Several theories which detach from the theory of Banach manifolds, like 
the convenient vector spaces setting or the following diffeological spaces, are 
grounded on generalization of this idea (not necessarily knowing the cited ar- 
ticle Hadamard [1923]). In particular, the theory of convenient vector spaces 
is probably the most developed theory of infinite dimensional manifolds ables 
to overpass several problems of Banach manifolds. Presently, the most com- 
plete reference is Kriegl and Michor [1997], even if the theory started with 
Frolicher and Bucher [1966] and Frolicher and Kriegl [1988]. 

Only to mention few results, in the convenient vector spaces setting the 
hard implicit function theorem of Nash and Moser (see Hamilton [1982], 
Kriegl and Michor [1997]) can be proved, very good results can also be ob- 
tained for both holomorphic and real analytic calculus, the theorem of De 
Rham can be proved and the theory of infinite dimensional Lie groups can 
be well developed. 

Because in the present work we will show that any manifold modeled in 
convenient vector spaces can be embedded in our category C°°, we present 
very briefly one of the possible equivalent definitions of this type of spaces 
and some few notions about smooth manifolds modeled in convenient vector 
spaces. 

Definition 5.3.1. We say that E is a convenient vector space iff E is a 
locally convex vector space where every smooth curve has a primitive, i. e. 

Vc E C°°(R, E) 3p G C°°(R, E) : p' = c 

Considering the Cauchy-Bochner integral, any Banach space is hence a con- 
venient vector space, but several non trivial example directly comes from the 
cartesian closedness of the category of all the convenient vector spaces (see 
Kriegl and Michor [1997]). 

As mentioned above what type of topology can be considered in a con- 
venient vector space, due to the cartesian closedness of the related category, 
is a non trivial point. The idea to reduce, as far as possible, any possible 
notion to the corresponding notion for smooth curves, can carry us toward 
the natural idea to consider the final topology for which any smooth curve 
is also continuous, i.e. the following 

Definition 5.3.2. Let E be a convenient vector space, then we say that 

U is c°°-open in E 

if! 

Vc G C°°{R,E) : c _1 (C/) is open in R 

The category of convenient vector spaces is cartesian closed so that, e.g. 
C°°(R,R) is again a convenient vector space. We can now define as usual 
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the notion of chart modeled in a c°°-open set of a convenient vector space 
and hence the corresponding notion of smooth manifold and of smooth map 
between two manifolds. So as to avoid confusion with our category C°°, 
in the following we will denote with C^ s the category of smooth manifolds 
modeled in convenient vector spaces. Using suitable generalizations of Bo- 
man's theorem (Boman [1967]), it is hence possible to prove the following 
(see Kriegl and Michor [1997]) 

Theorem 5.3.3. Let M , N be manifolds modeled on convenient vector 
spaces, then we have that f : M — > N is smooth iff 

VceC^(R,M): foceCZi^N). 

Using the notion of c°°-open subset of a convenient vector space and the 
notion of chart is possible to define a topology on every manifold considering 
the final topology in which every chart is continuous. We have hence the 
expected result that W is open in this topology on M if and only if c~ 1 (W) 
is open in E for every smooth curve c G C^(R, M) (see Kriegl and Michor 
[1997]). 

The notion of Frolicher space provides the possibility to construct a cate- 
gory with very good properties acting as a universe for the class of manifolds 
modeled in convenient vector spaces. We cite here the definition of Prolicher 
space only to underline the analogies with our smooth spaces in C°°: 

Definition 5.3.4. A Frolicher space is a triple (X,Cx , ^x) consisting of a 
set X, a subset Cx Q A K of curves on this set, and a subset J~x Q ^ X of 
real valued functions defined on X, with the following properties: 

IV/: /e^ ^ [VceC x : /o cG C°°(K,K)] 

2. Vc : ceC x ^ [V/£f x : /oc£ C°°(K, R)] 

The category of Frolicher spaces is cartesian closed and possesses arbitrary 
limits and colimits. A locally convex vector space E is a convenient vector 
space if and only if it is a Frolicher space with respect to curves and functions 
defined as C x ■= C™ B (R, E) and T x ■= C™ S (E, K). Finally because of carte- 
sian closedness, it is possible to define a unique structure of Frolicher space 
on the set Y := C°°(M,N) of all the smooth maps between two manifolds 
given by 

C Y := {c : M — ► N M \ c v : M x N — ► M is smooth} 

and 

J=Y ■= {/ : N M — >R\ VcG C Y : /°c£ C°°(IR;,M)} . 

In the following we will use again the symbol C°°(M,N) to indicate this 
structure of Frolicher space. 
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As mentioned at the beginning of this chapter, the notion of manifold 
modeled in convenient vector spaces permits to include several infinite dimen- 
sional spaces non ascribable into Banach manifold theory, but, at the same 
time, forces us to lose some good categorical property. In particular the 
space of all smooth mappings C°°(M, N) between two manifolds has a man- 
ifold structure only for M and N finite dimensional (see Kriegl and Michor 
[1997], Chapter IX). Moreover, if £°°(M, N) is this manifold structure 3 on 
the set C°°(M, N), then the exponential law 

C°°(M, £°°(iV, P)) ~ C°°(M x N, P) 

holds if and only if N is compact (see Kriegl and Michor [1997], Theorem 
42.14). 

Using an intuitive interpretation introduced by Lawvere [1979] we can 
say that in the convenient vector spaces settings the fundamental figure of 
our spaces is the curve and every notion is reduced to a corresponding notion 
about curves. We will use several times later this intuitive, and fruitfully, 
interpretations also for other types of figures. In the notion of Frolicher space 
there is a particular stress in the symmetry between curves and functions, but 
this symmetry has not been adopted by other authors, like in the following 
approach about diffeological spaces. 

We will see that both Frolicher spaces and manifolds modeled in con- 
venient vector spaces are embedded in our category C°° of smooth spaces, 
so that our approach can supply a language of actual infinitesimals also to 
these settings. 

5.4 Diffeological spaces 

Using the language of the "fundamental figures" given on a general space 
X introduced by Lawvere [1979], we can describe diffeological spaces as a 
natural generalization of the previously seen idea to take as fundamental 
figures all the smooth curves c : E — ► X on the space X. To define the 
concept of diffeological space, we first denote with 

Op := {U | 3n G N : U is open in M n } 

the set of all the domains of our new figures in the space X. In informal 
words, the idea of a diffeological space is to say that the structure on the 
space X is specified if we give all the smooth figures p : U — ► X, for U € Op. 
More formally, we have 

3 Note that, e.g. if M — N = K, this structure is different from the structure of 
convenient vector space (and Frolicher space) C°°(R, R); for this reason the authors of 
Kriegl and Michor [1997] use a different symbol £°°(R,R). 
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Definition 5.4.1. We say that (V,X) is a diffeological space iff X is a set 
and T> = {"^t/jj/gop * s a f am ^y °f se ^ s of functions 

V v C Set(U,X) Vf/GOp 

The functions p G T>u are called parametrizations or plots or figures on X 
of type U. The family T> has to satisfies the following conditions: 

1. Every point of X is a figure, i.e. for every U G Op and every constant 
map p : U — > X , we must have that p G T>u. 

2. Every set of figures T>u is closed with respect to re-parametrization, i.e. 
if p : U — ► X is a figure in T>y , and f G C°°(V, U), where V G Op, 
then p o / G T>y . 

3. The family V = {T>u}ueOp ver ifi es a sheaf property, i.e. let V G Op, 
(Ui)i£i be an open cover of V and p : V — ► X a map such that 
p\Ui G T>Ui, then p G T>y. In other words, to be locally a figure implies 
to be a figure globally too. 

Finally a map f : X — ► Y between two diffeological spaces (X,V X ) and 
(Y,T> Y ) is said to be smooth if it takes figures of the domain space in figures 
of the codomain space, i. e. if 

yil G Op \/p G T>y : fop^Vjj 

If compared with Prolicher spaces, in DifFeology (i.e. the study of dif- 
feological spaces, see Iglesias-Zemmour [2008]) the principal differences are 
in the generalization of the types of figures, in the losing of the symmetry 
between figures and corresponding functions (i.e. maps of type / : X — ► U 
for U G Op) and in the fundamental sheaf property. For example, the 
generalization to figures of arbitrary dimension instead of curves only, per- 
mits to prove the cartesian closure of the category of diffeological spaces 
very easily and without the use of the non trivial Boman's theorem (see 
Prolicher and Kriegl [1988], Kriegl and Michor [1997], Boman [1967]). The 
original idea to consider figures of general dimension instead of curves only, 
and the fundamental sheaf condition date back to Chen [1977, 1982]; the def- 
inition of diffeological space, essentially in the form given above, is originally 
of Souriau [1981, 1984]. 

The category of diffeological spaces has very good categorical properties, 
with arbitrary limits (subspaces, products, pullbacks, etc.) and colimits 
(quotient spaces, sums, pushforwards, etc.) and cartesian closedness (so that 
set theoretical compositions and evaluations are always smooth). Classical 
Frechet manifolds are fully and faithfully embedded in this category (see 
Losik [1992]). 
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We can now define a diffeological vector space (over M) any diffeological 
space (E, D), where E is a vector space (over M), and such that the addiction 
and the multiplication by a scalar 

(u,v)£ExE^u + v£E and (r,u)6ix£wra£B 

are smooth (with respect to the suitable product diffeologies on the domains) 
and, as usual, the notion of smooth manifolds modeled on diffeological vector 
spaces. 

Anyway, differential geometry on generic diffeological spaces can be de- 
veloped surprisingly far as showed e.g. by Iglesias-Zemmour [2008]: homo- 
topy theory, exterior differential calculus, differential forms, Lie derivatives, 
integration on chains and Stokes formula, de Rham cohomology, Cartan for- 
mula, generalization of symplectic geometry to diffeological spaces, etc. As 
said in Iglesias-Zemmour [2008]: 

Thanks to the strong stability of diffeology under the most 
important categorical operations [...] every general construction 
relating to this theory applies to spaces of functions, differential 
forms, fiber bundles, homotopy, etc. without leaving the strict 
framework of diffeology. This makes the development of differen- 
tial geometry much more easier, much more natural, than usually. 

It is also interesting to note that some of these generalizations (like Stokes 
formula) are general consequences of this type of extension of the notion of 
manifolds, as proved by Losik [1994], and hence are not peculiar of Diffeology. 

From the point of view of the present work, Diffeology is surely formally 
clear, but sometimes lacks from the point of view of the intuitive geometrical 
interpretation. To illustrate this assertion, we can consider the notion of 
tangent vector as formulated in Iglesias-Zemmour [2008]. In the following 
we will assume that (X, V) is a diffeological space and x £ X is a point in 
the space X. The first idea is that the figures q : U — ► X of type U C W 1 
of the space X permit to define the notion of smooth p-form without having 
the notion of tangent vector, but abstracting the properties of the pullback 
q* of the figure q £ T>y . In other words, let us suppose that we have already 
defined what is a differential p-form on X, then we would be able to define 
the pullback q* of q as a map that associates to each point u £ U C K n a 
p-form in A p (M n ). The idea is hence to define directly a p-form as this action 
on figures through pullback, and asking the natural condition of composition 
of pullbacks in case we take a parametrization / £ C°°(V, U) of the domain 
of the figure q: 

Definition 5.4.2. A differential p-form defined on X is a family of maps 
( a u)ueOp- Each ay , for U open in W 1 , associates to each figure q E T>jj a 
smooth p-form au(q) '■ U — > A p (R n ) , i.e. 

au :V V -^C°°(U,A p (R n )), 
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and it has to satisfies the condition 

av(q °f) = f*(a v (q)) 

for every plot q G V>\j and for every smooth parametrization f G C°°(V, U) 
defined on the open set V G Op. The set of all the differential p- forms defined 
on X will be denoted by Q P (X). 

The method used to arrive at this definition is the (frequently used in math- 
ematics) "inversion of the effect with the cause" in case of bijection between 
effects and causes. Indeed, if X = is an open set of M. d , then it is possible to 
prove that we have a natural isomorphism between the new definition and 
the classical notion of smooth p-form, i.e. Q P (U) ~ C°°(U,A P (U)), in other 
words pullbacks of p-forms uniquely determine the p- forms themselves. 
The previous definition satisfy all the properties one needs from it, like the 
possibility to define a diffeology on f2 p (X), vector space structure, pullbacks, 
exterior differential, exterior product, a natural notion of germ generated by 
a p-form so that two forms are equal if and only if they generate the same 
germ (that if they are "locally" equal), etc. 

The first intuitive drawback of the definition of Q P (X) is that there is no 
mention to spaces Ax(X) of p-forms associated to each point x £ X and of 
the relationships between these spaces and the whole Q P (X). Therefore, to 
understand better the following definitions, we introduce the following 

Definition 5.4.3. We say that two forms a, (3 £ £l p (X) have the same value 
at x, and we write a ~ x 0, if and only if for every figure q G T>u such that 

G U and q(0) = x 

(in this case we will say that q is centered at x) we have that 

a(q)(0) = f3(q)(0). 

Equivalence classes of p-forms by means of the equivalence relation ~ x are 
called values of a at x and we will denote with Ax(X) := Q P (X)/ ~ x this 
quotient set. 

Using these values of 1-forms we can define tangent vectors. Firstly we 
introduce the paths on X and the values of a 1-form on each path with the 
following 

Definition 5.4.4. Let us introduce the space of all the paths on X , i.e. 

Paths(X) :=C°°(R,X) 

and for each path q G Paths(X), the map j(q) : — > E evaluating 
each 1-form at zero 

j{q) : a G fl^X) ^ a{q)(0) G R. 
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The map j(q) is linear and smooth (because it is an evaluation), hence 

j : PathspsT) — ► L^iQ^X)^), 

where L°°(Q 1 (X), M.) is the space of all the linear smooth junctionals defined 
on the space of 1-forms of X. 

Secondly we say that the set of all these values j(q) generates the whole 
tangent space. The set of these generators is introduced in the following 

Definition 5.4.5. The space C£(X) is the image of all the paths passing 
through x under the map j: 

C£{X) := {j(q) | q G Paths (X) and q(0) = x} C L°°(Q 1 (X), R) 

In the space C£(X) is naturally defined a multiplication by a scalar r £ R 
that formalizes the idea to increase the speed of going through a given path 
q G Paths (X): 

r-j(q) =3 [q(r ■ (-))] , 

where q(r ■ (— )) is the path q(r ■ (— )) :s£l — ► q(r ■ s) G X. But the space 
C£(X) is not necessarily a vector space because is not closed with respect 
to addiction of these values j(q) of 1-forms on paths q centered at x, hence 
we finally define 

Definition 5.4.6. A tangent vector v S T X (X) is a linear combination of 
elements ofC£(X), i.e. 

n 

V = SiVi 
i=l 

for some 

n G N 

(vi)f =1 sequence ofC^(X) 
(si)2 =1 sequence o/R. 

As we said, even if the definitions we have just introduced are formally cor- 
rect, their intuitive geometric meaning remains obscure. In classical man- 
ifolds theory, the definition of tangent vector through 1-forms is not geo- 
metrically intrinsic unless of Riemannian manifolds, so it is not clear why 
passing to a more general space we are able to obtain this identification in an 
intrinsic way. Secondly, diffeological spaces include also spaces with singular 
points, like X = {(x, y) G M 2 | x ■ y = 0}. At the origin x = (0, 0) G X there 
is no way to define in a geometrically meaningful way the sum of the two 
tangent vectors corresponding to i = (1,0) and j = (0,1) (without using 
the superspace M 2 ). This is the principal motivation that conducts SDG to 
introduce the notion of microlinear space as the spaces where to each pair 
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of tangent vectors it is possible to associate an infinitesimal parallelogram, 
fully contained in the space itself, whose diagonal represents the sum of these 
two tangent vectors. The previous space X is not microlinear exactly at the 
origin. 

As we will see, our category C°° is exactly the category of diffeological 
spaces and concretely we will only generalize the definition of diffeological 
space so as to obtain a more flexible instruments that will permit us to define 
the category *C°° of spaces extended with the new infinitesimal points. E.g. 
we will have that K G C°° and *R G 'C°°. Hence, the theory of Fermat reals 
naturally includes diffeological spaces and also provides to them a language 
of actual infinitesimals. The use of these infinitesimals opens the possibility 
to simplify and clarify some concepts already developed in the framework of 
diffeological spaces, e.g. gaining a more clear geometrical meaning. We will 
also see that using these infinitesimal we will also arrive to new results, like 
the existence of infinitesimals flows corresponding to a given smooth vector 
field. 

5.5 Synthetic differential geometry 

The fundamental ideas upon which SGD 4 born, originate from the work of 
Ehresmann [1951], Weil [1953] and A. Grothendieck (see Artin et al. [1972]). 
Ehresmann [1951] introduced the concept of fc-jet at a point p in a manifold 
M as an important geometric structure determined by the fc-th order Taylor's 
formula of real valued functions / defined in a neighborhood of p G M. As 
said by Mac Lane [1980]: 

[...] the study of jets can be seen as a development of the 
earlier idea of studying the "infinitely nearby" points on algebraic 
curves on manifolds. Presumably it was Ehresmann's initiative 
which stimulated the paper by Weil [1953]. 

In this work A. Weil introduced the idea to formalize nilpotent infinitesimals 
using algebraic methods, more precisely using quotient rings like M[x]/(x 2 ) or 
R[x, y]/(x 2 , y 2 ), in general formal power series in n variables K[[a;i, . . . ,x n ]] 
modulo the (k + l)-th power of a given ideal I = . . . ,i m ) of series 
ii,...,i m G M[[a;i, . . . , x n }] with zeros constant term, i.e. such that ij(0) = 
for every j = l,...,m. These type of objects are now called Weil alge- 
bras, and C. Ehresmann's jets are also special cases of Weil algebras. Very 
roughly, we can guess the fundamental idea of A. Weil saying that, e.g., 
an element p G M[x]/(x 2 ) can be written as p = a + x ■ 6, with a, b G K, 
with addiction given in the more obvious way and multiplication given by 
(a + x ■ b) ■ (a + x ■ (3) = aa + x ■ (a/3 + ba), that is the same result we 
would obtain if we multiply the two polynomials a + x • b and a + x • (3 

4 Prequently SDG is also called smooth infinitesimal analysis. 



96 



5.5. Synthetic differential geometry 



with the formal rules x 2 = 0. At the end, with a construction as sim- 
ple as the definition of the field of complex numbers, we have extended 
the real field into a ring with a non-zero element x having zero square, i.e. 
a first order infinitesimal (but in this ring there are not infinitesimals of 
greater order). Using the same idea, we can see that with the Weil algebra 
M[x, y]/(x 2 , y 2 ) we have extended the real field with two first order infinites- 
imals x, y whose product is not zero 5 x ■ y ^ 0. Suitably generalized to alge- 
bras of germs of smooth functions defined on manifolds, these two examples, 
i.e. M[a;]/(x 2 ) and y]/(x 2 , y 2 ), correspond isomorphically to the first and 
second tangent bundle respectively (see e.g. Weil [1953], Kriegl and Michor 
[1997, 1996], Kock [1981], Lavendhomme [1996], Moerdijk and Reyes [1991], 
Bertram [2008] for more details). The next fundamental step to obtain a 
single framework where all these types of nilpotent infinitesimals are avail- 
able, has been performed by A. Grothendieck who tried to use nilpotent 
infinitesimals in his theory of schemes to treat infinitesimal structures in 
algebraic geometry. The basic idea was to study an algebraic locus like 
S 1 = {(x,y) G R 2 | x 2 + y 2 = l}, not only as a subset of points in the plane, 
but as the functor Sp : CRing — ► Set from the category CRing of com- 
mutative rings with 1 to the category of sets defined as 

Sl(A) := {(a, b) G ,4 2 |a 2 + 6 2 = 0} 
S^A -U B) := (/ x /)| 4(a) : S l ¥ {A) — S l ¥ {B) 

(where / : A — ► B is a ring homomorphism and / x / : (a,b) G A 2 i— ► 
if{ a ),f(b)) ^ B 2 ). Using this approach algebraic geometers started to un- 
derstand that the functor corresponding to the trivial locus {x G E | x = x} = 
K, i.e. the functor R(A) := {a G A \ a = a} = A = the underlying set 
of the ring A, behaves like a set of scalars containing infinitesimals. E.g. 
D(A) := {a G A \ a 2 = 0} is a subfunctor of this functor R and plays the role 
of the space of first order infinitesimals. Being a subfunctor, D "behaves" 
like a subset 6 of R. These ideas conducted to the notion of Grothendieck 
topos. Lawvere found that in the Grothendieck topos, and in other simi- 
lar categories that later will originate the general notion of topos (see Gray 
[1971]), an intuitionistic set-theoretic language can be directly interpreted 
in any topos. In Lawvere [1979] he proposes a way to generalize these con- 
struction of algebraic geometry to smooth manifolds theory, and to use this 
generalization as a foundation for infinitesimal reasoning valid both for finite 
and infinite dimensional manifolds. This proposal was part of a big project 

5 We recall Section 4.1 to underline an important difference with our approach. 

6 In the sense that each Topos is a model of intuitionistic set theory, so that it is possible 
to define a formal language for intuitionistic set theory where sentences like D C R are 
rigorous and true in the model (see Moerdijk and Reyes [1991], Kock [1981] for more 
details). 



97 



Chapter 5. Approaches to oo-dimensional diff. geom. 



whose objective is to establish an intrinsic axiomatizaton for continuum me- 
chanics. The inclusion of infinite dimensional spaces like functions spaces is 
a natural consequence of the cartesian closedness of every topos. 

The construction of a model for SDG which embeds the category of 
smooth finite dimensional manifolds is not a simple task. Classical refer- 
ences are Moerdijk and Reyes [1991], Kock [1981]. Here we only want to 
sketch some of the fundamental ideas, first of all to underline the conceptual 
differences between SDG and the above mentioned approaches to infinite 
dimensional differential geometry. 

The first idea to generalize from the context of algebraic geometry to mani- 
folds theory is to find a corresponding of the category of CRing of commu- 
tative rings, i.e. to pass from a context of polynomial operations to more 
general smooth functions. Indeed, that category is replaced by that of Cu- 
rings: 

Definition 5.5.1. A C°°-ring (A,+,-,l) is a ring (A,+,-) together with an 
interpretation t(f) of each possible smooth map f : R n — ► M m , that is a 
map 

i{f) :A n ^A m 

such that l preserves projections, compositions and identity maps, i.e.: 

1. If p : M m — ► E is a projection, then i(jp) : A m — ► A is a projection. 

2. IfR d — 9 —+ R n — f —> W n are smooth, then i(f o g) = <,(/) o o(g). 

3. If 1r« : W 1 — ► M n is the identity map, then i(1k«) = b^nj. 

A homomorphism of C°°-rings is a ring homomorphism which preserves the 
interpretation of smooth maps, that is such that 

A n Z ^ B n 



Mf) 



B(f) 



A m 1 _ B m 

We may define a C°°-ring in an equivalent but more concise way: let C°° 
denote the category whose objects are the spaces M d , d > 0, and with smooth 
functions as arrows, then a C°°-ring is a finite product preserving functor 
A : C°° — > Set, and a C°°-homomorphism is just a natural transformation 
ip : A — ► B. Indeed, given such a functor, the set A(M) has the structure of 
a commutative ring +a, -a) given by +a '■= A(R x E — - — ► E) and 

■a := A(R x E — ■» E), where + :lxl — > E and • : E x E — ► E are the 
ring operations on E. 
Here are some examples of C°°-rings 
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Example 5.5.2. The ring C°°(IR rf ,M) of real valued smooth functions a : 
R d — ► IR, with pointwise ring operations, is a C°°-ring. Usually it is denoted 
simply with C°°(R d ). The smooth function / : M. n — ► R m is interpreted in 
the following way. Let (h±, . . . , h n ) G C°°(M d ,IR) n , be n elements of the ring 
C°°{R d ). Their product 

(h u . . . , h n ) ■. x g R d ^ (h^x), . . . , h n {x)) g R n 

can be can be composed with / : R n — > R m and projected into its m 
components obtaining 

>>(f) ■= (PI O / O • • • , ^n), • • • ,Pm O / o {h U . . . , hn)) G C°°(IR d ,M), 

where pi : M m — > R are the projections. 

Example 5.5.3. If M is a smooth manifold, the ring of real valued func- 
tions defined on M, i.e. C°°(M, R), is a C°°-ring. Here a smooth function 
/ : M n — ► M m is interpreted using composition, similarly to the previous 
example. This ring is also denoted by C°°(M). Moreover, it is well known 
that 

C°°(M) =C°°(N) =^ M = N. 

If g : N — ► M is a smooth map between manifolds, then the C°°-homomor- 
phism given by 

C°°(g) : a G C°°(M,R) noojg C°°(iV,M) 
verifies the analogous embedding property: 

C 00 { 9 )=C 00 (h) =^ g = h. 
This means that manifolds can be faithfully considered as C°°-rings. 

Example 5.5.4. Let A be a C°°-ring and / an ideal of A, then the quotient 
ring A/I is also a C°°-ring. Indeed, if A(f) : A n — > A m is the interpretation 
of / : R n — ► R m , we can define the interpretation (A/I)(f) : (A/I) n — ► 
{A/I) m as 

(A/I)(f)([a 1 ] I ,--.Mn]l) := 

= ([ Pl (A(f)(au ■ ■ ■ a n ))] T , \p m (A(f)(au ■ ■ ■ «n))]/), 

where [a/\i G A/ 1 denotes the equivalent classes of the quotient ring, and 
Pj : A m — > A are the projections (see e.g. Moerdijk and Reyes [1991] for 
more details). Examples included in this case are the analogous of the above 
mentioned D k := C°°{R)/(x k+1 ) and D{2) := C°°(R)/{x 2 , y 2 ), or the ring 
A := Co°(R n ) = C°°(R n )/m 9 f0 , , where m 9 (Q , is the ideal of smooth functions 
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having zero germs at £ W 1 and finally I := C^{R n \ {0}). These Cu- 
rings will play the role, in the final model, respectively of infinitesimals of 
k-th order D^, of pairs of infinitesimals of first order whose product is not 
necessarily zero D(2), of the set of all the infinitesimals A and of the set of 
all the invertible infinitesimals I. 

For each subset X C M™, a function / : X — > E is said to be smooth if 
there is an open superset U 5 X and a smooth function g : U — > M which 
extends /, i.e. g\x = /• We can proceed as in the previous example using 
composition to define the C°°-ring C°°(X) of real valued functions defined 
on X. An important example that uses this generalization and the previous 
example is C°°(N)/K, where C°°(N) is the ring of smooth functions on the 
natural numbers, and K is the ideal of eventually vanishing functions. This 
ring will act, in the final model, as the set of infinitely large natural numbers. 

Example 5.5.5. A C°°-ring A is called finitely generated if it is isomorphic 
to one of the form C°°(M n )/I, for some n € N and some finitely generated 
ideal I = (ii, . . . , i m ). For example, given an open subset U C W n we can 
find a smooth function / : W 1 — ► K such that f(x) / if and only if x 7^ U. 
So U is diffeomorphic to the closed set U = {(x,y) \ y ■ f(x) = 1} C ]R n+1 . 
Hence we have the isomorphism of C°°-rings 

C°°(U) ~ C°°(R n+1 )/(y ■ f{x) - 1). 

This proves that C°°({7) is finitely generated. Using this result and Whitney's 
embedding theorem it is possible to prove that for a manifold M, the Co- 
ring C°°(M) is finitely generated too (see Moerdijk and Reyes [1991], Kock 
[1981]). 

Therefore, the category L of finitely generated C°°-rings seems a good step 
toward the goal to embed finite dimensional manifolds in a category with 
infinitesimal objects. However, function spaces can in general not be con- 
structed in L. In order to have these function spaces, the first step is to 
extend the category L in the category Set L ° P of presheaves on L, i.e. of 
functors F : L — ► Set: 

Man CLC Set L ° P . 

This is a natural step in this context because the embedding L C Set L ° P is 
a well know result in category theory (see Yoneda embedding in Appendix 
A), and because the category Set L ° P is a topos. So we concretely see the 
possibility to embed the category of smooth manifolds in a topos containing 
infinitesimal objects too. Let us note that manifolds are directly embedded in 
Set G ° P without "an extension with new infinitesimal points", so the approach 
is very different with respect, e.g., to NSA or to the present work. 
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So, what is the ring of scalars representing the geometric line in the topos 
Set L ° P ? If A, B G L are finitely generated C°°-rings, and / : A — > B is a 
C°°-homomorphism, this geometric line is represented by the functor 

R(A) =L(A,C°°(R)) (5.5.1) 

R{A-^ B) : g G R(A) >-> go f g R{B) (5.5.2) 

corresponding, via the Yoneda embedding, to the C°°-ring C°°(R). The set 
of first order infinitesimal D corresponds in the topos Set L ° P to the functor 

D(A) = UAX^W/ix 2 )) (5.5.3) 

D(A— ^ B) : g G D(A) i-> go f g D(B). (5.5.4) 

Indeed, the topos Set L ° P is not the final model of SDG for several reasons. 
Among these, we can cite that in the topos Set L ° P are not provable properties 
like 1 / or Vr 6 K(x is invertible V (1 — x) is invertible), and this is 
essentially due because the embedding Man C Set L ° P does not preserve 
open covers. A description of the final models is outside the scopes of the 
present work. For more details see e.g. Moerdijk and Reyes [1991] and 
references therein. In the light of the examples (5.5.1), (5.5.2) and (5.5.3), 
(5.5.4) we can quote Moerdijk and Reyes [1991]: 

In recent years, several alternative solutions to the problem of 
generalizing manifolds to include function spaces and spaces with 
singularities have been proposed in the literature. A particularly 
appealing one is the theory of convenient vector spaces [...]. These 
structures are in a way simpler than the sheaves considered in this 
book, but one should notice that the theory of convenient vector 
spaces does not include an attempt to develop an appropriate 
framework for infinitesimal structures, which is one of the main 
motivations of our approach 

The present work tries to go exactly in the direction to have a simple gener- 
alization of manifolds (indeed, simpler than convenient vector spaces and as 
simple as diffeological spaces) and at the same time infinitesimals structures. 

Hence, it is in the opinion of the researchers in SDG that these topos 
models are not sufficiently simple, even if, at the same time, they are very 
rich and formally powerful. For these reasons smooth infinitesimal analysis 
is usually presented in an "axiomatic" way, in the framework of a naive in- 
tuitionistic set theory 7 , but with explicit introduction of particular axioms 

7 Exactly as almost every mathematician works in naive (classical) set theory. On 
the other hand to work in SDG, one has to learn to work in intuitionistic logic, i.e. 
avoiding the law of the excluded middle, the proofs by reduction ad absurdum ending 
with a double negation, the full De Morgan laws, the equivalence between double negation 
and affirmation, the full equivalence between universal and existential quantifiers through 
negation, the axiom of choice, etc. 
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useful to deal with smooth spaces (i.e. objects of Set or a better model) 
and smooth functions (i.e. arrows of Set L ° P or a better model). This possi- 
bility is due to the above mentioned internal language for a set theory that 
can be defined in every topos (that represents its intuitionistic semantics). 
For example a basic assumption is the so-called Kock-Lawvere axiom: 

Assumption 5.5.6. R is a ring and we define D := {/i G R | h 2 = 0} ; called 
the set of first order infinitesimal. They satisfy: 



V/ : D — > R 3\m G R : Vh G D : f(h) = /(0) + h ■ m. (5.5.5) 



every set theoretical function from D to R\ but definable using intuitionistic 
logic. In semantical terms, this corresponds to "for every arrow in the model 
Set L ° P ", i.e. for every smooth natural transformation between the functor D 
(see (5.5.3) and (5.5.4)) and the functor R (see (5.5.1) and (5.5.2)). It is not 
surprising to assert that (5.5.5) is incompatible with classical logic: putting 



then applying the Kock-Lawvere axiom (5.5.5) with this function and con- 
sidering the hypothesis 3/iq £ D : /iq / 0, we obtain 



Squaring this equality we obtain 1 = 0. Considering this incompatibility 
with classical logic a motivation to consider intuitionistic logic, is a natural 
passage only in a context of topos theory and only if one already is thinking 
to the existence of models like Set L ° P . But in another context we think that 
the more natural idea is to criticize (5.5.5) asking some kind of limitation 
on the functions to which it can be really applied. Indeed, this was one of 
the first motivation to start the present work. Indeed, we will take strong 
inspiration from SDG in this work, but we can affirm that these two theo- 
ries are very different. Our attention to stress the intuitive meaning of the 
new infinitesimals numbers does not find a correspondence in SDG, where 
infinitesimal of very different types can be defined, but sometimes loosing 
the corresponding intuitive meaning. About this point of view we can quote 
Conway [1999]: 

I think I should point out that [SDG] isn't really trying to 
be a candidate for setting up infinitesimal analysis. It's just a 
formal algebraic technique for "working up to any given order in 
some small variable s" - for instance if you want to work up to 
second order in s, you just declare that s 3 = 0. 



The universal quantifier "for every function / : D 



R 



really means "for 




(5.5.6) 



1 = + ho • m. 
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Even if we do not completely agree with this strong affirmation, it represents 
an authoritative opinion that underlines the differences between SDG and 
our approach. 

Finally we cite that the work of Weil [1953] has been the base for several 
other research tempting to formalize in some way nilpotent infinitesimal 
methods (but without getting all the difficulties of SDG). In this direction 
we can cite Weil functors (see Kriegl and Michor [1997], Kolar et al. [1993], 
Kriegl and Michor [1996]) and the recent Bertram [2008]. 
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The cartesian closure of a 
category of figures 

6.1 Motivations and basic hypotheses 

In this section we shall define the basic constructions which will lead us to 
the category of C n spaces and C n functions] we will realize these construc- 
tions for a generic n G N>o U {+00}, even if in the next chapters concern- 
ing calculus and differential geometry we will consider the case n = +00 
only. Any C n manifold is a C n space too, and the category C n of all C n 
spaces is cartesian closed (see Section 5.1), hence it contains several infinite- 
dimensional spaces, the first of which we are interested in is C n (M,N), i.e. 
the space of all the usual C n functions between two manifolds M and N. 
It is important to note that, exactly as in Kriegl and Michor [1997] and in 
Moerdijk and Reyes [1991], the category C n contains many "pathological" 
spaces; actually C n works as a "cartesian closed universe" and we will see 
that, like in Kock [1981], Lavendhomme [1996], Moerdijk and Reyes [1991], 
the particular inf-linear C n spaces have the best properties, and will work 
as a good substitute of manifolds (we have already made some comments 
about this way of proceeding in Section 5.1). 

The ideas used in this section arise from analogous ideas about diffeo- 
logical spaces and Prolicher spaces (see Section 5.3), in particular our first 
references are Chen [1982] and Prolicher and Kriegl [1988]; actually C°° is 
the category of diffeological spaces (see Section 5.4). For these reasons, in 
this section we will not present the proofs of the most elementary facts; 
these can be indeed easily generalized from analogous proofs of Chen [1982], 
Prolicher and Kriegl [1988], Kriegl and Michor [1997] or Iglesias-Zemmour 
[2008]. The results presented in this and the following chapter have been 
already published in Giordano [2004]. 

We present the definition of cartesian closure starting from a concrete cat- 
egory T of topological spaces (satisfying few conditions) and embedding it 
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in a cartesian closed category T . We will call T the cartesian closure of T '. 
We need this generality because we shall use it to define both domain and 
codomain of the extension functor *(— ) : C°° — ► *C°° , that generalizes the 
construction E i— ► 'M. associating to each smooth space M G C°° its exten- 
sion with our infinitesimal points *M G 'C 00 . Indeed, the categories acting 
as the domain and the codomain of this functor will be defined starting from 
two different categories T and applying the cartesian closure. 

The problem to generalize the definition of *M. to a functor *(— ) can also 
be seen from the following point of view: at this stage of the present work, 
it is natural to define a tangent vector to a manifold M as a map 

t : D — ► *M. 

But we have to note that the map t has to be "regular" in some sense, hence 
we need some kind of geometric structure both on the domain of first order 
infinitesimals D and on the codomain *M. On the other hand, it is natural 
to expect that the ideal D is not of type *N for some manifold N because the 
only standard real number in D is 0. We shall define suitable structures on 
D and *M so that they will become objects of the category 'C°° of extended 
smooth spaces, i.e. so that D, *M G *C°°. Subsequently we shall define 
the concept of tangent vector so that t G 9 C°°(D,'M), i.e. t will be an 
arrow of the category 'C°° of smooth extended spaces and smooth extended 
functions. 

In this chapter we will assume the following hypotheses on the category 

T: 

Assumption 6.1.1. 

1. J- is a subcategory of the category of topological spaces Top, and con- 
tains all the constant maps c : H — ► X and all the open subspaces 
U C H (with the induced topology) of every object H G T . The corre- 
sponding inclusion i : U H is also an arrow of T , i.e. i G T UH := 
F{U,H). 

In the following we will denote by | — | : T — ► Set the forgetful functor 
which associates to any H G F its support set \H\ G Set. Moreover with T H 
we will denote the topology of H and with (U -< H) the topological subspace 
of H induced on the open set U G T H . The remaining assumptions on T are 
the following: 

2. The category J- is closed with respect to restrictions to open sets, that 
is if f G T HK and U, V are open sets in H, K resp. and finally 
f(U) C V, then f\u G F{U < H,V < K); 
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3. Every topological space H G T has the following "sheaf property": let 
H, K G J- be two objects of T , (Hi)i e j an open cover of H and f : 
\H\ — > \K\ a map such that 

VieI:f\ Hi €r(Hi*H,K), 

then f G T HK . 

For the construction of the domain of the extension functor *( — ) : 
C°° — ► m C°° we want to consider a category T which permits to embed 
finite dimensional manifolds in C n . For this aim we will set T = OM n , the 
category having as objects open sets U C E u (with the induced topology), for 
some u G N depending on U, and with hom-set the usual space C n (U, V) of 
C n functions between the open sets [/ C M u and V C W. Thus, C n := OR n , 
i.e. C n is the cartesian closure of the category OM n . 

In general, what type of category T we have to choose depends on the 
setting we need: e.g. in case we want to consider manifolds with boundary 
we have to take the analogous of the above mentioned category OW 1 but 
having as objects sets of type U C M" = {x G 1" | x u > 0}. 

6.2 The cartesian closure and its first properties 

The basic idea to define a C n space X (which faithfully generalizes the notion 
of manifold) is to substitute the notion of chart by a family of mappings 
d : H — ► X with H G J 7 . Indeed, for T = OM n these mappings are 
of type d : U — ► X with U open in some IR", thus they can be thought 
of as n-dimensional figures on X (see also Sections 5.4 and 5.3). Hence, a 
C n space can be thought as a support set together with the specification of 
all the finite-dimensional figures on the space itself. Generally speaking we 
can think of T as a category of types of figures (see Lawvere [1979] for this 
interpretation). Always considering the case J 7 = OW 1 , we can also think 
T as a category which represents a well known notion of regular space and 
regular function: with the cartesian closure T we want to extend this notion 
to a more general type of spaces (e.g. spaces of mappings). These are the 
ideas we have already seen in Section 5.4 in the case of diffeological spaces, 
only suitably generalized to a category of topological spaces T instead of 
T = OM°°, which is the case of diffeology. This generalization permits to 
obtain in an easy way the cartesian closedness of and thus to have at 
our disposal a general instrument T i— > T very useful in the construction of 
the codomain of the extension functor *(— ), where we will choose a different 
category of types of figures T . 

Definition 6.2.1. In the sequel we will frequently use the notation f ■ g := 
9° f f or th e composition of maps so as to facilitate the lecture of diagrams, 
but we will continue to evaluate functions "on the right" hence (/ • g)(x) = 
9(f(x)). 
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Objects and arrows of T generalize the same notions of the diffeological 
setting (see Section 5.4). 

Definition 6.2.2. If X is a set, then we say that (V,X) is an object of T 
(or simply an F -object) ifV> = {T> H } HeT is a family with 

V H C Set(|iT|,X) VH£F. 

We indicate by the notation T JH • V H the set of all the compositions f • d 
of functions f G T JH and d G T> H . The family T> has finally to satisfy the 
following conditions: 

1- Fjh-VxCVj. 

2. T> H contains all the constant maps d : \H\ — > X . 

3. Let H G T , (Hi)i e i an open cover of H and d : \H\ — > X a map such 
that d\ui G L) {H . <H) , then d G T> H . 

Finally, we set \(T>, X)\ := X to denote the underlying set of the space 
(V,X). 

Because of condition 1. we can think of V H as the set of all the regular 
functions defined on the "well known" object H S T and with values in the 
new space X; in fact this condition says that the set of figures V H is closed 
with respect to re-parametrizations with a generic / G T JH . Condition 3. is 
the above mentioned sheaf property and asserts that the property of being 
a figure d G T>h has a local character depending on T . 

We will frequently write d G H X to indicate that d G V H and we can 
read it 1 saying that d is a figure of X of type H or d belong to X at the level 
H or d is a generalized element of X of type H. 

The definition of arrow / : X — > Y (also called smooth function in F) 
between two spaces X, Y G T is the usual one for diffeological spaces, that 
is / takes, through composition, generalized elements d £ H X of type H in 
the domain X to generalized elements of the same type in the codomain Y 

Definition 6.2.3. Let X , Y be T -objects, then we will write 

f:X^Y 

or, more precisely if needed 2 

T¥ f : X — >Y 

lr rhe following are common terminologies used in topos theory, see Lawvere [1979], 
Kock [1981], Moerdijk and Reyes [1991] 

2 We shall frequently use notations of type C 1= / : A — > B if we need to specify better 
the category C we are considering (see Appendix A). 
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iff f maps the support set of X into the support set ofY: 

f-\*\ — \y\ 

and 

for every type of figure H G J 7 and for every figure d of X of that type, i.e. 
d E H X. In this case, we will also use the notation f(d) := d ■ f . 

Note that we have / : X — > Y in J 7 iff 

VHeFVxe H X: f(x)e H Y, 

moreover X = Y iff 

VffGfVd: de H X ^ de H Y. 

These and many other properties justify the notation G H and the name 
"generalized elements". 

With these definitions JF becomes a category. Note that it is, in general, 
in the second Grothendieck universe (see Artin et al. [1972], Adamek et al. 
[1990]) because I? is a family indexed in the set of objects of J 7 (this is not 
the case for J 7 = OW 1 , which is a set and not a class). 

The simplest J^-object is K := (F(_) K , \ K\) for K G J 7 , where we recall that 
Thk = F(H, K) = if | H — - — ► K in J 7 ^. For the space K G T we have 
that 

T N K - X de K X. 

Moreover, !F{H,K) = F(H,K). Therefore T is fully embedded in T if 
H = K implies H = K; e.g. this is true if the given category T verifies the 
following hypothesis 

\H\ = \K\=S and H — — — > K — — — ► H H = K. 

E.g. this is true for T = OW\ 

Moreover, let us note that the composition of two smooth functions in T 
of type d:H — ► X and / : X — ► K for H, K G J 7 , gives d-f G T(H,K) = 
T{H, K), which is an arrow in the old category of types of figures J 7 . 

Another way to construct an object of J 7 on a given support set X is to 
generate it starting from a given family T>° = (V^) H , with V G H C Set(|iJ|, X) 
for any H G J 7 , closed with respect to constant functions, i.e. such that 

V.ff G J 7 "id : \H\ — > X is constant d G V° H . 

We will indicate this space by {T ■ T> ,X). Its figures are, locally, composi- 
tions / • d with / G T HK and d G V° K . More precisely 5 £ H (J 7 ■ T>°, X) iff 
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5 : \H\ — ► X and for every h G \H\ there exist an open neighborhood U of 
h in H, a space K G J 7 , a figure <i G and /:([/-< .ff) — ► if in ^ such 
that 5\u = f • d. Diagrammatically we have: 



H 



6 



X 




d 



f 



K 



On each space X G T we can put the final topology T x for which any 
figure d G H X is continuous, that is 

Definition 6.2.4. If X G T ' , then we say that a subset U C |X| is open 
m X, and we will write U G T x iff d~ l (U) G T H for any H G T and any 
d G H X. 

With respect to this topology any arrow of T is continuous and we still 
have the initial T H in the space H that is T H = T ^ (recall that, because of 
the fundamental hypotheses 6.1.1, every type of figure H G T is a topological 
space). 

Recalling that in the case J 7 = OR 00 we obtain that the cartesian clo- 
sure T is the category of diffeological spaces, it can be useful to cite here 
Iglesias-Zemmour [2008]: 

Even if diffeology is a theory which avoids topology on pur- 
pose, topology is not completely absent from its content. But, 
in contrary to some approach of standard differential geometry, 
here the topology is a byproduct of the main structure, that is 
diffeology. Locality, through local smooth maps, or local dif- 
feomorphisms, is introduced without referring to any topology a 
priori but will suggest the definition of a topology a posteriori 



Ultimately, this choice is due to the necessity to obtain a cartesian closed 
category. In fact, if we do not start from a primitive notion of topology in 
the definition of ^-space, we can obtain cartesian closedness without having 
the problem to define a topology in the set of maps T(X, Y). Indeed, this is 
not an easy problem, and classical solutions like the compact-open topology 
(see e.g. Dugundji [1966], Kriegl and Michor [1997] and references therein) 
is not applicable to the smooth case. In fact, the compact-open topology, 
which essentially coincides with the topology of uniform convergence, is well 
suited for continuous maps / : X — ► Y between locally compact Haussdorff 
topological spaces X and Y (indeed, the category of these topological spaces 
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is cartesian closed, see Mac Lane [1971]). It can be generalized to the case 
of C fc -regularity using /c-jets (k G N>o), i.e. using Taylor's formulae up to k- 
th order (see e.g. Kriegl and Michor [1997]), but a generalization including 
the smooth case C°° even for a compact domain X fails. In fact, for X 
compact and Y a Banach space, the space C k (X, Y) with the C k compact- 
open topology is normable, but the space C°°(R, R) is not normable, so its 
topology cannot be the compact-open one (see also Section 5.2 for more 
details). 

The study of the relationships between different topologies on the space 
of maps C°°(M, iV) for M, N manifolds, is not completely solved (see again 
Kriegl and Michor [1997] for some results in this direction). 

6.3 Categorical properties of the cartesian closure 

We shall now examine subobjects in T and their relationships with restric- 
tions of functions; after this we will analyze completeness, co-completeness 
and cartesian closure of T . 

Definition 6.3.1. Let X G T be a space in the cartesian closure of T ', and 
S C \X\ a subset, then we define 

{S<X) := (V,S) 

where, for every type of figure H G T , we have set 

d£V H :<4=>- d : \H\ — >S and d-i£ H X. 

Here i : S '—t \X\ is the inclusion map. In other words, we have a figure 
d of type H in the subspace S iff composing d with the inclusion map i we 
obtain a figure of the same type in the superspace X. We will call (S -< X) 
the subspace induced on S by X . 

Using this definition only it is very easy to prove that (S -< X) G T and 
that its topology T (s^x) contains the induced topology by T x on the subset 
S. Moreover we have that T (s^x) £ T x if S is open in X, hence in this case 
we have on (S -< X) exactly the induced topology. 

Finally we can prove that these subspaces have good relationships with 
restrictions of maps: 

Theorem 6.3.2. Let f : X — ► Y be an arrow of f and U, V be subsets of 
\X\ and \Y\ respectively, such that f(U) C V, then 

f\ 

(U ~< X) — — — ► (V -< Y) in T. 
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Using our notation for subobjects we can prove the following useful and 
natural properties directly from definition 6.3.1. 

• (U -< H) = (U -4 H) for U open in H E T (recall the definition of 
H E for H E J 7 , given in Section 6.2 and also recall that, because 
of the Hypotheses 6.1.1 the subspace (U -< if) is a type of figure, i.e. 
(U ~< H) E J 7 , and we can thus apply the operator (— ) : T — ► T of 
inclusion of the types of figures T into the cartesian closure T\ 

• i : (S -< X) X is the lifting 3 of the inclusion i : 5" |X| from Set 
to T 

• {\X\ <X)=X 

• (S ~< (T ~< X)) = (S ~< X) if SCTC \X\ 

• {S -< X) x (T -< Y) = (S x T -< X x Y). 

These properties imply that the relation X C Y iff \X\ C |y| and (|X| -< 
7) = X is a partial order. Note that this relation is stronger than saying 
that the inclusion is an arrow, because it asserts that X and the inclusion 
verify the universal property of {\X\ -< Y), that is X is a subobject of Y. A 
trivial but useful property of this subobjects notation is the following 

Corollary 6.3.3. Let S C \X'\ and X' C X in T , then 

(S ~< X') = (S ~< X), 

that is in the operator (S -< — ) we can change the superspace X with any 
one of its subspaces X' C X containing S. 

Proof: In fact X' C X means X' = {\X'\ -< X) and hence (S -< X') = 
(S -< (\X'\ -< X)) = (5 -< X) because of the previous properties of the 
operator ( < — ). 

■ 

An expected property that transfers from T to T is the sheaf property; 
in other words it states that the property of being a smooth arrow of the 
cartesian closure T is a local property. 

Theorem 6.3.4. Let X, Y E T be spaces in the cartesian closure, (Ui)i^j 
an open cover of X and f : \X\ — ► \Y\ a map from the support set of X to 
that ofY such that 

F^{Ui< X) — — — ► Y Vi E I. 

Then 

T \= X — - — ► Y. 



3 For the notion of lifting and co-lifting see Definition A. 3. 3 
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Completeness and co-completeness are analyzed in the following theo- 
rem. For its standard proof see e.g. Frolicher and Kriegl [1988] for a similar 
theorem. 

Theorem 6.3.5. Let (Xi)i £ i be a family of objects inT andpi : \X\ — > |Xj| 
maps for every i G I . Let us define 

d £ H X :<^=^> d : \H\ — > \X\ and V i G / : d ■ pi £ H Xi 

then (X — — — > Xi)i£j is a lifting of (\X\ — — — > \Xi\)i & j in T. 

Moreover, let ji : |Aj| — > \X\ be maps for every i G I , and let us suppose 

that 

V x G \X\ 3 i £ L 3 Xi £ Xi : x = ji(xi). 

Let us define d G H X iff d : \H\ — ► \X\ and for every h G \H\ there exist 
an open neighborhood U of h in H, an index i G I and a figure 5 £ v Xi 

such that d\u = 5 ■ ji; then we have that (Xi — — — > X)i^j is a co-lifting of 

(\Xi\ \X\) ia inT. ■ 

The category of T spaces is thus complete and co-complete and we can 
hence consider spaces like quotient spaces Xj ~, disjoint sums Xi, 
arbitrary products Ilie/^ii equalizers, etc. (see Theorem A. 3. 4 for further 
details about the connections between limits, co-limits, lifting and co-lifting). 

Directly from the definitions of lifting and co-lifting, it is easy to prove 
that on quotient spaces we exactly have the quotient topology and that on 
any product we have a topology stronger than the product topology. We can 
write this assertion in the following symbolic way: 

T x/ ~ = T x / ~ (6.3.1) 



TxXT y C T XxY , (6.3.2) 

where: X and Y are T spaces, ~ is an equivalence relation on \X\, {Xj ~ 
) G T is the quotient space, T x j ~ is the quotient topology, and T A - x T y is 
the product topology. Analogously, let ji : Xi — ► Xi be the canonical 
injections in the disjoint sum of the family of ^-spaces (Xj)j g /, i.e. ji(x) = 
(x,i). Then we can prove that A is open in Xi if and only if 

Vt€l: j-\A)eT x ., (6.3.3) 

that is on the disjoint sum we have exactly the colimit topology. Because 
any colimit can be obtain as a lifting from Set of quotient spaces and disjoint 
sums (see Mac Lane [1971]), we have the general result that the topology on 
the colimit of ^-spaces is exactly the colimit topology. In symbolic notations 
we can write 

T I colimX,- ) = colimTv.. 
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Finally if we define 

V H := {d : \H\ — ► F(X, Y) \ H x X — ► Y in J 7 } VH G T 

(we recall that we use the notations d v (h,x) := d{h)(x) and fj, A (x)(y) := 
fi(x,y), see Section 5.1) then (V,F(X,Y)) =: Y x is an object of T . With 
this definition, see e.g. Chen [1982] or Frolicher and Kriegl [1988], it is easy 
to prove that T is cartesian closed, i.e. that the ^-isomorphism (— ) v realizes 

(Y x ) z ~ y ZxX . 
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7.1 Observables on C n spaces and separated spaces 

If our aim is to embed the category of C n manifolds into a cartesian closed 
category, the most natural way to apply the results of the previous Chapter 
6 is to take as category T of types of figures T = Man" , that is to consider 
directly the cartesian closure of the category of finite dimensional C n mani- 
folds 1 . We shall not follow this idea for several reasons; as we have already 
mentioned, we will consider instead C n : = OW 1 , that is the cartesian closure 
of the category OW 1 of open sets and C n maps. For n = oo this gives exactly 
diffeological spaces. Indeed, as we noted in the previous Chapter 6, Man" is 
in the second Grothendieck universe and, essentially for simplicity, from this 
point of view the choice T = OW 1 is better. In spite of this choice, it is nat- 
ural to expect, and in fact we will prove it, that the categories of both finite 
and infinite-dimensional manifolds are faithfully embedded in the previous 
C n = OR™. Another reason to choose our definition of C n is that in this way 
the category C n is more natural to accept against Man"; hence, ones again 
we are opting for a reason of simplicity. We will see that manifolds mod- 
elled in convenient vector spaces (see Chapter 5) are faithfully embedded in 
C n , hence our choice to take finite dimensional objects in the definition of 
C n = OW 1 is not restrictive from this point of view. 

Now we pay attention to another type of maps which go "in the opposite 
direction" with respect to figures d : K — ► X. They are important also 
because we shall use them to introduce new infinitesimal points for any 
X G C n . We will introduce these notions for a generic cartesian closure T 
of a given category if figures J 7 , because we will use them e.g. also in the 
category *C n of extended spaces. So, in the following T will be a category 
of figures (see Hypothesis 6.1.1). 

x We shall not formally assume any hypothesis on the topology of a manifold because 
we will never need it in the following; moreover if not differently specified, with the word 
"manifold" we will always mean "finite dimensional manifold". 
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Definition 7.1.1. Let X be an J 7 space, then we say that 

UK is a zone (in X) 

iff U G T x , U is open in X, and K G T is a type of figure. Moreover 
we say that 

c is an observable on UK and we will write c £ UK X 
iff c : (U -< X) — > K is a map of the cartesian closure T . 

So, observables of a C n space X are simply maps of class C n (i.e. are arrows 
of this category) denned on an open set of X and with values in an open 
set K C R d for some d G N. Recall (see Section 6.2) that for any open set 
K G OR™ in the C n space K we take as figures of type H G OW n all the 
ordinary C n -maps C n (H,K), i.e. we have 

K = (C n (-,K),K). 

Therefore, the composition of figures d £ H X with observables c £ UK X 
gives ordinary C n maps: 

d\ s -ceC n (S,K), where S := d^(U), 

C n N (S -< H) d|g ) (U -< X) — ^— » K. 

From our previous theorems of Chapter 6, it follows that C n functions / : 
X — ► F take observables on the codomain to observables on the domain 
i.e.: 

c€ UK Y => f\ s -ce SK X, (7.1.1) 

where 5 := f (U): 

{S ■< X) (U -< Y) 




Therefore isomorphic C n spaces have isomorphic sets of figures and observ- 
ables and the isomorphisms are given by suitable simple compositions. 

Generalizing, through observables, the equivalence relation of Definition 
2.3.1 to generic C n spaces, we will have to study the following condition, 
which is also connected with the faithfulness of the extension functor. 
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Definition 7.1.2. // X G C n is a C n space and x, y G \X\ are two points, 
then we write 

x x y 

iff for every zone UK and every observable c E UK X we have 

1. x eU y G U 

2. x G U =>■ c(x) = c(y). 

In this case we will read the relation x x y saying x and y are identified in 
X. Moreover we say that X is separated iff x x y implies x = y for any x, 

ye 

We point out that if two points are identified in X , then a generic open 
set U G T x contains the first if and only if it contains the second too (take a 
constant observable c : U — ► M). Furthermore, from (7.1.1) it follows that 
C n functions / : X — > Y preserve the relation X: 

xxyinX =>• f(x) x f(y) in Y Vx,ye\X\. 

Trivial examples of separated spaces can be obtained considering the objects 
U G C n with U G OUT (here J-) : OR n — ► C n is the embedding of the 
types of figures OR n into C n ', see 6.2) or taking subobjects of separated 
spaces. But the full subcategory of separated C n spaces has sufficiently good 
properties, as proved in the following 

Theorem 7.1.3. The category of separated C n spaces is complete and admits 
co-products. Moreover if X, Y are separated then Y x is separated too, and 
hence separated spaces form a cartesian closed category. 

Sketch of the proof: We only do some considerations about co-products, 
because from the definition of lifting (see Theorem 6.3.5) it can be directly 
proved that products and equalizers of separated spaces are separated too. 
Let us consider a family of separated spaces with support sets X{ := 

\Xi\. Constructing their sum in Set 

X:=^X t 

iel 

ji : x G Xi i — ► (x, i) G X, 

from the completeness of C n we can lift this co-product of sets into a co- 
product {Xi — - — ► X)i£i in C n . To prove that X is separated we take two 
points x, y G X = \X\ identified in X . These points are of the form x = 
(x r , r) and y = (y s , s), with x r G X r , y s G X s and r,s G /. We want to prove 
that r and s are necessarily equal. In fact, from (6.3.3), for a generic A C X 
we have that 

A g t x Vie J: j- 1 (A)er Xi . 
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and hence X r x {r} is open in X and x = (x r ,r) x y = (y s , s) implies 

(x r ,r) G X r x {r} (y s ,s) G X r x {r} hence r = s. 

Thus x = y iS x r and y s = y r are identified in X r and this is a consequence 
of the following facts: 

1. if C/ is open in <Y r then U x {r} is open in ^; 

2. if c G 1 ^ Af r , then 7(2;, r) := c(x) Vx G U is an observable of X defined 
on U x {r}. 

Now let us consider exponential objects. If /, g G are identified, to 

prove that they are equal is equivalent to prove that f{x) and g{x) are 
identified in Y for any x. To obtain this conclusion is sufficient to consider 
that the evaluation in x i.e. the application e x : (p G \Y X \ 1 — ► ^(x) G \Y\ is 
a C n map and hence from any observable c £ UK Y we can always obtain the 
observable e x \ v > ■ c £ u K Y x where U' := e~ l (U). 

■ 

Finally let us consider two C n spaces such that the topology T Xx y is 
equal to the product of the topologies T x and T Y (recall that in general we 
have T x x T Y Q T xxy)- Then if x, x' G \X\ and y, y' G \Y\ directly from 
the definition it is possible to prove that x x x' in X and y x y' in Y if and 
only if (x, y) x (x', y') in X x Y . 

7.2 Manifolds as objects of C n 

We can associate in a very natural way a C n space M to any manifold M G 
Man™ (the category of C n manifolds and C n functions) with the following 

Definition 7.2.1. The underlying set of M is the underlying set of the 
manifold, i.e. \M\ := |M|, and for every H G Ol" the figures d : H — ► M 
of type H are all the ordinary C n maps from H to the manifold M, i.e. 

d£ H M d G Man" (if, M). 

This definition is only the trivial generalization from the smooth case to C n 
of the embedding of manifolds into the category of diffeological spaces (see 
e.g. Iglesias-Zemmour [2008]). 

With M we obtain a C n space with the same topology of the starting man- 
ifold. Moreover the observables of M are the most natural ones we could 
expect. In fact, as a consequence of the Definition 7.2.1 it follows that 

c£ UK M c G Man n (C7, K). (7.2.1) 

Hence it is clear that the space M is separated, because from (7.2.1) we 
get that charts are observables of the space. The following theorem says 
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that the application M i— > M from Man™ to C n we are considering is a 
full embedding, and therefore it also says that the notion of C"-space is a 
non-trivial generalization of the notion of manifold which includes infinite- 
dimensional spaces too. 

Theorem 7.2.2. Let M and N be C n manifolds, then 

1. M = N M = N 

f - f 

2. C n \= M — ► N ^ Man" N M — ► N. 

Hence Man" is fully embedded in C n . 
Proof: 

1) If (U, if) is a chart on M and A := <£>(£/), then : A — > M is a figure 
of M, that is ip~ x \ A £ A M = N. But if ip : U — ► ip{U) C R k is a chart 
of N, then it is also an observable of N, We have hence obtained a figure 
( / J_1 U £ A N and an observable tp g c/,/ '( c/ ' N of the space N. But composition 
of figures and observables gives ordinary C n maps, that is the atlases of M 
and iV are compatible. 

2) For the implication => we use the same ideas as above and furthermore 
that (/ 9_1 U M implies v? _1 U ■ f E A N. Finally we can compose this 
^-figure of N with a chart (observable) of N obtaining an ordinary C n map. 
The implication <= follows directly from the Definition 7.2.1. 

■ 

Directly from these definitions we can prove that for two manifolds we 
also have 

M x N = M x N. 

This property is useful to prove the properties stated in the following exam- 
ples. 

7.3 Examples of C n spaces and functions 

1. Let M be a C°° manifold modelled on convenient vector spaces (see 
Section 5.3). We can define M analogously as above, saying that d £ H 
M iff d : H — ► M is a smooth map from H (open in some ~K h ) to 
the manifold M. In this way smooth curves on M are exactly the 
figures c M of type E in M. On M we obviously think of the 
natural topology, that is the identification topology with respect to 
some smooth atlas, which is also the final topology with respect to all 
smooth curves and hence is also the final topology T & with respect 
to all figures of M. More easily with respect to the previous case of 
finite dimensional manifolds (due to the results available for manifolds 
modelled on convenient vector spaces, see Section 5.3), it is possible to 
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study observables, obtaining that c £ UK M if and only if c : U — > K 
is smooth as a map between manifolds modelled on convenient vector 
spaces. Moreover if (U, ip) is a chart of M on the convenient vector 
space E, then (p : (U -< M) — > (<p(U) -< E) is C°°. Using these results 
it is easy to prove the analogous of Theorem 7.2.2 for the category of 
manifolds modelled on convenient vector spaces. Hence also classical 
smooth manifolds modelled on Banach spaces are embedded in C°° . 

2. It is not difficult to prove that the following applications, frequently 
used e.g. in calculus of variations, are smooth, that is they are arrows 
of C°°. 



(a) The operator of derivation: 

di : u G C°°(R n ,R k ) i — ► G C°°(R n ,R k ) 

To prove that this operator is smooth, i.e. it is an arrow of the 
category C°°, we have to show that it takes figures of type H £ 
OM°° on its domain to figures of the same type on the codomain. 
Figures of type H of the space C oc (R n , R k ) are maps of type d : 
H — ► C°°(R n ,]R fc ), so that we have to consider the composition 
d • d{ . Using cartesian closedness we get that d v : H x R n — ► 
R k is an ordinary smooth map. But, always due to cartesian 
closedeness, the composition d - di : H — ► C°°(IR n ,IR fc ) is a figure 
if and only if its adjoint (d ■ <9j) V : H xi" — ► R k is an ordinary 
smooth map, and by a direct calculation we get that (d ■ di) = 
d u+ idy ' , where u G N is the dimension of H C R u . In fact 

(d ■ di) v (h, r) = di(d(h))(r) = ^(r) = 

.. d(h)(r + 5el) - d(h)(r) 

= hm = 

5^0 5 

d v {h,r + 5ei)-d v (h,r) 

= iim = 

5-^0 5 

= d u+i d v (h,r) 

where el = (0, . A" 1 . . , 0, 1, 0, . . . , 0) G R n . This equality proves 
that d ■ di is a figure and hence that the operator di is smooth. 

(b) We can proceed in an analogous way (but here we have to use 
the derivation under the integral sign) to prove that the integral 
operator: 

i : C°°(IR 2 ,M) — ►C°°(M,K) 
r b 

u i — ► / u(—, s) ds 



[ «(-,■ 

J a 
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is smooth. 

3. Because of cartesian closedness set-theoretical operations like the fol- 
lowing are examples of C n arrows (see e.g. Adamek et al. [1990]): 



• composition: 



evaluation: 



insertion: 



(f,g)eB A xC B ^ go f^C' 
(f,x)eY x xX h+ f(x)€Y 



x £ X ^ (x, — ) G {X x Y) 



Y 



4. Using the smoothness of the previous set-theoretical operations and 
the smoothness of the derivation and integral operators, we can easily 
prove that the classical operator of the calculus of variations is smooth 



J(u)(t) := I F[u(t,s),d 2 u(t,s),s)ds 

J a 



1 : C°°(R 2 ,R*) — ► C°°(R,R), 
where the function F : R fc x R k x R — ► R is smooth. 

5. Inversion between smooth manifolds modelled on Banach spaces 

(-r 1 : / G Diff(iV,M) ^ f^ 1 G Diff(M, N) 

is a smooth mapping, where Diff(M, N) is the subspace of N M = 
C°°(M,N) given by the diffeomorphisms between M and N. 
So (Diff (M, M) , o) is a (generalized) Lie group. To prove that (— )~ 1 
is smooth let us consider a figure d £ v Diff(iV, M), then, using carte- 
sian closedness, the map f := (d ■ i) v : U x N — > M, where i : 
Diff( N,M) ^ M N is the inclusion, is an ordinary smooth function 
between Banach manifolds. We have to prove that g := [d- (— ) _1 -j] v : 
U x M — ► N is smooth, where j : Diff(M, N) ^ N M is the inclu- 
sion. But f[u,g(u,m)] = m and T>2f(u,n) = D[d(u)](n) hence the 
conclusion follows from the implicit function theorem because d(u) G 
Diff(iV,M). 

6. Since the category C n is complete, we can also have C n spaces with 
singular points like e.g. the equalizer 2 {x G X \ f(x) = g(x)}. In this 
way, any algebraic curve is a C°° separated space too. 



2 See the Appendix A for the notion of equalizer. 
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7. Another type of space with singular points is the following. Let (p G 
C n {R k ,R m ) and consider the subspace ([0, l] k ~< R k ), then (<p([0, l] fc ) -< 
W 71 ) £ C n is a deformation in M m of the hypercube [0, l] fc . 

8. Let C be a continuum body, / the interval for time, and £ the 3-di- 
mensional Euclidean space. We can define on C a natural structure of 
C°°-space. In fact, for any point p G C let p r (t) G £ be the position 
of p at time t in the frame of reference r; we define figures of type U 
on C (U € OIR n ) the functions d : U — ► C for which the following 
application 

d:U x I — >£ 

(u, t) l ► d(u) r (t) 

is smooth. For example if U = K then we can think of d : R — ► C 
as a curve traced on the body and parametrized by u £ M. Hence we 
are requiring that the position d(u) r (t) of the particle d(u) G C in the 
frame of reference r varies smoothly with the parameter u and the time 
t. This is a generalization of the continuity of motion of any point of 
the body (take d constant). This smooth (that is diffeological) space 
will be separated, as an object of C°°, if different points of the body 
cannot have the same motion: 

Pr(-) =q r (-) V = Q VP, q G C. 

The configuration space of C can be viewed (see Wang [1970]) as a 
space of type 

M := ^2 M t where M t C f c 

and so, for the categorical properties of C°° the spaces 8 , Mt (no 
matter how we choose these subspaces M t ) and M are always objects 
of C°° as well. With this structure the motion of C in the frame r: 

fi r : C x I — ► £ 

(p,t) l >p r {t) 

is a smooth map. Note that to obtain these results we need neither 
Mt nor C to be manifolds, but only the possibility to associate to any 
point p of C a motion p r (— ) : I — ► £. If we had the possibility to 
develop a differential geometry for these spaces too we would have the 
possibility to obtain many results of continuum mechanics for bodies 
which cannot be naturally represented using a manifold or having an 
infinite-dimensional configuration space. Moreover in the next chapter 
we will see how to extend any C°° space with infinitesimal points, so 
that we can also consider infinitesimal sub-bodies of C. 
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Extending smooth spaces with 
infinitesimals 

8.1 Introduction 

The main aim of this chapter is to extend any C°° space and any C°° function 
by means of our "infinitesimal points". First of all, we will extend to a generic 
space X £ C°° the notion of nilpotent path and of little-oh polynomial. The 
sets of these paths will be denoted by Mx and X [t] respectively 1 . Afterward, 
we shall use the observables (p of the space X to generalize the equivalence 
relation ~ (i.e. the equality in "R, see Definition 2.3.1) using the following 
idea 

tp(x t ) = <p(yt) + o(t) with <p E UK X. 

Using this equivalence relation we will define *X := X [t]/ ~, which will be 
the generalization of the Definition *M := K [t]/ ~. Following this idea, the 
main problem is to understand how to relate the little-oh polynomials x, y 
with the domain U of (p. The second problem is that with this definition, 
*X is a set only, without any kind of structure. Indeed, we will tackle the 
problem to define a meaningful category 'C°° and a suitable structure on *X 
so that *X £ *C°° . In the subsequent sections we will also prove some results 
that will permit us to prove that the extension functor *(— ) : C°° — > 'C 00 
preserves the product of manifolds, i.e. 

"(Af x N) ~ *M x m N 

for M, N manifolds. The fact that this useful theorem is not proved for 
generic C°° spaces is due to the fact that the topology on a product between 
C°° spaces is generally stronger than the product topology (see (6.3.2), but 
recall the final considerations of Section 6.2). 

1 See Definition 2.1.1 and Definition 2.1.2 for the case X = R. 
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8.1.1 Nilpotent paths 

If X is a C°° space, then using the topology T x we can define the set Cq(X) 
of all the maps x : M>o — ► X which are continuous at the origin t = 0. 
We want to simplify the notations avoiding the use of germs of continuous 
functions as equivalent classes (see Bourbaki [1989]), but, at the same time, 
we will keep attention to consider only local properties V(x) when we will 
treat paths x G Cq{X) continuous at the origin, i.e. we will always verify 
that 

(x,yeC (X) and x|[o, e ) = y|[o, e ) and V(x)) =>• V{y). (8.1.1) 

Following this constraint, it is not important how we extend 2 to the whole 
M>o a locally defined function x : [0, e) — > X. 

Because any C°° function / : X — ► Y is continuous with respect to the 
topologies T x and T Y , we have that fox G Co(Y) if x G C${X). More locally, 
if U is open in X and x(0) G U, then on the subspace (U ~< X) we have the 
induced topology and from this it follows that ip o x G Cq{K) if p £ UK X 
is an observable of the space X. Let us note explicitly that this is a local 
property, and hence, on the one hand, with the notation (f o x we have to 
mean a function ip o x : M>o — ► X (because ip o x is an element of Cq(X)). 
On the other hand, for this function the only important property is that 

3 e > : [0,e)C{t£ M> 1 1 G dom(x) and x(t) G dom(v9)} , 

i.e. that the set of t G M>o for which the composition p(x(t)) is defined, 
contains a right neighborhood of the origin. 

As many other concepts we will introduce in this chapter, the notion 
of nilpotent map is defined by means of the composition with a generic 
observable and by a suitable logical implication to relate the starting value 
x(0) of a given path x G Cq{X) with the domain of the observable 3 . 

Definition 8.1.1. Let X be a C°° space and let x G Cq(X) a path continuous 
at the origin, then we say that x is nilpotent (rel. X) iff for every zone UK 
of X and every observable <p £ UK X we have that the following implication 
is true 

x (0)eU BfceN: \\ip(x t )-p{x )\\ k = o{t). 

Moreover we define 

Nx ■= N(X) := {x G Cq(X) I x is nilpotent}. 

2 To be really rigorous, one has to fix, once and for all, a function E = E x ' e to perform 
such an extension, but taking into consideration the fact that the whole construction does 
not depend on this extension function. This function is defined on the set Co([0,e),{/) of 
function x : [0, e) — > U continuous at t = + and with values in the subset U C X, i.e it 
is of the type E : Co([0, e),U) — ► Co(X), and has the property E(x)\[o, e ) = x - 

3 Recall that, as usual, we will also use the notation x t for the evaluation of x £ Cco(X) 
at t € dom(x) and that our little-oh functions (always for t — > + ) are always continuous 
at the origin (see Remark 2.1.3). 
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A direct verification proves that the property of a path to be nilpotent is 
a local property. Moreover, we will prove later that this definition generalizes 
the particular notion expressed in Definition 2.1.1. 

Because every / G C°°(X, Y) preserves the observables (see property 
(7.1.1)), if x G Mx then / o x G My, that is C°° functions preserve nilpotent 
maps too. In case of a manifold M (identified with its embedding M = 
M G C°°) we can state the property of being nilpotent with an existential 
quantifier instead of an implication 

Theorem 8.1.2. Let M be a C°° manifold and let us consider a map x : 
M>0 — ► \M\, then x is nilpotent iff we can find a chart (U,<p) on xq such 
that \\tp(xt) — (p{xo)\\ k = o(t) for some k G N. 

Proof: If we start from the hypothesis x G A/jy/, then it suffices to take 
any chart on xq and to use the property that charts are observables of M to 
get the conclusion formulated in the statement. 

To prove the opposite implication, let us take an observable ip £ VK M, 
where K is open in W and with xq G V. Recalling (7.2.1) we get that 
ip G Man (V, if), i.e. ip is an ordinary C°° function. The idea is to use the 
equality 

V°t>0: il>(xt)=il>[<p- 1 (<p(x t ))] 1 

which is locally true 4 , and the Lipschitz property of tp o (p . Diagram- 
matically, in the category Man of smooth manifolds, our situation is the 
following 

unv ^ #ny) 



K 

Therefore 

7 := Mt/nv-n 1 • i>\unv G Man(^(f7 n V), K), 

and hence 7 is locally Lipschitz with respect to some constant C > 0. But 
x G C (M) and Uf] V G T M , hence 

V°t > : x t G U n V, 

and we can write 

x t ) - ip(x )\\ k = ||7 [<p{xt)\ - 7 b(^o)]|| fc < 

<C k -Mx t )-^(x )\\ k = o{t) 



'Recall the definition of V t > given in Section 4.2. 
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This will be a typical idea in several definitions of the present work: 
working with generic C°° spaces we do not have the possibility to consider 
charts on every point, so we require a condition for every observable that 
potentially (i.e. by means of a logical implication) contains the starting point 
of a given path. We have already used this idea in the Definition 7.1.2 of 
"x is identified with y", i.e. of the relation x X y. Usually, in case we have 
charts, like in the previous Theorem 8.1.2 we will be able to transform in an 
equivalent statement this type of implications using an existential quantifier. 
This theorem also proves that the previous Definition 2.1.1 is a generalization 
of the old Definition 8.1.1. 

Finally we consider the relations between the product of two manifolds 
M, TV and nilpotent paths in the following 

Theorem 8.1.3. Let M,N be smooth manifolds and x : M>o — ► \M\, 
y : M>o — ► \N\ be two maps, then 

x G and y G M$ (x, y) G Nm x n, 

where we set (x,y) t ■= (x t ,yt)- 

Proof: 

4= : If (x,y) G M Mx fj = M MxN , by the previous Theorem 8.1.2 we get the 
existence of two charts (U, <p) of M and (V, ip) of N with xq G U and yo G V 
and such that 5 

3k G N : \\(tpx t ,ipyt) ~ (<pXot,ipyo)\\ = o(t). 

Therefore, we also have — ^oll + \\ipyt ~ V'yoll}^ = o(t). 

But \\<pxt — ipxo\\ — \\<P3H ~ V^oll + W^PVt — tpyo\\ and hence 

\\cpx t - <px \\ k < {\\<px t - ipx \\ + W^vt - ^yo\\} k = o(t). 

Therefore also \\tpxt — <pxo\\ k = o(t), that is x G Mm- Analogously we can 
proceed for y. 

=>• : From the hypotheses x G M^ and Theorem 8.1.2 we get a chart (U,<p) 
of M on xo and a k G N such that 

\\ipx t — (pxo\\ k = o{t) . (8.1.2) 

Analogously, from y G Mfj we obtain a chart (V, ip) on yo and a k' G N such 
that 

Uyt-^yof = o(t). (8.1.3) 

6 If it will be clear from the context, we will sometimes omit the parenthesis in compo- 
sitions like fg(x) = f(g{x)). 
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We can suppose k = k' . Therefore (U x V, ip x tp) is a chart of M x N on 
( x o,Vo)- Let us try to compute the term 

||(<£ x ij))(xt,yt) - (<P x V00ro,yo)|| fc = ||(>x t - ipx ,ipy t - i>yo)\\ k = 
But 

l^xt - ipx f ■ \\^y t - ^yo\\ k ~ % 



{\\Lpx t - LpxQ\\ k Y |||^yt - ^yo|| fe } 



k — i 
k 



i_ k — i 

tk t k 

i k — i 

) \\tpx t - tpx \\ h \ k J \\ipy t - 4>y \\ k 1 



Each factor of this product goes to zero for t — > + because of (8.1.2) and 
(8.1.3). Hence also (8.1.4) goes to zero and this, because of Theorem 8.1.2, 
proves that 

(x, y) G N MxN = NmxN- 



8.1.2 Little-oh polynomials in C°° 

We can proceed in a similar way with respect to the generalization of the 
notion of little-oh polynomial: at first we will define what is a little-oh 
polynomial in M d , and secondly we will generalize this notion to a generic 
space X G C°° using observables. 

Definition 8.1.4. We say that x is a little-oh polynomial in W 1 , and we 

write x G R*[t], iff 

1. x : M> — ► R d 

2. We can write 

k 

Xt = r + y ^a i -t ai + o(t) as t -> + 
i=i 

for suitable 

ken 

r, ai ,...,a k G R d 
ai, . . . , afc G M>o- 
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Now let X G C°° and x G Co(X), then we say that x is a little-oh polynomial 
(of X) iff for every zone UK of X, with K C M k ; and every observable 
ip £ UK X we have 

x eu tpoxeRo[t]. 

Moreover 

X a [t] := X Q := {x G Co(X) | x is a little-oh polynomial of X} . 

Let us note that for d = 1 we have exactly the old Definition 2.1.2. A 
direct verification proves that being a little-oh polynomial is a local property. 
Moreover, we will prove later that the two parts of this definition (i.e. that 
of X a [t] and that of R*[t] are equivalent if X = R d ). 

Now we have to prove the analogous for little-oh polynomials of the 
previous results stated for nilpotent paths. Once again, because every / G 
C°°(X,Y) preserves the observables, we have that C°° functions preserve 
little-oh polynomials too 

xeX [t] => foxeY [t\. 

The other results we want to prove relate the notion of little-oh polynomial 
with that of manifold: at first, as usual, we want to reformulate the Definition 
8.1.4 for manifolds; secondly we want to make clear the relationships between 
little-oh polynomials and the product of manifolds. For these results we need 
the following Lemmas. 

Lemma 8.1.5. Let x : M>o — ► M m and y : M>o — ► M n be two maps, then 
x£R™[t] and y€®Z[t] 

Proof: 

=>• : Let us fix the notations for the little-oh polynomials x and y: 

K 

x t = r + ^2cti-t ai + oi{t) 
i=i 

N 
3=1 

where r, a±, . . . , oik G M m and s, . . . , /3jy G K" '. Define u := (r,s) G 

R m+n ; 7 . . = G R m+n ; ._ (q^.) g R m.+n ^ Q . = Q . &nd Cj+R ._ 



(x,y)£R™ +n [t]. 
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bj, then 

(K N 
i=i i=i 
= (r,s) + ^(a;,0) • ^ + (oi(*),0)+ 

i=l 

N 

+ ^(0,/3 J )-^+(0,o 2 (t)) = 
= u + Y,H-t C ' + Yl 7i-* Cl + (oi(t),o 2 (t)), 

i=l i=A'+l 

and this proves the conclusion because (oi(t), o 2 (t)) = o(t). 
-4= : By hypotheses we can write 

H 

(x t ,y t ) =u + ^2~f k -t Ck +o(t). 

k=l 

We only have to reverse the previous ideas defining: 

r := (m, . . .,u m ) s := (u m+1 ,. . . ,u m+n ) 

a fe :=( 7 ^..., 7fe m ) $ k := {^ + \ . . . ,^ +n ) 

0l (t) := (^(i),...,^)) o 2 (t) := (o m +\t),...,o m+n (t)) 
en := q bk := Cfc 
where we have used the notations 

o(t) = (o 1 (t),...,o m+n (t)) 
for the components. Then 

H 

(xt,yt) = (r,0) + ^K,0) • i c * + (oi(t), 0)+ 
fc=i 



(0,s) + ^(0,/3 fc )-i Cfc + (0,o 2 (t)) 



fc=i 

1/ H 

r + J^ai- t Ci + oi(i), s + ^2/3j- t c * + o 2 (t) 
i=l j=i 
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and hence the conclusion follows. 

■ 

Prom this lemma, if x G R^Mi then each component is a 1-dimensional little- 
oh polynomial xi G M. [t] for i = l,...,d. But we know (see Section 2.2) 
that each one of these polynomial is nilpotent, i.e. X\ G M . Therefore, from 
Theorem 8.1.3 it follows that x G A/" K d, i.e. 

R d [t] CAfe 

from this it also follows that X a [t] C A/x • 

Lemma 8.1.6. Lei x G M^[t] and / G C°°(A,M P ) ; ^ open in R d and 
such that, locally, the path x has values in A: 

V°t > : Xt G A. 

Then fox el?[t]. 

Proof: Let us fix some notations: 

k 



+ ^ai -t ai +w(t) with w(t)=o(t) 



h(t) := x(t) - x(0) Vt G M>o 

hence Xj = x(0) + h t = r + h t . The function 1 1— > /i(i) = X^=i a « ' + w (0 
belongs to Mo[i] C A/" K d, so we can write = o(t) for some N G N if we 

take as observable of M d the identity. From Taylor's's formula we have 

f(x t ) = f(r + ht) = f(r) + £ |£(r) • | + o (ll^ll^) • (8-1-5) 

|i|<JV 



But 



wn n^n ii^i 







1*1 \\h?\\ \A 

hence o (\\ht\\ N ^\ = o(t) G M.o[t]. Now we have to note that, for a multi- 
index i G N d , it results that h\ = h^(t) ■ ... ■ h l ^(t) G R [t] because, from 
the previous Lemma 8.1.5, each function hj(t) G M. [t] and because M [i] is 
an algebra. Moreover, if (3 G W and h G K [i], then (3 • h G Ro[i], so each 

addend §^r(?") ■ if is a little-oh polynomial of Mo[*]- Prom (8.1.5) and the 
closure of little-oh polynomials Ko[i] with respect to linear operations, the 
conclusion / o x G M%[t] follows. 

■ 

Using these lemmas we can prove the above cited results about little-oh 
polynomials in manifolds. 
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Theorem 8.1.7. If M is a C°° manifold and x : M>q — ► \M\ is a map, 
then we have that x £ M [t] if and only if there exists a chart (U,p) of M 
such that: 

1. x(0) G U 

2. (poxeRi[t], where d := dim(M). 

Proof: To prove that the hypotheses x £ M [t] implies conditions 1. and 
2. it suffices to take any chart on xo and to use the property that charts are 
observables of M. 

For the opposite implication we start considering that, by the Definition 

8.1.4 we have that pox G is continuous at t = + , and hence also 
x is continuous at t = + , i.e x £ Co(M). Now, take a generic observable 
ip £ VK M, where K is open in W and xo G V. We have 

RdD^unv) Mu Z yl - unv ^-xcr , 

and hence 

(^Ic/nv)" 1 • ip\unv G C°°M^ n V, K). (8.1.6) 
From xq G U f] V and from the continuity of the path x at t = + we get 

V°t > : x t G U n V. 

From this, from (8.1.6), from the hypotheses o x G and from Lemma 

8.1.6 the conclusion ((/^c/nv) -1 • ip\unv o(pox = ipox£ M&[t] follows. 

■ 

Theorem 8.1.8. Let M, N be C°° manifolds and x : R> — > \M\, y : 
M>o — ► \M\ two maps. Then 

x G M a [t] and y G N a [t] (x,y) G (M x N) o [t\. 

Proof: The proof is an almost purely logical consequence of Theorem 

8.1.7 and of Lemma 8.1.5. 

<= : By hypotheses (x,y) G (M x N) o [t] = (M x N) o [t\. Because M xN 
is a manifold, from Theorem 8.1.7 we get the existence of charts (U, (p) of M 
and (V, tp) of N on xq and yo resp. such that 

(ip X V) o (x, y) = (ip o x, 1p o y) £ M.™ +n [t]. 

Hence p o x £ M™[t] and ip o y £ M£[t] from Lemma 8.1.5. 

=>• : Analogously, if x £ M a [t] and y £ N a [t], then we can find charts as 
above, but with p o x £ and ip o y £ W^[t\. Once again from Lemma 

8.1.5 we obtain 

(pox,^oy) = (px^)o (x, y) £ R™+ n [t], 
and hence the conclusion follows from Theorem 8.1.7. 
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8.2 The Fermat extension of spaces and functions 

Considering the previous definitions of nilpotent and little-oh paths and the 
Definition 7.1.2 it is now clear how to generalize the definition of equality in 
•R (see Definition 2.3.1) to a generic X G C°°: 

Definition 8.2.1. Let X be a C°° space and let x, y G X Q [t] be two little-oh 
polynomials, then we say that 

x ~ y in X or simply x = y in *X 

iff for every zone UK of X and every observable ip G UK X we have 

1. x £U y £U 

2. x G U =>• ip{xt) = <p(y t ) + o(t) 

Obviously we will write *X := X [t]/ ~ and ' f{x) := / o x if / G 
C°°(X,Y) and x G 'X and we will call them the Fermat extension of X and 
of f respectively. As usual, we will also define the standard part of x G 'X 
as °x := x(0) G X. 

We prove the correctness of the definition of */ in the following: 

Theorem 8.2.2. Iff G C°°(X,Y) and x = y in 'X then 'f(x) = 9 f(y) in 
•Y, 

Proof: Take a zone VK in Y and an observable ip £ VK Y, then from the 
continuity of /, we have U := f~ l iV) G T x - We can thus apply hypothesis 
x = y in *X with the zone UK and the observable (p := f\u ■ tp E UK X. 
From this the conclusion follows considering that / o x, f o y £ Y [t] and 
x eU = f' 1 (V) iff /(s ) g V. 

■ 

Using the continuity of (pox we can note that x = y in 'X implies that xo 
and yo are identified in X (see Definition 7.1.2) and thus using constant maps 
x(t) := x, for x G X, we obtain an injection (-) : \X\ — > *X if the space X 
is separated. Therefore, if Y is separated too, */ is really an extension of /. 
Finally, note that the application *(— ) preserves compositions and identities. 

Using ideas very similar to the ones used above for similar theorems, we 
can prove that if X = M is a C°° manifold then we have that x = y in *M 
iff there exists a chart (U, ip) of M such that 

1. x Q , y €U 

2. cp(x t ) = <p(yt) +o(t). 

Moreover the previous conditions do not depend on the chart (U,tp). In 
particular if X = U is an open set in then x = y in *U is simply equivalent 
to the limit relation x(t) = y(t) + o(t) as t — > + ; hence if i : U M fc is the 
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inclusion map, it's easy to prove that its Fermat extension *i : *U — ► m M. k 
is injective. We will always identify *U with *i('U), so we simply write 
*U C *R k . According to this identification, if U is open in we can also 
prove that 

•U = {x €'R k \°x eU}. (8.2.1) 

This property says that the preliminary definition of *U given in Definition 
2.6.1 is equivalent to the previous, more general, Definition 8.2.1 of extension. 
Using the previous equivalent way to express the relation ~ on manifolds, 
we see that (x, y) = (a/, y') in *(M X N) iff x = x' in *M and y = y' in 'N. 
From this conclusion and from Theorem 8.1.8 we prove that the following 
applications 

a MN :=a : [y]~) G 'M X 'N i — ► [(x, y)]„ G *(M X N) (8.2.2) 

p MN :=(3 : [z]„e'(MxN)^([z-p M ]„,[z- PN ]„)€'Mx*N (8.2.3) 

(for clarity we have used the notation with the equivalence classes) are well- 
defined bijections with a -1 = (3 (obviously p M ,p N are the projections). We 
will use the first one of them in the following section with the temporary 
notation (p,x) := a(p,x), hence f{p,x) = f(a(p,x)) for / : *(M x N) — > 
Y. This simplifies our notations but permits to avoid the identification of 
*M x °N with *(M x N) until we will have proved that a and f3 are arrows 
of the category *C°° . 

8.3 The category of Fermat spaces 

Up to now every *X is a simple set only. Now we want to use the general 
passage from a category of the types of figures T to its cartesian closure T 
so as to put on any *X a useful structure of T space. Our aim is to obtain 
in this way a new cartesian closed category T =: 'C°° , called the category of 
Fermat spaces, and a functor *( — ) : C°° — ► "C 00 , called the Fermat functor. 
Therefore we have to choose J 7 , that is we have to understand what can be 
the types of figures of *X. It may seem very natural to take *g :'U — ► 'V 
as arrow in T if g : U — ► V is in OR 00 (in Giordano [2001] we followed this 
way). The first problem in this idea is that, e.g. 

*f 

•M > *R =^ */(0) = /(0) G M, 

hence there cannot exist a constant function of the type */ to a non-standard 
value, and so we cannot satisfy the closure of T with respect to generic 
constant functions (see the hypotheses about the types of figures T in Section 
6.1). But we can make further considerations about this problem so as to 
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better motivate the choice of T . The first one is that we surely want to have 
the possibility to lift maps 6 as simple as the sum between Fermat reals: 

s : (p, q) G "R x "R — + 

Therefore, we have to choose F so that the map s A (p) : g£ *R — > p+q G *M 
is an arrow of 'C 00 . Note that this map is neither constant nor of the type 
*/ because s A (p)(0) = p and p could be a non standard Fermat real. 
The second consideration is about the map a defined in (8.2.2): if we want 
a to be an arrow of 'C°°, then in the following situation we have to obtain 
a 'C°° arrow 

•R x "R pxl ' R , - K x » K Q > «(K x R) 9 — ■+ 'R 

(r, s) i — ► (p, s) i — ► (p, s) i — ► *#(p, s), 

where p G "R and 5 G C°°(M 2 , R). The idea we shall follow is exactly to take 
as arrows of T all the maps that locally are of the form 5(s) = °g{p, s), where 
p G *(R P ) works as a parameter of *g{—, — )■ Obviously, in this way S could 
also be a constant map to a non standard value (take as g a projection). 
Frequently one can find maps of the form *g(p, — ) in informal calculations 
in physics or geometry. Actually, they simply are C°° maps with some fixed 
parameter p, which could be an infinitesimal distance (e.g. in the potential 
of the electric dipole, see below), an infinitesimal coefficient associated to a 
metric (like, e.g., in Einstein's formula (1.0.1)), or a side I := s(a, — ) of an 
infinitesimal surface s : [a,b] x [c,d] — > *R, where [a,b], [c,d] C 
Note the importance of the map a to perform passages like the following 

M x N — - — ► Y in C°° 

*(M x N) ^— ■+ m Y in 9 C°° 

'f 

•M x m N ► *Y in 9 C°° (identification via a) 

'N > *Y M using cartesian closedness. 

This motivates the choice of arrows in but there is a second problem about 
the choice of the objects of the category T . Take a manifold M and an arrow 
t : D — ► *M in *C°°. Even if we have not still defined formally what is 
the meaning of this "arrow", we want to think t as a tangent vector applied 
either to a standard point t(0) G M or to a non standard one, t(0) G *M\M . 
Roughly speaking, this is the case if we can write t(h) = 'g(p, h) for every 
h G D and for some g, p. If we want to obtain this equality it is useful to 
have two properties: the first one is that the identity map over D, i.e. Id, is 

6 I.e. to consider their adjoint function using cartesian closedness. 
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a figure of D, i.e. Id G d D. In this way, from the property t : D — ► *M of 
being an arrow of *C°° we can deduce that t is a figure of *M of the type D, 
i.e. t £ D *M. The second property we would like to obtain is to have maps 
of the form °g{p, — ) : D — > *M as figures of *M . Of course, we can thus say 
that necessarily t = *g(p, — ) for some g G C°°(IR P ,IR) and p G R p . Therefore, 
to obtain these properties, it would be useful to have D as an object of J 7 . 
But D is not the extension of a standard subset of M, thus what will be the 
objects of We will take generic subsets S of *(IR S ) with the topology T s 
generated by U = *U n S, for U open in M s (in this case we will say that the 
open set U is defined by U in S). In other words A £ T s if and only if 

A = \J{'UnS OA\U is open in R 5 }. (8.3.1) 

These are the motivations to introduce the category of the types of figures 
T by means of the following 

Definition 8.3.1. We call S*R°° the category whose objects are topological 
spaces (S,T s ), with S C *(M S ) for some s G N which depends on S, and 
with the previous topology T s . In the following we will frequently use the 
simplified notation S instead of the complete (S,T s ). 
IfS C *(R S ) and T C "(R*) then we say that 

S — ^— ► T in S'R°° 
iff f maps S in T and for every s G S we can write 

f(x) = *g(p,x) VxG'FnS (8.3.2) 

for some 

V open in M s such that s G 'V 
p G 'U, where U is open in M p 
g G C°°(U x V.R 1 ). 

Moreover we will consider on S*M°° ^/ie forgetful functor given by the inclu- 
sion | - | : S'M 00 ^ Set, i.e. \(S,T S )\ := S. The category S'R°° will be 
called the category of subsets of 'R 00 (but note that here oo indicates the 
class of regularity of the functions we are considering). 

Remark. 

1. In other words locally a C°° function / : S — > T between two types of 
figures S C '(R s ) and T C '(R}) is constructed in the following way: 

(a) start with an ordinary standard function g G C°°{U x V, R x ), with 
U open in R p and V open in M s . The space R p has to be thought 
as a space of parameters for the function g; 
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(b) consider its Fermat extension obtaining *g :'(U x V) — ► '(M 1 ); 

(c) consider the composition *g o ( — , — ) : 'U x *V — ► '(M 1 ), where 
(— , — ) is the map a given by (8.2.2); 

(d) fix a parameter p G *U as a first variable of the previous compo- 
sition, i.e. consider °g(p,—) ■ 'V — > *(M}). Locally, the map / 
is of this form: / = °g(p, —). 

2. Because in the Definition 8.3.1 we ask s G *V we have that V := *VC\S 
is a neighborhood of s defined by V in S (see (8.3.1)). Analogously 'U 
is a neighborhood of the parameter p. 

To simplify the presentation, in case the context will be sufficiently clear, 
we shall consider the coupling of variables' (S, s), (T, t), (p, p), (q, q) etc. in 
properties of the form S C M s , T C M 1 , p G , (RP) or g 6 *(IR q ) respectively. 
In fact, in these cases we have that the second variable in the pairing, e.g. 
the number s & N in the pairing (S, s), is uniquely determined by the first 
variable S. E.g. the number p £ N is uniquely determined by the point 
p G *(M P ). Therefore, if we denote by a(V) G N the unique v G N in a 
pairing (V, v), then any formula of the form V(V,v) can be interpreted as 

y = a{V) 7>(V,v). 

Now we have to prove that S'lR 00 verifies the hypothesis of Section 6.1 
about the category of the types of figures. Firstly, we prove that S'lR 00 
is indeed a category. In the following proofs we will frequently use the 
properties 

x G 'U °x G U 

( m g(Pix)) = g(°p,°x)- 

The first one follows from (8.2.1), and the second one can be proved directly: 

° (*9(p,x)) = (g{pt,x t )) \ t =o = g(po,x ) = g(°p,°x). 
Theorem 8.3.2. S 9 R°° is a category 

Proof: In this proof we will consider the coupling of variables (S, s), (T, t), 
(R, r), (p,p) and (g, q). If we consider any p G *K and the projection g : 
(r, s) G M x M s i— > s G M s , then we have that °g{p, s)t = g(j>t, St) = st, hence 
*g(Pi s ) = s an( l this suffices to prove that the identity Is for S G S'M" is 
always an arrow of S'lR 00 . 
Now let us consider 

S -?—>T -2-> R in S'M 00 

7 Note the use of a different font for the second variable in the pairing, so that it will 
be easier to identify such pairings. 
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and a point s G S. We have to prove that / o g is again an arrow of S'M 00 . 
Using self-evident notations we can assert that 

f(x) = *h{p,x) Vxe'V s nS3s (8.3.3) 

g(y)='k(q,y) Vye'V fs nTB f(s), (8.3.4) 

where h G C°°{U P x V a ,R l ) and k G C°°{U q x V fs ,W), Hence U q x 

is open in I q x R p x W. But °/(s) = /i(°p,°s) G V/>, because /(a) G 'V/ s , 

and °q £ U q , so 

(W^G^xr 1 ^). (8.3.5) 

Hence, we can find three open sets A C IR^, B C RP and C C IR S such 
that(°g, °p, °s) GAxBxCQUgX /i~ 1 (V / - s ) and we can correctly define 

p: (xi,X2,y) eAxBxCh^k [x 1 ,h(x 2 ,y)] G R r , 

obtaining a map p G C°°(A x B x C, M r ); this is the first step to prove 
that locally the composition f(g(—)) is of the form (8.3.2). The parameter 
corresponding to this local form is (q,p) G '(A x B) because of (8.2.2) 
and (8.3.5). The neighborhood we are searching for this local equality is 
*C n 5 3 s, in fact let us take a generic x G *C D S, then 

(°p,°x) GBxCC /i- 1 ^) C U p x T/ s . (8.3.6) 

Therefore, °x G y s and hence x G 'V^nS so that we can use (8.3.3) obtaining 
f{x) = *h{p,x). We can continue, saying that then °f(x) = h(°p,°x) G Vf s , 
because of (8.3.6), and hence f(x) G m Vf s n T. Now we can apply (8.3.4) 
with y = f(x) obtaining 

9{f( x )) = 'k(qjx) = *k(q,'h{p,x)) = *p(q,p,x). 

■ 

To prove that S'M 00 is a subcategory of the category Top of topological 
spaces, we need the following 

Theorem 8.3.3. If f : S — > T in S'R. 00 , then f is continuous with respect 
to the topologies T s and T T . 

Proof: Take A open in T and s G f~ l {A); we have to prove that, for 
some W s open in W, we have s G 'W s n5C Z" 1 ^) (see (8.3.1)). From 
f{s) G A G T T we have that f(s) G *Vf s nT C A for some open set Vf s C R l . 
On the other hand, from s G /~ X (A) C S and the Definition 8.3.1 of arrow in 
S'lR 00 , it follows that in a neighborhood V s ■= 'V s n S of s we can write the 
function / as / = *g{p, — ), where p G *C7 C •(RP) is the usual parameter. 
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Diagrammatically the situation is as follow: 



S T - > V f8 3 f(s) 




s g V, 



Intuitively, the idea is to consider the standard part of / and to define the 
open set W s we searched for using the counter image, along this standard 
part, of the open set Vf s . In fact, let us define 

W s :=[g{°p,-T l {V fs ), 

then W s is open in M s and we have 

s G *W S °s G W s 

g( P,°s)ev fs 
^ 'g(p,s)e'V fs 

f(s) G 'V fs . (8.3.7) 

The latter property f(s) G *V/ S is true, so we have that s G *W S fl 5. It 
remains to prove that "W g PlSC /~ 1 (t4). Let us take a point x G *W S H 5, 
then °x G W s C V s , and hence g(°p,°x) G V/ s . So, a; G "T^ and /(a;) = 
•<7<p, x) G "V) s . But f(x) G T, so f(x) G *F /s flTCi. 

■ 

In the following theorem we prove that the category S^IR 00 is closed with 
respect to subspaces (with the induced topology) and the corresponding 
inclusion: 

Theorem 8.3.4. Let S C *(M S ), and U G T s be an open set, with i : U ^ S 
the corresponding inclusion. Then we have: 

1. (U -< T s ) G S*M°° ; that is the topology T v defined by (8.3.1) coincides 
with the induced topology T (u-<s)- 

2. The inclusion i : U — ► S is an arrow of S'R°° . 

Proof: By (8.3.1), if A G T u we have that A is the union of *V D U C j4 for 
F open in M s . But *Vni7 = ('V n S)n£/ because [/CS. Therefore, 4 is the 
union of sets of the form Wf)U with W G T s , because := *VnS G T s , i.e. 
^4 is open in the subspace (U -< T s ). Vice versa if we can write A = B n U, 
where B is open in T s , then by (8.3.1) 

\/s *E A3V open in M s : seTnSCB, 
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so s G A C U and hence s G *V H £7 Q B C\U = A, and this proves that 
A G Ty, thus T[, = T [U<S) . 

Property 2. can be proved following ideas similar to those used in The- 
orem 8.3.2 to prove that the identities Is are always arrows of the category 
S'M 00 . 

■ 

Now we will prove the closure of S'lR 00 with respect to restriction to open 
sets (see Hypothesis 6.1.1): 

Theorem 8.3.5. Let f : S — > T in S'R 00 , U an open set in S and Van 

open set in T, with f(U) C V. Then 

f\u :{U-<S) — >{V <T) in S'M 00 . 

Proof: Recalling the Definition 8.3.1 of an arrow in S'lR 00 , and using the 
fact that, by hypotheses we already have that / : 5 — > T in S'lR 00 , we only 
have to prove that equalities of the form (8.3.2) hold locally also with respect 
to the topology of (U ~< S). Because of the previous Theorem 8.3.4 we can 
work with T v instead of T (u^s)- Take s G U, since U C S and / : S — ► T 
in S'lR 00 , using the usual notations we can write 

f(x) = 'g(p,x) (8.3.8) 

for every x G *V S l~l S 3 s and where g G C°°(U P x V s ). Hence s G 'V s n U, 
and because *V S fl U C *V S n S we have again the equality (8.3.8) in the 
neighborhood 'V, fl U of s in T r , and this proves the conclusion. 

■ 

Since it is trivial to prove that S'lR 00 contains all the constant maps (it 
suffices to take g(p, x) := p), to prove that S'lR 00 is a category of the types 
of figures, it remain to prove the sheaf property: 

Theorem 8.3.6. Let H, K G S'lR 00 , and (Hi) i£l be an open cover of H 
such that the map f : H — > K verifies 

ViG/: f\ Hi € S'R°°(Hi,K). (8.3.9) 

Then 

f :H — > K in S'R°° . 

Proof: Take s G H, then s G Hi for some i G /, and from (8.3.9) it 
follows that we can write 

(/k) (x) = f(x) = 'g(p, x) Vx G *V. n Hi. 

But iifj is open in H so that we can also say that s G *V' a fl H C iJj for 
some open set V;' of M h . The new neighborhood *(V^ H Vg) D H of s and 
the restriction g\u p x(V s nV^) verify that the function / is locally of the form 
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/ = — ) i n a neighborhood of s in H. 

■ 

We have proved that S'lR 00 and the forgetful functor | — | verify the 
hypotheses of Section 6.1 about the category of the types of figures and 
hence we can define 

•C°° := S'R 00 . 

Each object of *C°° will be called a Fermat space. 

We close this section with the following simple but useful result that 
permits to obtain functions in S'lR 00 starting from ordinary C°° functions. 

Theorem 8.3.7. Let f G C°°(IR k ,IR h ) be a standard C°° function and H C 
*(IR h ) and K C *(]R k ) be subsets of Fermat reals. If the function f verifies 
•f\ K (K) C H, then 

*f\ K :K — ► H in S'R°° . 

Proof: It suffices to define g(x,y) := f(y) for x G E and y G M k to 
obtain that 

'g(0,k) t =g(0,k t ) = f(k t ) = 'f(k) t , 
that is C/k) = '5<0, k) G H for every k G K. 
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9.1 Putting a structure on the sets 'X 

Now the problem is: what Fermat space could we associate to sets like *X 
or D? 

Definition 9.1.1. Let X G C°° , then for any subset Z C *X we call *{ZX) 
the extended space generated on Z (see Section 6.2) by the following set of 
figures d : T — > Z (where T C '(M}) is a type of figure in S'~BL°°) 

d G T>®(Z) d is constant or we can write 

d = *h\x for some h E v X such that T C 'V. 

(9.1.1) 

Thus in the non-trivial case we start from a standard figure h £ v X of 
type V G OR 00 such that Y 3 T; we extend this figure obtaining *h : 
'V — ► 'X, and finally the restriction *h\ T is a generating figure if it maps 
T in Z . This choice is very natural, and the adding of the alternative "d is 
constant" in the previous disjunction is due to the need to have all constant 
figures in a family of generating figures. 

Using this definition of *(ZX), we set (with some abuses of language) 

'X := %'XX) 
D := m (DR) 
*R := '('MR) 

•R k ■= •(•(R fc )R fc ) 
D k :='(D k R k ). 

We will call *(ZX) the Fermat space induced on Z by X G C°°. We can now 
study the extension functor: 
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Theorem 9.1.2. Let f G C°°(X,Y) and Z a subset of'X with 'f(Z) C 
W C •F, i/ien m 'C 00 we have that 

•(ZX) UZ_^»( WY ). 

Therefore *(— ) : C°° — ► "C 00 is a functor, called the Fermat functor. 

Proof: Take a figure 6 G 5 '{ZX) of type S G S'M 00 in the domain. We 
have to prove that S ■ ' f\z locally factors through S'lR 00 and V°(W) (see in 
Section 6.2 the definition of space generated by a family of figures). Hence 
taking s G S, since 6 G s '(ZX), we can write 6\u = f± • d, where U is an 
open neighborhood of s, f x G S , M 00 (C7 -< S, T) and d G V%(Z): 




seU >■ T 

h 



We omit the trivial case d constant, hence we can suppose, using the same 
notations used in the Definition 9.1.1, to have d = *h\x : T — ► Z with 
h G v X. Therefore 

• 'f\z)\u = S\ v ■ 9 f\z = fi-d- 'f\ z = h ■ *h\ T ■ 'f\z = fi ■ m {hf)\ T . 

But hf £ v Y since / G C°°(X,y) and h £ v X, so (5 ■ • f\ z )\u = fl ■ di, 
where d\ := '(hf)\x G T>®(W), which is the conclusion. The other functorial 
properties, i.e. * (lx) = l*x and ' (f • g) = */ • *<?, follow directly from the 
definition of the Fermat extension */ of / G C°°(X, 1"). ■ 

9.2 The Fermat functor preserves product of man- 
ifolds 

We want to prove that the bijective applications a defined in 8.2.2 and (3 
defined in 8.2.3, i.e. 

a MN : {[x]„, [yU) G 'M x *N i — > [(x,y)]„ G *(M x N) (9.2.1) 

f3 MN : [z]„ G *(M x AT) ([z • ■ Pjv]~) G *M x 'iV (9.2.2) 

are arrows of ECInfty. Where it will be clear from the context, we shall use 
the simplified notations a := a MN and j3 := j3 MN . To simplify the proof we 
will use the following preliminary results. The first one is a general property 
of the cartesian closure T of a category of figures T (see Chapter 6). 
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Lemma 9.2.1. Suppose that T admits finite products Kx J for every objects 
K, J £ J 7 , and an isomorphism 1 

j KJ : K x J — >■ K x J in T . 

Moreover, let Z , X , Y G T with X and Y generated by V x and V y respec- 
tively. Then we have 

f 

X x Y — ^ Z in T 

if and only if for any K, J G T and d G V*, 5 G V Y j we have 

j KJ -(dx6)-f e KxJ Z. 

The second Lemma asserts that the category of figures T = S'lR 00 verifies 
the hypotheses of the previous one. 

Lemma 9.2.2. The category S'lR 00 admits finite products and the above 
mentioned isomorphisms j K j- For K C *(]R k ) and J C '(W) these are given 
by 

Kx J = {(x,y) G "(R k+ j) | x G K , j G j} 

Ikj ■ (x,y) G K X J i — ► (x, y) G K x s J, 

where we recall that (x,y) = a R k R j(a;,y) = [t i— > (xt,yt)]~ and where K x s J 
is the set theoretical product of the subsets K and J . 

Moreover let M, N be C°° manifolds, and h £ v M, I G , N with K C m V 
and J C *V' , then 

Ikj ■ ('h\ K x *l\j) ■ a MN = *{h x l)\ KxJ . 

The proofs of these lemmas are direct consequences of the given definitions. 

Theorem 9.2.3. Let M, N be C°° manifolds, then in 'C°° we have the 
isomorphism 

*(M X N) ~ *M x *N. 

Proof: Note that in the statement each manifold is identified with the 
corresponding C°° space M. Hence we mean *M = *M = *{'MM) (see 
Definition 9.1.1 for the notation '(ZX)). To prove that a is a 'C°° arrow 
we can use Lemma 9.2.1, because of Lemma 9.2.2 and considering that *M 
and 'N are generated by V°( m M) and V°( m N). Since these generating sets 
are defined using a disjunction (see (9.1.1)) we have to check four cases 
depending on d G V%( m M) and 5 G V°(*N). In the first case we have 

1 Recall the definition of the embedding (— ) : T — > T given in Section 6.2. 



143 



Chapter 9. The Fermat functor 



d = °h\ K G Vx('M) and 6 = G T>j{*N) (we are using the same notations 
of the previous Lemma 9.2.2). Thus 

7„-(dx(5).a = • ( m h\ K x '/(j) •a = '(/iX 1)\k*j- 

That is 7 X J • (d X 5) • a is a generating element in *{M x N), and so it is also 
a figure. In the second case let us suppose 5 constant with value n G °N and 
d = *h\ K G V° K ('M). Take a chart I : RP — ► J7 on °n = n G £/ C N and 
let W := '(RP), p := 'Z -1 (n) G W. Note that 'l(p) = n = £(-). We have to 
prove that 7 KJ • (d x 5) • a G KxJ *{M x iV), so let us start to calculate the 
map j KJ ■ (d x 8) ■ a at a generic element (/c, j) £ K x J. We have 

a{(d x = a [(d x <5)(fc, j)] 

= a [d(fc), n] 
= a['h(k),'K P )] 
= {Ikw ■ [*h\ K x *l\j] ■ a}{k,p) 
= '{h x l)\ KxW (k,p), (9.2.3) 

where we have used once again the equality of Lemma 9.2.2. Thus let us call 
r the map r : (k,j) G \K x J| ^ (k,p) £ \K x W\, so that we can write 
(9.2.3) as 

7 A -j • (d x 6) • a = r • *(h x Z)Uxw- 

But *(/i x Z)|kxw is a generating figure of *(M x N) and r is an arrow of 
S'M 00 , and this proves that j KJ ■ (d x 5) ■ a £ K x J *(M x iV). The remaining 
cases are either trivial (both d and 5 constant) or analogous to the latter 
one. 

To prove that the map (3 MN is an arrow of *C°° is simpler. Indeed, take 
d G H *(M x AT) to prove that d • /3 MAr G H *M x *N. Due to the universal 
property of the product *M x 'N, it suffices to consider the composition of 
this map d-f3 MN with the projections of this product. But, if p M : MxN — ► 
M is the projection on M, then 

•M x *N -^L^ . (M x at) *gj£ > . M 

and *p M {ot MN (x,y)) = *p M ((x, y)) = x, so a MJV • *p M is the projection of the 
product *M x 'AT on *M. Therefore the conclusion d • f3 MN £ H *M x *N is 
equivalent to 

d ■ 0mn ■ OL MN 'p M = d ■ *p M G h *M 

d ■ f3 MN ■ a MN 'p N = d-'p N £ H *M 

which are true since *p M and *p N are arrows of 'C°°. ■ 
In the following we shall always use the isomorphism a to identify these 
spaces, hence we write *M x 'N = "(M x N), e.g. *(R d ) = {'R) d =: 'R d . 
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9.2.1 Figures of Fermat spaces 

In this section we want to understand better the figures of the Fermat space 
m (ZX); we will use these results later, for example when we will study the 
embedding of Man into *C°°, or to prove some logical properties of the 
Fermat functor. 

From the general definition of .F-space generated by a family of figures 
(see Section 6.2), a figure 5 G s *(ZX), for S G S'lR 00 , can be locally factored 
as 5\v = f • d through an arrow / G S*IR 00 (y, T) and a generating function 
d G V®(Z); here V = V(s) is an open neighborhood of the considered point 
s G S, so that we can always suppose V to be of the form V = *B n S (see 
in (8.3.1) the definition of topology for S). Hence, either <5|y is constant (if 
d is constant) or we can write d = '}i\t and / = *g{p, — ) so that 

8(x) = d[f(x)] = 'h['g(p, x)) = '{gh){p, x) V* G V = 'B n S, 

where A x B is an open neighborhood of (°p,°s). Therefore we can write 

5{x) = '-f{p,x) Vx£'Br\S, 

with 7 := g\ AxB ■ h G C°°(A x B, X). Thus figures of *(ZX) are locally 
necessarily either constant maps or a natural generalization of the maps 
of S'lR 00 , that is "extended C°° arrows *7(— ,— ) with a fixed parameter 
'liPi ~ )"• Using the properties of *C°° and of its arrow 0!rprs it is easy 
to prove that these conditions are sufficient too. Moreover if X = M is 
a manifold, the condition il 8\y constant" can be omitted. In fact if <5|y is 
constant with value m G Z C *M, then taking a chart if on °m G M we 
can write 5(x) = m = *^{p,x), where p = '(p(m) and 7(x,y) = ip~ 1 (x). We 
have proved the following 

Theorem 9.2.4. Let X G C°° , Z C *X, S C *IR S and 5 : S — ► Z. Then 
we have 

S G s \ZX) 

iff for every point s £ S there exist an open set B in M. s such that s G *B 
and such that either 

°"\*BnS is constant, (9.2.4) 

or we can write 

S( x ) =*7{p,x) Vie'BnS 

for some 

p G 'A, where A is open in M. p 
7 G C°°(A x B,X). 

Moreover if X = M is a manifold, condition (9.2.4) can be omitted and there 
remains only the second alternative. ■ 



145 



Chapter 9. The Fermat functor 



Using this result we can prove several useful properties of the Fermat 
functor. The following ones say that we can arrive at the same Fermat space 
starting from several different constructions. 

Theorem 9.2.5. The Fermat functor has the following properties: 

1. IfX€ C°° and Z C \'X\, then '(ZX) = (Z < 'X). 

2. IfSQ \'R S \, then S = '(SR 5 ) = (S -< 'R 5 ). 

E.g. if / : 'R 5 — ► 'X is a 'C°° arrow, then we also have f : *W — ► 
'X because 'R s = *(*(IR S )IR S ) = 'R s and the previous property 2 holds. 
Therefore, / G. s *X and locally we can write / either as a constant function 
or, with the usual notations, as f(x) = '"f(p,x). For functions / : / — > 'X 
defined on some set / C of infinitesimals which contains £ I, these 
two alternatives globally holds instead of only locally, because the set of 
infinitesimals I is contained in any open neighborhood of 0. 
Proof: To prove 1. let us consider a figure S G s (Z -< 'X) of type S G S'R 00 
and let i : Z \'X\ be the inclusion. We have to prove that 5 G s m (ZX), 
and we will prove it locally, that is using the sheaf property of the space 
'(ZX). By the definition of subspace, we have that 5 ■ i = 5 G s 'X = 
*(\'X\X), so that for every s G S we can locally factor the figure S through 
S'lR 00 and a generating figure d G P° (|*X|), i.e. 5\u = f ■ d for some open 
neighborhood U of s and some / : (U ~< S) — > K in S'M 00 . If d is constant, 
then so is S\u and hence S\u £ u *{ZX). Otherwise, we can write d = *H\k 
for some h G v X, with V open in M k such that K C *V (see Definition 
9.1.1). To prove that 5\u £ v '(ZX) we exactly need to prove that the map 
5\u factors in the same way, but with a generating figure d' having values in 
Z and not in the bigger \'X\ (like d does). For this reason we change the 
subset K with the smaller K' := f(U) CXCYC 'R k , so K' G S'R°° , and 
we set d' := °Ii\k>. The map d! has values in Z, in fact for x G K' = f(U) 
we have x = f(u) for some u G U, and 

d'(x) = 'h(x) = "/»(/(«)) = d(f(u)) = 5(u) G Z. 

Hence d' G V%(Z) and 5\u{u) = d{f{u)) = d'{f{u)) for every u G U, so 
5\u £ u '{ZX). We have proved that 

Vs G S3 U open neighborhood of s in S : 6\u £ u '(ZX), 

hence 5 £ s '(ZX) from the sheaf property of the space '(ZX) G 'C°°. For 
the opposite inclusion we only have to make the opposite passage: from 
d! : K' — ► Z with values in Z to d := d' : K' — > \'X\ with values in the 
bigger \*X\, but this is trivial. 

Because of the just proved property 1., to prove 2. we have to verify 
only the equality S = '(SR S ), so take a figure 6 G T S = (S'R°°(-, S), S) 
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and then 5 G S'R°° (T,S). But 1 R . G rS M s , so "(1r.)|s = l-m-ls = Is, 
so l s G P°(5) and 5 = «5 • l s factors through a map of S m R°°{T,S) (tf 
itself) and a generating figure of T>®(S), i.e. S G T "(STR 5 ). To prove the 
opposite inclusion, let us take 5 G T *(SM. S ), then from Theorem 9.2.4 we 
have that in a suitable neighborhood U of a given generic point s G T we 
have that either 5\u is constant, or we can write 6\u = *7(p, —)\u f° r some 
7 G C°°{A x B,R 5 ). In both cases we have that <% G S'R°°{U, S), so 
<5|[/ £ v S, and the conclusion follows from the sheaf property of S. ■ 

9.3 The embedding of manifolds in 'C°° 

If we consider a C°° space X, we have just seen that we have the possibility 
to associate a Fermat space to any subset Z C \'X\. Thus if X is separated 
we can put a structure of 'C°° space on the set \X\ of standard points of X, 
by means of X := '(\X\X) = (\X\ ~< *X). Intuitively X and X seem very 
similar, and in fact we have 

Theorem 9.3.1. Let X , Y be C°° separated spaces, then 

1. X = Y => X = Y 

2. X — - — > Y in 'C 00 ^ X — - — ► Y in C°°. 

Hence C°° separated spaces are fully embedded in 'C°° , and so is Man. 

Proof: The equality X = Y implies the equality of the support sets \X\ = 
\Y\. We consider now a figure d G H X of type H, where H is an open set 
of M h . Taking the extension of d and then the restriction to standard points 
we obtain 

(H^'H) — — > (\X\ -< *X) = X = Y. (9.3.1) 

But from Theorem 9.2.5 we have (H -< m H) = {H ~< 'R h ) = '(HR h ) = H, 

hence 

*d\ H = d:H — > Y in 'C 00 

and so d £ H Y . Therefore for every s G H either d is constant in some open 
neighborhood V of s, or, using the usual notations, we can write 

d( x ) = m j{p, x) Vx G'BDH = BHH, (9.3.2) 

where *BC\H = BnH because H C M h is made of standard point only. Let us 
note that the equality in (9.3.2) has to be understood in the space *Y. Hence 
for every x G Bf]H we have that °d(x) X °[y(p, x)] in Y, and so we can write 
d(x) = ^y(po,x) because Y is separated and x G B n H C M h is standard. 
Therefore d\BnH is a Y- valued arrow of C°° defined in a neighborhood of the 
fixed s. The conclusion d G fl Y thus follows from the sheaf property of Y. 
Analogously we can prove the opposite inclusion, so X = Y . 
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If we suppose that / : X — ► Y in *C°° , then from the proof of 1. we 
have seen that if d £ H X then d £ H X. Hence f(d) G H Y . But once again 
from the previous proof of 1. we have seen that this implies that f(d) £ H Y, 
and so / : X — > Y in C°°. 

To prove the opposite implication it suffices to extend / so that */ : 
'X — > 'Y, to restrict it to standard points only so that 

: (1*1 -< 'X) = X — (\Y\ -< -Y) = Y, 

and finally to consider that our spaces are separated so that = /■ B 

An immediate corollary of this theorem is that the extension functor is 
another full embedding for separated spaces. 

Corollary 9.3.2. Let X,Y be C°° separated spaces, then 

1. 'X = 'Y => X = Y 

2. IfX — - — ► *Y in 'C 00 and f(\X\) C \Y\ then 

X > Y m C°° 

3. 'X — ► *Y in 'C°° X — - — ► Y in C°° 

4- If f, g : X — > Y are C°° functions, then 

'f = 'g => f = g- 

Proof: To prove 1. we start to prove that the support sets of X and Y are 
equal. Indeed, if we take standard parts, since *X = *Y, we have 

{°x | x e 'X} = \X\ = {°x | x e *Y} = \Y\. 

Hence X = (\X\ -< *X) = (\Y\ -< 'Y) = Y and the conclusion follows from 

1. of Theorem 9.3.1. 

To prove 2. let us take the restriction of / to \X\ C then f\\x\ '■ 

X = (\X\ ~< 'X) — ► {\Y\ ^'Y) = Y in 'C 00 , so the conclusion follows from 

2. of Theorem 9.3.1. Property 3. follows from the just proved 2. considering 
that */||x| = / an( i using Theorem 9.1.2. The same idea of considering 
restrictions can be used to prove 4- B 

9.4 The standard part functor cannot exist 

It is very natural to ask if it is possible to define a standard part functor, 
that is a way to associate to every Fermat space X S *C°° a space °X £ 
C°° intuitively corresponding to its "standard points" only. This application 
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°(— ) : 'C°° — > C°° has to satisfy some expected properties, some example 
of which are functoriality, its support set has to be included in the original 
space, i.e. \°X\ C \X\, and we must also have examples like °D = {0} and 
°(*K) = K. Because, intuitively, the Fermat extension *X G *C°° appears to 
be some kind of completion of the standard space X G C°°, we also expect 
that the Fermat functor is the left adjoint of the standard part functor, 
*(— ) H °(— ). Indeed, it is natural to expect that this adjunction is related 
to the following equivalence 2 

°f 

e°°^x — - — > °y 

- f (9-4.1) 

•C°° N *X — - — ► Y 

If one tries to define this standard part space (and the corresponding stan- 
dard part map acting on arrows, i.e. / G % C°°{X,Y) ^ °f G C°°( X, Y)), 
then several difficulties arise. 

For example, the first trivial point that has to be noted in the searching 
for the definition of °X, is that we want to have \°X\ C \X\, that is the 
standard points have to be searched in the same Fermat space X G 'C°° 
from which we have started. For a generic space X G *C°°, that is in general 
not a space of the form X = *Y, we do not have an easy way to associate to 
each point x G X another point s G X making the role of its standard part. 
Because, on the contrary, the definition of standard part is a trivial problem 
in numerical spaces of the form *M. d , the natural idea seems to use, as it has 
been done several times in past definitions, observables like X D U — - — ► 9 M. d 
and to reduce the problem from the space X to the numerical space *M. d . 
But this idea naturally leads to the problem of how it is possible to return 
back from *M d to X. Unfortunately, this seems solvable only for spaces X 
sufficiently similar to manifolds, where charts are invertible observables (thus 
not for generic spaces X). 

Moreover, we also have to consider examples like X = {dt} C D \ {0}, 
where it seems natural to expect that °X = 0, so the searched map x i— ► 
°x = s in general cannot be defined and we have to restrict our aim to prove, 
whether this would be possible, that for every x G X there exists at most 
one s G X corresponding to its standard part. 

Another idea could be to identify the standard points s G X as those 
points that can be obtained as standard values of figures of the form 5 : 
*U — ► X, i.e. of point of the form s = 8{r) for r G U. But the case 
of constant figures having non standard values, like 5(u) = dt, represent a 
counter example to this intuition. 

These are only few examples of unsuccessful attempts that can be tried 
if one would like to define a standard part functor. The confirmation that 

2 The horizontal line indicating the logical equivalence between the formula above and 
the formula below, similar to the notations in the logical calculus of Gentzen, but where 
the line indicates logical deduction of the formula below from the formula above. 
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this is not a trivial goal is given by the following impossibility results. For 
their proof we need some preliminary lemmas. 

9.4.1 Smooth functions with standard values 

The following result state that a function defined on the Fermat reals and 
having standard values only, i.e. of the form / : *R — ► R, is necessarily the 
Fermat extension of its restriction /|r to the standard points only. 

Lemma 9.4.1. If f : *W — > R is smooth (i.e. it is an arrow of'C°°), then 

1, /| K : R — >R is smooth in C°° 

8. f = '(fk)- 

Proof: To prove 1. we only have to consider the general Theorem 6.3.2 
about the restriction of maps. Indeed, since the map / has only values in M, 
we have /(R) C R and hence since / : *R — ► R in 'C°°, we have 

/|k : (R -< *R) = R — ► (R -< R) = R in 'C 00 , 

from which the conclusion 1. follows thanks to Theorem 9.3.1. 

To prove 2. we will use Theorem 9.2.4. In fact, for every x E 'K we 
can write f(y) = 7(59, y) for every y £ V in an open neighborhood V of 
x. Possibly considering the composition with a translation, we can suppose 
°p = and hence p € D% C *M P for some order n € N>o- Considering the 
infinitesimal Taylor's formula of 7 of order n with respect to the variable 
p E *IR P , we have 

f(y) = 7(0 + p, y) = X) • y) v ^ G v ' ( 9 - 4 - 2 ) 

|a|<n 

where d\ indicates the derivation with respect to the first slot in 7(— ,— )■ 
But f(y) E M and hence °(f(y)) = f(y), so the infinitesimal part of f(y) is 
zero. From (9.4.2) we thus obtain 

E £-flf7(Q,v) = o. 

|a|<n 

Therefore /(y) = 7(0, y) for every y E V and hence f(x) = 7(0,2;) = 
•[7(0,-)](x) = '/kW. ■ 
From this lemma we obtain the following expected result: 

Corollary 9.4.2. If f : *R — ► R «s smooth, then f is constant. 
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Proof: Prom the previous Lemma 9.4.1, if g := then / = 'g, hence 
using the derivation formula with g we have 

VxGMV/iG£>: f{x + h) = f(x) + h-g'{x). (9.4.3) 

But f(x+h) G R hence f(x+h) = °f{x + h) = [f{x) + h • </(x)] = °f(x) = 
g(x), so from (9.4.3) we obtain f(x + h) = g(x) = g(x) + h • g'{x) and hence 
g'{x) = and so g is constant because from Lemma 9.4.1 we have that 
g : R — ► R is smooth. ■ 
The most natural example of a function defined on *R but with standard 
values is the standard part map °(— ) : *M — ► R, which of course is not 
constant, so we have the following 

Corollary 9.4.3. The standard part map °(— ) : *M — ► R is not smooth. ■ 

As a consequence of this corollary we have that the standard part functor 
cannot exists. We will prove this assertion in two ways: 

Theorem 9.4.4. Let (-) : C^ p — > 'C°° be the embedding of separated C°°- 
spaces into the category 'C°° of Fermat spaces (see Section 9.3). Then, there 
does not exist a functor 

°(_) . 'c°° — ► C°° 
with the following properties: 

1. There exists a universal arrow of the form (77, *R) : R — - — > °(*R). 

2. In C°° we have the isomorphism °K ~ R. 

3. The functor °(— ) preserves terminal objects. 

Therefore, there does not exists a right adjoint of the Fermat functor that 
satisfies the isomorphism °M ~ R in C°° and preserves terminal objects. 

Proof: We proceed by reduction to the absurd, recalling (see Appendix A) 
that such a universal arrow has to verify 

•R G 'C°° (trivial) 

C°°^M V > °fR), 

and has to be the co-simplest arrow among all arrows satisfying this property, 
i.e. for every pair (/i, A) that verifies 

A G 'C 00 (9.4.4) 
C°° 1= R ^ ) °A, (9.4.5) 
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there exists one and only one arrow ip such that 



N *E ^ > A (9.4.6) 



C°° 1= R U- °(*R) (9.4.7) 




.4 



Let us set A = M G 'C 00 in (9.4.4) and (9.4.5) and let \i : E — > °R be the 
C°°-isomorphism of the hypothesis °R ~ E, then by (9.4.6) and (9.4.7) we 
obtain that ip : *E — ► E in 'C 00 and rj-°ip = [i. From Corollary 9.4.2 we 
have that 9? must be constant, that is there exist a value r£l such that 




1 



where 1 € *C°° is the terminal object. Therefore tp = t ■ r and hence 
°tp = °t • °r since °(— ) is supposed to be a functor. So the map °<p factors 
through °1 which, by hypothesis, is the terminal object of C°°, hence °ip is 
constant too. But this is impossible because 77 • °cp = fx and \i : K — > °R is 
an isomorphism. ■ 
Finally, we want to prove a similar conclusion starting from the equiva- 
lence (9.4.1) 

Theorem 9.4.5. The equivalence (9.4.1) is false for n = 00, X = Y = K 
and f = °(-) : *R — > R the standard part map if °R = E and °(°(-)) = 

Proof: Indeed from Corollary 9.4.3 we know that the standard part map 

f 

f is not smooth, that is the property 'C°° 1= *M ► E is false. On the 

other hand, we have that for X = Y = E and / = °(— ) the property 

C°° 1= X -^-> T becomes 

°(°(-)) 
C°° 1= E ^ — ^ — ► °R 



that is, by the assumed hypotheses 

°(-) 

C°° \= R — — ► E, 
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which is true because the standard part map is the identity on R. ■ 
Analyzing the proofs of these theorems, we can see that the only possi- 
bility to avoid this impossibility result is to change radically the definition 
of the category of Fermat spaces *C°° so as to include non constant maps 
of the form / : *M — ► M. This seems possible thanks to the flexibility of 
the cartesian closure construction (Chapter 6), but this idea has not been 
developed in the present work. 
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Chapter 10 

Logical properties of the 
Fermat functor 

In this section we want to investigate some logical properties of the Fermat 
functor, with the aim to arrive to a general transfer theorem. We will see that 
there are strict connections between the Fermat functor and intuitionistic 
logic. 

10.1 Basic logical properties of the Fermat functor 

In this section we will start to investigate some basic logical properties of 
the Fermat functor, i.e. the relationships between a given logical operator 
(i.e. a propositional connective or a quantifier) and the related preservation 
of the Fermat functor of that operator. 

The first theorem establishes the relationships between the Fermat func- 
tor and the preservation of implication. 

Theorem 10.1.1. Let X, Y £ C°° with \X\ is open in Y and such that 
X CY inC°° (see Section 6.3), then *X C *Y in *C°°. 

In other words, the Fermat functor preserves implication if the antecedent is 
a property represented by an open set. 

Proof: Let us first assume that X C Y and recall that X C Y means 
\X\ C \Y\ and X = (\X\ -< Y), i.e. the space X has exactly the structure 
induced by the superspace Y on one of its subsets. This is equivalent to the 
following two properties: 

V5: Se H X =► Se H Y (10.1.1) 

V<5: S:\H\ — ► \X\ , 5 ■ i <E H Y =► 5 e H X, (10.1.2) 

where i : \X\ <— ► \Y\ is the inclusion. Using the Fermat functor we have that 
*i : *X — > *Y in 'C°°. How does the map *i act? If, to be more clear, 
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we use the notation [x]x '■= [(^t)t]~ with explicit use of equivalence classes, 
then we have 

Vx: [x] x €\'X\ => 'i([x] x ) = [x-i] Y = [x] Y e\'Y\, 

hence *i : [x]x •— ► My- We want to prove that this map is injective. In 
fact, let us take [x]x, [y]x G 'X such that [x]y = [y]y and an observable 
ip : (V -< X) — ► K defined on the open set V G T x - Prom the results of 
Section 6.3 it follows that (V ~< X) = (V ~< (\X\ ~< Y)) = (V <Y) and also 
that V G T Y because, by hypothesis, \X\ is open in Y . Therefore VK is a 
zone of Y too and hence ip : (V -< Y) — ► K is an observable of Y . From 
the equality [x]y = [y]y it follows 

x G V <=^> y G V 

x £V =► i>(x t ) = i>{y t ) + o{t) 

which proves that [x]x = [y]x, that is the map *% is injective. This injection 
is exactly the generalization of the identification that permits to write *U C 
•]R fc if U is open in M fc (see Section 8.2). For these reasons we simply write 
\*X\ C \'Y\ identifying \'X\ with 'i(\'X\) C Now we have to prove 

that 'X C m Y, i.e. 'X = -< *Y), i.e. '(rX|X) = (\*X\ ~< *Y) since 

•X = '(\'X\X) by the Definition 9.1.1 of Fermat functor. So, let us first 
consider a generic figure 5 £ s *X of type S € S'lR 00 ; using Theorem 9.2.4 
we have that for every s G 5 there exists an open neighborhood V = 'B n S 
of s in S such that either S\y is constant or we can write 5\v = *7(p, — )|v 
for some 7 G C°°(^ x In the first case, trivially 6\ v G s (|*X| -< *Y), 

because any space always contains all constant figures. In the second case, 
since i G C°°(X, Y) we have 7 • i = 7 G C°°(A x B, Y) and, once again from 
Theorem 9.2.4, we obtain that 5\u G^ i\'X\ -< *y). From the sheaf property 
of the space {\'X\ -< *Y) the conclusion 5 G g (\*X\ -< m Y) follows. 
Vice versa if 5 G s (\'X\ -< *Y), then 5 G s (\'X\'Y) by Theorem 9.2.5 so 
that, using again Theorem 9.2.4 and notations similar to those used above, 
we have that either 5\y is constant or 5\y = '"f{p, — )\v, but now with 7 G 
C°°(A x B,Y). The first case is trivial. For the second one, it suffices to 
restrict 7 so as to obtain a function with values in X instead of Y. But 
|X| is open in Y so 7~ 1 (|X|) is open in A x B. Thus, we can find C and 
D open neighborhood of °p and °s respectively such that \x := 7|c* X D G 
C°°(C x D,(\X\ ~< Y)) = C°°{C x D,X), the last equality following from 
ICY. Of course 6\»Dr\S = *A*(P) — )|*Dns an d hence 5 G s 'X. 

■ 

The following theorem says that the Fermat functor takes open sets to 
open sets. 

Theorem 10.1.2. // X G C°° and U is open in X, then *U is open in 'X 
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Proof: From the previous theorem we know that \'U\ C \'X\. Let us take 
a figure d G s 'X of type S C *M S ; to prove that *U is open in 'X we have 
to prove that is open in 5, that is we have to prove that d~ l {'U) 

is generated by sets of the form *C n S for C open in R s . So, let us take a 
point s G (i -1 (*£7), once again from the characterization of the figures of *X 
(Theorem 9.2.4), we have the existence of an open neighborhood V = 'BdS 
of s in S such that either d\v is constant, or we can write d\v = *7(p, — )|y, 
for 7 G C°°( J 4 xfl,I) and po G A open in W. In the first trivial case 
we can take C := M s , so we can consider the second one only. Because 
d(s) G 'U, we have that °d(s) = j(po,so) G U. Since [/ is open in X, we 
have that 7~ 1 (L r ) is open in Ax B, so from (po ? so) G 7~ 1 (f7) we get the 
existence of two open sets D and C, respectively in A C M p and S C M s , 
such that (poi so) £ -D x C ^ T" 1 ^)- From this we obtain that s G *C fl S, 
which is the first part of our conclusion. But C is open in B, so *C C # B 
from the previous theorem and hence *C n 5 1 C # B fl 5 = V, and we can 
write = *7(p, a;) for every x G *C D 5. Therefore °d{x) = 7(^0^0) £ U 
because (po, xq) eDxCC 7- 1 ([/"). From °d(x) G [/we hence get d(x) G *I7 
because U is open, and hence we have also proved that x G d~ 1 (U) for every 
x G *C n 5, which is the final part of our conclusion. 

■ 

From this theorem we also obtain the important conclusion that the Fermat 
functor preserves open covers, i.e. if {U a ) a&A is an open cover of X G C°°, 
then {*U a ) a( - A is an open cover of *X. 

The following theorem is the converse of the previous 10.1.1 in the case 
where the spaces are separated. 

Theorem 10.1.3. In the hypothesis of Theorem 10.1.1, if X and Y are sep- 
arated, then 'X C *Y in 'C°° implies ICF in C°° . 

Proof: lf5e u X is figure, then *6 :*U — ► 'X in 'C 00 and hence *<5 £. p 
*X. but *X C •y, so '5 G >(7 •y. From Corollary 9.3.2 we thus have 5 £ v Y. 
It remains to prove condition (10.1.2). If <5 ■ i G H Y, then '8 ■ *i G. *y. 
Recalling that *X is always identified with *i(*X), we can set j : *i('X) ■— > 
•y the inclusion so that *<5-'i = *5-'i-j G. H *y and hence 'J-'i G. H *i('X) 
since C *y. Using the identification 

•C°° t= *i : -X — >- m i( m X) 

this means that *5 G. *X and hence 5 £ H X from Corollary 9.3.2. 

■ 

From the preservation of the inclusion we can prove that if X is an open 

subspace of Y, then the operators ( < *X) and ( < *Y) conduct to the 

same subspaces, i.e. we can change the superspace Y with any other open 
superspace X. 
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Corollary 10.1.4. If X O Y in C°° , \X\ is open in Y and Z C \'X\ then 
(Z ~< *X) = {Z< •Y). 

Proof: This is a trivial consequence of Corollary 6.3.3. In fact since from 
Theorem 10.1.1, we have that *X C *Y in 'C°° and hence we can apply the 
cited Corollary 6.3.3. ■ 
From this result we can prove that the Fermat functor preserves also 
counter images of open sets through C°° functions. 

Theorem 10.1.5. Let f : X — > Y and Z C Y in C°° , with \Z\ open in 
Y. Moreover define the spaces T l {'Z) := Cf~ l (\'Z\) -< *X) G *C°° and 

f~ l {Z) := <X)e C°°. Then we have the equality 

'[f- 1 {Z)]=T l ('Z) 

as Fermat spaces. 

Proof: Let us start from the support sets of the two spaces: 

x G T\\'Z\) = C/r 1 (\'Z\) 'f{x) G \'Z\ 

^V°t: f{x t )e\Z\ 

On the other hand we have 

xG'[rH\z\)} <=> y°t-. Xt er\\z\) 

V°t : f{x t ) G \Z\ 
Hence the support sets are equal. Now we have 

• [r\z)\ = - (• [r\\z\)] r\z)) = (• [r\\z\)) ~< • [r\z)])> 

(10.1.3) 

the first equality following from the Definition 9.1.1 of Fermat functor, and 
the second one from Theorem 9.2.5. But f~ 1 (\Z\) is open in X because \Z\ 
is open in Y, hence from the previous Corollary 10.1.4 we can change in 
(10.1.3) the superspace * with ' x 2 * hence 

• [r\z)\ = (• [r\\z\)] < -x) = (th\'z\) ~< -x) = -rH'z), 

where we have used the equality of support sets, i.e. 

'[r\\z\)]=T\\'z\) 

and the definition of the space */ _1 (*Z). 

■ 

Now we consider the relationships between the Fermat functor and the 
other propositional connectives. 
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Theorem 10.1.6. The Fermat functor preserves intersections and unions 
of open sets and the intuitionistic negations, i.e. 

1. If A C X and B C X in C°° and \A\, \B\ are open in X, then 

•{An x B) = Mn. x 'B 

and 

*(AU X B) =MU'B 

where, e.g. AU X B := (|i4|U|B| -< X), *AC\' X 'B := (|M|nrB| -< 9 X), 
etc. 

2. If X C Y in C°° and \X\ is open in Y, then 

' [inty(Y \ X)] C int.y(*y \ m X), 

where int^S") is the interior of the set S in the topological space T. 

3. In the hypotheses of the previous item, if X and Y are separated and 
the topology of 'Y is generated by open subsets of the form *B with B 
open in Y , i.e. A = (J {'B C A \ B £ T Y } for every A £ T» Y , then 

'[mt Y (Y\X)}=mt. Y ('Y\ 9 X), 

i.e. in this case the Fermat functor preserves intuitionistic negations. 

When the topology of a Fermat space of the form *Y is generated by 
open subsets of the form *B with B open in Y, we will say that the topology 
of 'Y is '(—)- generated. 
Proof: 

1. We start proving that the space A C\ x B is the infimum of the spaces A 
and B with respect to the partial order of inclusion between C°° spaces. In 
fact, because of Corollary 10.1.4 we have 

A n x B = (\A\ n \B\ -<x) = (\A\ n \b\ ~< A) = (\A\ n \B\ h b), 

that is, A f] x B C A and Af] x B C B. Now, let us consider a space C £ C°° 
such that C C A and C C B, then \C\ C \A\ n \B\ and, e.g., C = (|C| H 
A) = (\C\ -< (|4| -< X)) = (|C| -< X). But |A n x B\ is open in X and we 
can hence apply Corollary 10.1.4 again, obtaining C = (\C\ -< A n x B), i.e. 
C C A n x B. Analogously we can prove that A U x B is the supremum of 
the spaces A and B, or the analogous properties in the category *C°°. 

Therefore, from An x B C A and An x B C B we obtain '(An x B) C 9 A 
and '(A D x B) C '5 and hence *(A n x B) C *^ n- x '-B because of the 
greatest lower bound property. Vice versa, if 5 £ s 'A n« x 'B is a figure 
of type S C *]R S , then using the characterization of the figures of a Fermat 
space, i.e. Theorem 9.2.4, we can say that for every s S S there exists an 
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open neighborhood V = 'CP\S of s such that either 5\y is constant or 
we can write 5\y = 'j(p,—)\v for 7 G C°°(C x D,X). In the first case 
S\v G y *(A n A - B); in the second one °5(s) = ^y(po, so) G A n x B, therefore 
we can find a sufficiently small neighborhood E x F of (po,so) such that 
for U := # F n S we have <5|t/ = *7(p,-)|i7 : £7 — ► "(A n x B), so that 
6\u *(i n x S). The conclusion 5 G s *(An x B) follows from the sheaf 
property of the space •(■An* B). Analogously we can prove that the Fermat 
functor preserves unions of C°° spaces. 

2. Let us start proving that inty(Y \ X) verifies the expected lattice prop- 
erties. Being defined as a subspace of Y, we have 

C°° Ninty(y \X) C Y. (10.1.4) 

Moreover, because |inty(y\X)| C |y|\|A|, we have that |X|n|inty (Y\X)\ = 
0, so 

C°° NXninty(y \X) = 0. (10.1.5) 

Now, we can prove that among the open subspaces of the space Y, the 
subspace mty(Y \ X) is the greatest one verifying the previous properties 
(10.1.4) and (10.1.5). Indeed if A <= C°° is open in Y, i.e. \A\ G T Y , and 
A C y, X n A = 0, considering its support set we have \A\ C |y| \ |X| and 
hence |A| C |inty(y \X)| because |A| is open in Y. From icy, and using 
Corollary 10.1.4 we also get 

A = {\A\<Y) = {\A\<mt Y {Y\X)) 1 

that is AC inty(y \X). 

Applying the Fermat functor to the properties (10.1.4) and (10.1.5) we 
obtain ' [inty(y \ X)] C m Y and m X n * [inty(y \ X)} = 0, and hence 

' [inty(y \ X)} C int.y("y \ *A) 

5. To prove the opposite inclusion, let us take a figure 5 G s int«y (*Y \ *X) 
of type SCT. Then, for every s G 5 we have £(s) G int.y(*y \ so 
that 5(s) G A C |*y| \ |*X|, with A open in *y. But, by hypothesis, we 
can find an open set B G T Y such that <5(s) G *fi C A C \'Y\ \ \*X\, and 
hence B C inty(y \ X) because B C *B and |X| C |*X| (all the spaces 
and their subspaces are separated by hypothesis). Now, we can proceed in 
the usual way using the characterization of the figures of a Fermat space 
(Theorem 9.2.4), from which we get the existence of an open neighborhood 
V = *C fl S of s such that either 8\y is constant or we can write <5|y = 
*7(p,-)|v for 7 G C°°(C x D,Y). In the first case 5\ v e v * [inty(y \ X)]; 
in the second one °5(s) = 7(po>so) G -S, therefore we can find a sufficiently 
small neighborhood E x F of (po^o) such that for £7 := 'F n 5 we have 
5\u = '"/(p,-)\u : U — >'B, so that S\ v e v 'B C • [inty(y \ AT)]. The 
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conclusion 5 G s * [inty(Y \ X)] follows from the sheaf property of the space 
•[mt Y (Y\X)}. 

■ 

Definition 10.1.7. If X, Y £ C°° are separated space and \X\ is open in 
Y, then we will use the notation 

^ Y X := (mt Y (Y\X) ~< Y) 

-n. Y 'X := (int.y("y \ 'X) -< *Y) . 

Moreover, if A, B are open in Y , then we also set 

A => y B := -^ Y A U y B. 
Therefore, from the previous theorem we can say that 

(— tyX) = ~ l»y X 

' (A ^ Y B) = (M =w 9 B) 

Let us note that the hypotheses of 3. in the previous theorem are surely 
verified for X, Y manifolds. 

Finally, we have to consider the relationships between the Fermat functor 
and the logical quantifiers. 

Definition 10.1.8. Let J- be a category of types of figures and f : X — > Y 
be an arrow of the cartesian closure T . Then for Z C \X\ we set 

3 f (Z) := (f(Z) < Y) (10.1.6) 

y f (Z) := (mt Y {y € \Y\ \ f-\{y}) C Z} -<Y) (10.1.7) 

Theorem 10.1.9. Let f : X — > Y be a C°°-map. Moreover, let us suppose 
that 

1. Z is open in X, 

2. f is open with respect to the topologies T x and T Y , 

3. f\ z ■ (Z ~< X) — ► (f(Z) ~< Y) has a left 1 inverse in C°° , 
4- X, Y are separated. 

Then we have 

•(3 / (Z)) = 3 v CZ) 

i.e., in these hypotheses, the Fermat functor preserves existential quantifiers. 

x Let us note that here the word "left" is with respect to the composition of functions rep- 
resented by the symbol (/ • g) (x) = g{f(x)) (that permits an easier reading of diagrams), 
so that it corresponds to "right" with respect to the notation with (/ o g) (x) = f(g(x)). 
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Theorem 10.1.10. Let f : X — > Y be a C°° -map. Moreover, let us suppose 
that 

1. Z is open in X, 

2. the topology of'Y is *{ — )- generated, 

3. X , Y are separated. 
Then we have 

•(V(Z))=V 7 ('Z) 

i.e., in these hypotheses, the Fermat functor preserves existential quantifiers. 

To motivate the definitions (10.1.6) and (10.1.7) we can consider as / a 
projection p : A x B — ► B of a product, then for Z C \A x B\ we have 

\3 P {Z)\ = p(Z) = {b | 3x G Z : b = p{x)} = {b G B \ 3a G A : Z(a, 6)}, 

where we used Z(a,b) for (a, b) G Z. This justifies the definition of 3 j as a 
generalization of this 3 p . 

Taking the difference \Y\ \ \ 3j(Z)\ we obtain 

\Y\ \ \3 f (Z)\ = \Y\ \ f(Z) = {y€Y\ ^(3x G Z : y = f(x))} = 
= {y|VxGX: y = f{ x )^xiZ} = 
= {y\r 1 ({y})^X\Z} = 
= \V f (X\Z)\ 

This justifies fully the definition of Vj in the case of classical logic. For 
example, in the case of a projection p : A x B — > B, for Z C \A x B\ we 
have 

|V P (Z)| = {b | Vx G X : 6 = p(s) =>■ x G Z} = {b G 5 | Va G A : Z(a, b)} 

In an intuitionistic context 2 the interpretation of a formula in a topological 
space must always result in an open set (We recall that like the classical 
logic can be interpreted in any boolean algebra of generic subsets of a given 
superset, the intuitionistic logic can be interpreted in the Heyting algebra of 
the open sets of any topological space (see e.g. Rasiowa and Sikorski [1963], 
Scott [1968]) and this motivates the use of the interior operator inty in the 
definition (10.1.7). Finally, we recall that the projection of a product is 
always an open map if on the product space A x B we have the product 

2 We recall that in intuitionistic logic a quantifier cannot be defined starting from the 
other one; the best result that it is possible to obtain is that [Vx : -^tp(x)] [~3x : 

<p(x)], where it is important to recall that, in general, -i-i<p(x) is not equivalent to <p(x) in 
intuitionistic logic (as it can be guessed using topological considerations, because of the 
interior operator, starting from our Definition 10.1.7 of negation). 
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topology, like in our context if A and B are manifolds (see Section 9.2, 
(6.3.2) and the final discussion in Section 6.3). Moreover if a £ A, then 
g : b £ B — ► (a, b) £ A x B is a left inverse of class C°° of the projection p, 
so the map p verifies all the hypotheses of Theorem 10.1.9. 

To prove this theorem we need the following two lemmas, which repeat 
in our context well known results (see e.g. Taylor [1999]). 

Lemma 10.1.11. If J 7 is a category of types of figures, and f : X — > Y in 

T , then we have: 

1. If A, A' are subspaces of X (not necessarily open) with A C A', then 
3 f (A) C 3 f (A'). 

2. If AC. X and B CY , then in the category T we have the equivalence 

A C f~\B) 

w (10 - L8) 

that is 3/ H f~ l with respect to the order relation C between subspaces. 



Lemma 10.1.12. If J- is a category of types of figures, and f : X — > Y in 
T , then we have: 

1. If A, A' are subspaces of X (not necessarily open) with A C A', then 
v f (A) cy f (A'). 

2. if AC X and B CY, then in the category T we have the equivalence 

f-UB) C A 

= — flO 1 9) 

BCV f (A) liU ' i - Jj 

that is f~ l H \/ j with respect to the order relation C between subspaces. 



Lemma 10.1.13. If f : X — >Y in C°° and Z C \X\, then 

'{f\z) = 'fVz 

Proof: Both the functions are defined in *Z = *(Z -< X), so let x £ *Z, we 
have-(/|z)(x) = (/(x t )) t > = C/|.z)(x). 

■ 

Proof of Lemmas 10.1.11 and 10.1.12: let us assume that A and A' 
are subspaces of X with A C A'. We recall that 3/ (A) = (f(A) -< Y) and 
3 f (A') = (f(A') ~< Y); but \f{A)\ C \f(A')\, we can hence apply Corollary 
6.3.3 to change in 3f(A) the superspace Y with the superspace (f(A') ~< 
FjCF, obtaining 

3 f (A) = (f(A) ~< (f(A') < Y)) = (f(A) < 3 f {A')\ 
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that is 3 f (A) C 3 f (A'). 

Now let us assume that A C f~ 1 {B)^ then C 5 as sets so that, 

applying once again Corollary 6.3.3 we can change the superspace Y in 
3f(A) = (f(A) -< Y) with the superspace B obtaining 3 f (A) = (f(A) -< B), 
that is the conclusion 3f(A) C B. Reversing this deduction we can obtain 
a proof for the opposite implication. In a similar way we can also prove the 
analogous properties of the universal quantifier. 

■ 

Proof of Theorem 10.1.9: The first idea is to use the uniqueness of 
the adjoints of f~ l , that is the property that the spaces 3/(^4) and Vf{A) 
are uniquely determined by the equivalences (10.1.8) and (10.1.9) respec- 
tively, and to use the preservation of the relation X C Y by the Fermat 
functor. Indeed, if we suppose that *Z C , / _1 (*iy), then we also have 
' Z C * (/ -1 (W)) by the preservation of counter images. By Theorem 10.1.3 
this implies Z C f^iW) and hence 3f(Z) C W by Lemma 10.1.11 and so 
• (3f(Z)) C 'W applying the preservation of implications. At the same time, 
the hypothesis *Z C * f~ l {*W) implies 3- f ('Z) C 9 W since Lemma 10.1.11 
is true for the category *C°° too. All these implications can be reversed in 
a direct way using Theorem 10.1.3 and our hypothesis that the spaces X 
and Y (and hence all their subspaces) are separated. Therefore, we have the 
equivalences 

~ \ (10.1.10) 

3. f CZ)C'W V ' 

•(3 f (Z))<Z'W 

In them, if we set W := 3f(Z), then the third one is trivially true, and from 
the second one we obtain 

3. f (-Z)C-(3 f (Z)). (10.1.11) 

This part of the deduction cannot be reversed because, e.g., in (10.1.10) 
instead of a generic subspace of *Y we have a subspace of the form *W only. 
So, let us first recall that 

%3 f {Z)) = '(f(Z)^Y) 

3. f ('Z) = {'f('Z)<'Y) 

To prove the opposite relations of (10.1.11) we need to assume the existence 
of a left inverse g of the restriction f\z, i.e. a C°°-map g : (f(Z) ~< Y) — ► 
[Z -< X) such that g • f\z = Let us take a figure 5 £ s '(3f(Z)) of 

type S C'M 5 . Then 

•C°° N S S —^ '(f(Z) -< Y) ^ '{Z -< X) , 
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and hence 5 • 'g £ s *(Z -< X). Composing this map with the restriction 
'(f\z) = 'f\-z : '(Z <X)^ Cf('Z) ~< *Y) we obtain 

S ■ 'g ■ 'f\-z = 5-'(g- f\ z ) = 5 £ s CfCZ) -< •¥) = 3. f ('Z). 

We have hence proved the first condition (10.1.1) to prove that * (3f(Z)) C 
3'j-('Z). This part of the deduction also proves that we have the relation 
|*(3^(Z))| C |3«j(*Z)| between the corresponding support sets. Hence we 
can now prove the second condition (10.1.2); let us consider a map 6 : S — > 
|*(3/(Z))| such that 5 ■ i £ s 3. f ('Z), where i : \'(3 f (Z))\ ^ \3- f {'Z)\ 
is the inclusion map. So we have 5 ■ i = 5 £ s 3«y(*Z) and hence also 
5 £ s ' (3f(Z)) since (10.1.11). This easily proves also the second condition 
(10.1.2) and hence 3. f (*Z) = • (3/(Z)). 

■ 

Proof of Theorem 10.1.10: Analogously to how we did in the previous 
proof, we can proceed for the universal quantifier obtaining the equivalences 



*f~ X ('W) C *Z 



(10.1.12) 



•WC-(V/(Z)) 

from which we obtain 

' (v f (z)) cy. f (-z). (io.i.i3) 

Now, let us consider the opposite inclusion, recalling that 

= "([inty {y | f~ x {y} QZ}] -<Y) 

V V (-Z) = (int.y {y | T l {y} C *Z) < *Y). 
So let us consider a figure 5 £ s V«j(*Z) and a point s & S, then 

6(s) £ (int.y {y \ T l {y} C *Z) < *Y). 

Because, by hypothesis, the topology of *Y is generated by open sets of the 
form *U , U £ T x , by the definition of interior we obtain 

3U £ T x : 5(s) e'UC{y\ T^y} C ' Z) . (10.1.14) 

It is natural to expect that the property °f~~ 1 {y} C *Z can be extended to 
the whole set °U, indeed 

Vx€T\ m U):'f(x)€'U 

T l {'fx] C 'Z by (10.1.14) 
but x £ T l {'fx} 
hence x £ *Z. 



1G5 



Chapter 10. Logical properties of the Fermat functor 



Therefore we have '/^('U) C *Z, that is * (/ _1 (?7)) C m Z, and hence 
/ (U) C Z because we are considering separated spaces, and so U C Vj(Z). 
But £(s) 6 and setting := 5~ 1 ('U) we obtain an open neighborhood 
of s such that 

S\v ■ V — ► 'U. 

Therefore S\ v £ v *U C * (V/(Z)). The conclusion 5 G s ' (V/(Z)) follows 
from the sheaf property of the space * (Vj(Z)). The second condition (10.1.2) 
can be proved analogously to what we already did above for the existential 
quantifier. 



10.2 The general transfer theorem 

In this section, for simplicity of notations, every arrow / of the categories 
C°° and *C°° is supposed to have unique domain and codomain (they will 
be denoted by dom(/) and cod(/) respectively; see Appendix A for more 
details about this hypothesis, which at a first reading may seem trivial). 

In the previous section, it has been underlined that the logical operators 
defined above, like An Y B or -> Y B, or Vf(A) take subspaces of a given space 
Y to subspaces of the same or of another space (like e.g. f~ l (A) C X if 
A C Y). Therefore, we have now the possibility to compose these operators 
to construct new spaces, like e.g. the following 

5 := V e (A ^ z 3 5 {B n Y y x (C ^ x D))) G C°°, (10.2.1) 

where e.g. 

X x > Y 5 > Z £ > W 
C,D C X 
B QY 
ACZ 

In this section, we want to 

1. define the family of formulae, like that used in (10.2.1) to define S, that 
permit to define spaces in C°° or in *C°° by means of logical operators; 

2. show that to each formula there corresponds a suitable operator that 
maps subspaces of C°° into new subspaces of the same category; 

3. define a *(—) -transform *£ of a formula £, called the Fermat transform 
of £. To the Fermat transform *£ corresponds an operator acting on 
spaces of the category 'C°°] 



(10.2.2) 
(10.2.3) 
(10.2.4) 
(10.2.5) 
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4. find a way to associate to every formula (p, a set of conditions like 
(10.2.2), (10.2.3), (10.2.4), (10.2.5) and other suitable hypotheses that 
will permit to apply all the theorems of the previous Section 10.1. 
Indeed, in the general transfer theorem we have to assume on super- 
spaces, subspaces and maps, all the hypotheses of the theorems of the 
previous section, if we want that the Fermat functor preserves all the 
logical operations; 

5. prove that the operator corresponding to is the Fermat transform 
of the operator corresponding to the formula £, that is the general 
transfer theorem. 

We will also include, in our formulae, the symbol of product because in case 
of manifolds the Fermat functor preserves also this operation (see Theorem 
9.2.3). 

Definition 10.2.1. Let 

S ■= { r x n , r ^ n , r n n , r U n , r 3 n , r v n , r ~ ln , r ( n , r y} 

be a set of distinct elements called symbols. An expression in C°° is a finite 
sequence of symbols in S, objects or arrows of C°° . Sequences of length 
are admitted, but those of length 1 are identified with the element itself. For 
example the following 

^3 f (Ay := (^,/, r p,AT) 

are examples of expressions. We will use similar abbreviations for other 
expressions like, e.g., r A £P := (A, r =^ n , Y, B) . 

If p and ip are expressions, then with the symbol r (<p n x V0 n we fnsan the 
n-tuple ( r ( n , p, r n n , x, ip, r ) n ). We will use similar notations to construct 
expressions, like e.g. 

r MvV-= ( r ^,/,T^T)- 

We will denote with £ + (C°°) the intersection of all the classes L of expres- 
sions verifying 

1. If Ae C°°, then A £ L 
2- If <P, X, ip G L, then 

r (p x v) n , r - x v? n , r (y? ^ x , r (^ n x V) n , f (p u x ipy e L 

(10.2.6) 

3. If f is an arrow of C°° and p E L, then 

^ f {py , ^ f{ip y f r f -l^)i €L 
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An analogous definition can be stated in the category *C°° , and the related 
class of expressions will be denoted by C + {*C°° ). 

As usual, see e.g. Monk [1976], we can prove the following 

Theorem 10.2.2. // £ G £ + (C°°) ; then one and only one of the following 
holds: 

1. £ = A for some object A G C°° (expression of length 1); 

2. i = r (ip x ipy for some if, if) £ £+(C°°); 

3. £ = f or some X; V G £ + (C°°); 

4. £ = ^ x ^ for some <p, X , ^ G £+(C°°); 

5. e = r (</? n x /or some ^, x,^e £+(C°°); 

6. £ = r (p U x /or some tp, X > ^ € £+(C°°); 

7. £ = r 3f((py for some <p G £ + (C°°) and some arrow / o/C°°; 

8. £ = r V/(</?)~' /or some y> G £ + (C°°) and some arrow f of C°° ; 

9. £ = r / _1 ( t / 3 )~' /or some y> G £ + (C°°) and some arrow f of C°° . 

Moreover, the expressions p, ip, X , the object A and the arrow f asserted to 
exist are uniquely determined by £. 

Actually, the expressions of C + (C°°) are not well formed formulae because 
we can consider in the set £ + (C°°) expressions like r An x -B n , but with A 
and B that are not subspaces of X G C°° . Analogously, an expression of the 
form r 3f(A)~ l is a formula only if / : X — ► Y and A C X. This means 
that we are dealing with a typed language and, e.g., the previous r 3f(A)~ l 
is a formula only if A is of the form "subsets of the domain of /". In the 
following definition we will define what is this type. 

Definition 10.2.3. If £ G C + (C°°), then the type r(£) is defined recursively 
by the following conditions: 

1. If£ = A for some object A G C°° , then r(£) := A. 

2. If£ = r (p x ipy for some <p, tp G C + (C°°), then r(f) := r(ip) x r(ip). 

3. If£ = r ^ x *p^ for some X , 4> G £ + (C°°) ; and i/r(V0 C r(x) in C°° ; 
£/ien 

r (0 := - , r( x )^('0) 

^. //£ = r (p ^ x *py for some <p, X , ip G and i/rfc) C r( X ) 

and r(t/>) C t(x), £/ien 

r(0 := r((p) =* t(x) r(ip) 
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5. If£ = r (v?n x VO n for some tp, X > ^ € £ + (C°°), and if r{<p) C r(x) 
and r(V') C r(x), i/ien 

r(£) := T(ip) n T(x) r(^) 

6. //£ = r (<^U x V) n /or some y>, X , ^ G £ + (C°°), and if r{<p) C r( X ) 
and t(V0 C r(x), ^en 

r(0 := r(v9) U r(x) r(^) 

7. If £ = r 3f(ip) n for some ip G £ + (C°°) and some arrow f : X — > F o/ 
C°° ; and ifr(cp) C X, tfien 

r(0 := 3/(r(^)) 

5. If £ = r V/(<^) n /or some 9? G £ + (C°°) and some arrow f : X — ► V of 
C°°, and ifr{<p) C X, i/ien 

r(0 :=V f (T(^)) 

9. If £, = r / (y)" 1 for some ip G C + (C°°) and some arrow f : X — ► Y 
ofC°°, and ifr(tp) C F, tfien 

r(£) :=rHrM) 

In all the other cases the type r(£) «s noi defined. Analogously we can define 
*t(£), the type of expressions £ G £ + (*C°°) in £/ie category of Fermat spaces. 

Let us note that e.g. when we say "If £ = r (</? x i/;)" 1 for some <p, tp G £ + (C°°), 
then r(£) := r(y) x r(ip)", we implicitly mean "If £ = r (v? x ip) n for some </?, 
^ G £ + (C°°), then r(^) and r(ip) are defined and r(£) := r(^) x t(i/j)". 
Now we can define the formulae of C°° as the expressions £ in £ + (C°°) for 
which the type r(£) is defined: 

Definition 10.2.4. T/ie sei £(C°°) of formulae in C°° is defined recursively 
by the following condition: £ G £(C°°) «/ and only if one of the following 
alternatives is true: 

1. £ = A for some object AeC 00 ; 

2. i = r (p x V) n for some p, r/j G £(C°°); 

3. If£ = r ^ x ^ for some X , Y> G C{C°°), then r{ip) C r(x) in C°°; 

= r (^ =^x M some ip, x, ip G £(C°°) ; i/ten r(^) C r(x) and 
t(V0 G r(x); 
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5. If £ = r (ip n x V>) n f or some ip, x, 4> £ ^(C°°), #ien r(<£>) C t(x) and 
r{ip) C r(x); 

6. If £ = r {*p U x V)" 1 / or some (p, x, ip £ £/ien r(<^) C r(x) a^d 
t(^) ^ r(x); 

7. If £ = r 3f(<p) n for some ip G £(C°°) and some arrow f : X — ► y o/ 
C°° ; tten r(y>) C X; 

8. If i = r V/(9?) n /or some (p G £(C°°) and some arrow f : X — > Y o/ 
C°° ; Men T(<p) C X; 

5. If £ = r f~ 1 { l p) n for some <p G £(C°°) and some arrow f : X — ► Y of 
C°°, then r(<p) C Y. 

Therefore, if £ G £(C°°) is a formula, then the type r(£) is defined, and 
hence the type r is an application 

r : £(C°°) — ► Obj(C°°), 

where Obj(C°°) is the class of all the objects of the category C°°. An anal- 
ogous property can be stated for 'C°°. As usual, we can say that (p is a 
subformula of £ if both £ and tp are formulae and £ = (x, 9?, f° r some 
expressions x an d V ; - 

The condition that the type r(£) is defined is exactly the minimal con- 
dition for the formula £ of being meaningful. E.g. for the formula 

e := r V £ (A ^ z 3 5 (B n y V, (C £))) n (10.2.7) 

we have that the type r(£) is defined if and only if all the following conditions 
are true: 

CCX 
D CX 
(C => x D) C dom(x) 

Bey 
v x (c ^ x d) c y 

Bfl y V x (C ^ x D) C dom(<5) 

35(5 rvv x .(c ^ x D))a 

[A ^ z 3 S {B D Y y x {C ^ x D))] C dom(e). 

They are obviously more complicated, but more general, than conditions 
10.2.2, 10.2.3, 10.2.4 and 10.2.5. Nevertheless, the hypothesis that the type 
t(£) is defined (which, by Definition 10.2.4, is a consequence of the condition 
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that £ is a formula) is not everything we need to apply all the theorems of 
Section 10.1. For example, to the previously listed conditions related to the 
formula £ of (10.2.7), we have to add hypotheses like: "the spaces X, Y, Z 
are separated and the topology of their Fermat extension is *(— )-generated", 
"the arrows x, 5, e, are open and with left inverse" and "all the subspaces 
appearing in the previous list of conditions are open in the corresponding 
superspace". We will introduce these types of hypotheses directly in the 
statement of the general transfer theorem. 

Now we can define the list of objects and arrows occurring in a formula 
<p. They are formally different from the free variables defined for a logical 
formula, because they have to be thought of as all the elements of the cat- 
egory C°° (or 'C°°) occurring in the formula (p. These objects and arrows 
will be the elements that have to be *(— )-transformed in the general transfer 
theorem, so e.g. in the formula r 3f(A)~ ] the only object is A and the only 
arrow is / (whereas in a logical formula of the form 3 f (A) the variable / is 
not free). 

Definition 10.2.5. Let £ G £(C°°) be a formula, then the list of objects 
ob(£) and the list of arrows ar(£) are expressions defined recursively by the 
following conditions: 

1. If$ = for some object A G C°° , then 

ob(£) : = A 
ar(£) : = 0. 

2. If£ = r (ip x ^) n for some ip, tp G C{C°°), then 

ob(£): = (ob(x),ob(V0) 
ar(f) : = (ar(x), ar(^)). 

3. J/f = r ^ x V> n for some x, 4> G C(C°°), then 

ob(£): = (ob(x),ob(V)) 
ar(f) : = (ar(x), ar(^)). 

I If£ = r (<p ^ x i>y for some if, X > $ G £(C°°) ; then 

ob(£) : = (ob(^),ob(x),obW) 
ar(£) : = (ar(y>), ar(x), ar(V>))- 

5. if£ = r (ipn x tpy for some <p, x, $ G £(C°°), then 

ob(£): = (ob(^),ob(x),ob(^)) 
ar(0 : = (ar(^), ar(x), ar(<0))- 
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6. If£ = r (cp u x V) n for some <p, x, ^ € C{C°°), then 

ob(£): = (obM,ob( X ),ob(</>)) 
ar(0 : = (ar(<p), ar(x), ar(^)). 

7. 7/ £ = r 3y(</?) n /or some 99 G £(C°°) and some arrow f : X — ► 1" 0/ 
C°° ; £/ien 

ob(0 : = ob(y>) 
ar(6 : = (/.arfa)). 

<§. If £ = r V/((/9) n /or some G £(C°°) and some arrow f : X — ► y of 
C°°, then 

ob(0 : = ob(^) 
ar(£) : = (/,ar(</?)). 

5. If i = r /~ 1 (v 3 ) n /or some 99 G £(C°°) and some arrow f : X — > 1" 0/ 
C°° ; «fien 

ob(0 : = ob(^) 
ar(f) : = (/,ar(</?)). 

Now we can define the operator corresponding to a given formula £ G 
£(C°°) simply as the type t(£) of the formula with the explicit indication of 
objects and arrows occurring in the formula itself. 

Definition 10.2.6. If £ G C(C°°) is a formula and ob(£) =: (^1 . . . , A n ) ; 
ar (0 =: (/l) • • • j /m) ore £/ie /isis 0/ objects and arrows occurring in £, i/ien 

^(^i,...,A n ,/i,...,/ m ) :=t(£) 

Finally, we can define the Fermat transform of a formula. 

Definition 10.2.7. Let £ G £(C°°) 6e a formula, then the Fermat transform 
*£ is defined recursively by the following conditions: 

1. If £ = r A n for some object A G C°° , then 

•£ := M 

jg. 7/£ = r(y, x f or some (p> ^ G £(C°°), i/ien 

•£ := r (V x » n 



172 



10.2. The general transfer theorem 



3. If£ = r ^ x V> n for some x,^G £(C°°), then 

'i := ^. x V 

^. //£ = /° r some <p,x,1>e £(C°°), then 

:= r (V =>. x V)" 1 

5. j/f = r( (/? j or some (p f ip £ C{C°°), then 

•C:= r (Vn. x » n 

6. // f = r (<p U x /or some if) G £(C°°) ; tfien 

'C:= r (VU. x V) n 

7. If t; = r 3f((p) n for some ip G £(C°°) and some arrow f : X — > Y of 
C°°, then 

:= r 3 7 (V) n 

5. If £ = r Vj((^) n /or some </? G C(C°°) and some arrow f : X — ► y of 
C°°, then 

•s := r v 7 (vr 

5. If i = r /~ 1 (y) n /or some </? G £(C°°) and some arrow f : X — > Y" o/ 
C°° ; tfien 

•e := r *r 1 (V) n 

We can now state the general transfer theorem: 

Theorem 10.2.8. Let £ G £(C°°) be a formula in C°° without occurrences 
o/ r x n , and let ob(£) =: (Al, . . . , A n ), ar(£) =: (/i,...,/ m ) &e objects and 
arrows occurring in the formula £. Le£ ms suppose that for every i = 1, . . . , m 
and every j, fc = 1, . . . , n: 

1. fi : Xi — > Yj is open and wii/i /e/f inverse. 

2. Let ip and tp be subformulae of £ and Z be any space in the list r(xp), 
Xi, X n , Yi, . . . , Y n , then 

t(<p) C Z =>■ \t((p)\ is open in Z. 

3. Let ^ be a subformula o/£, then the topology o/*r(</?) is '(—)- generated. 

4- All the spaces Xi are separated and the topology of their Fermat exten- 
sion is *{—)- generated. 
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Then we have: 

* [^{Ax, • • • i A n , fx,-- - , fm)] = W«f (Ml, • • • ) 'A n , 'fx, ■ ■ ■ , ' 7m) 

For manifolds we can also include the product: 

Theorem 10.2.9. Let £ G £(C°°) 6e a generic formula in C°° , and let 

ob(£) =: (Ai, . . . , ^4 n ), ar(£) =: (fx, ■ ■ ■ , fm) be objects and arrows occurring 
in the formula £. Let us suppose that for every i = l,...,m and every j, 
k = 1, . . . , n: 

1. fi : Xi — ► Yi is open and with left inverse. 

2. Let <p and ip be subformulae of £ and Z be any space in the list r(ip), 
Xx,- - -,X n , Yi, . .., Y n , then 

t(<p) C Z ==>- |t(<^)| is open in Z. 

3. Let ip be a subformula o/£, then the topology of*r((p) is '(—) -generated. 

4- All the spaces Xi are separated and the topology of their Fermat exten- 
sion is *(—)- generated. 

5. If r ((f x V")" 1 *' s a subformula o/£ ; then r(ip) and r(ip) are manifolds. 

Then we have: 

' [uj^Ax, ...,A n ,fx,-..,f m )}= ^('Ai, . . . , 'An, 'fx, 'fm) (10.2.8) 

Proof of Theorem 10.2.8 and Theorem 10.2.9: We proceed by induc- 
tion on the length of the formula £. If £ is made of one object only, i.e. 
C = A, then u^Ax, . . . , A n , h, . . . , f m ) = r(£) = A, n = 1, A x = A, m = 0. 
Analogously 

^{'Ax,...,'A n ,'fx,...,'f m ) = 'A 

since *£ = 'A and *t(*£) = M; the conclusion is hence trivial. 

Now suppose that the equality (10.2.8) is true for every formula of length 
less than N > and that in the formula £ occur N symbols. Using the 
Definition (10.2.4) we have to consider several cases depending on the form 
of £. We will proceed for the case £ = r (ip => x t/j)" 1 , £ = r 3f i (p)~ l and 
£ = r f~ 1 {f) n , the other ones being analogous. 

In the case £ = r 3f i ((p) n , from the Definition (10.2.4) we get r((p) C Xi. 
Moreover, ip is a subformula of £, hence from the hypothesis 2. we obtain 
that |t(</?)| is open in Xi, We can thus apply Theorem 10.1.9 since fi is open 
by hypotheses 1., and we obtain that 

"[T(0]= # P/ i (r( V )]=3. / ,C[r( V )]). (10.2.9) 
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By induction hypotheses, we get 

*[t(<p)] = 'r(V) = w/Ai,- ■ • ,'A ra ,'f Sl , . . . , •/»*) (10.2.10) 

where ob(</?) = (^4 ri , . . . , A r<i ) and ar(</?) = , . . . , f Sb ) are objects and 
arrows occurring in <p, hence {r±, . . . , r a } C {1, . . . , n} and {s±, . . . , s&} C 
{1, . . . , m}. On the other hand, = r EUy. (* (£>) n and hence 

•rC0 = 3. /i (V(»). (10.2.11) 

The conclusion for this case follows from (10.2.9), (10.2.10) and (10.2.11), 
indeed: 

'[^(A 1 ,...,A n ,f 1 ,...,f m )]='[r(0] 

= 3 Vi ("b-foO]) 

= ^'/i^*^ ^ ri ' " " " ' ^a) /si) • • • ) /sj) 

= VCO 

= a;.^(*Ai, . . . , M n , • • • j */m)- 

Let us note that the hypotheses that the topology of all the spaces *Xi 
is *(— )-generated must be used in the case £ = r V/ i ((/?)~ l . 

In the case £ = r (ip =4> x V0 n > from the Definition (10.2.4) we get r{<p) C 
r(x) and r(V>) C r(x). Moreover, </?, % and ^ are subformulae of £, hence 
from the hypothesis we obtain that both \r(ip)\ and | -7~(-0) j are open in 
r(x), and from the hypothesis 3. we get that the topology of *t(x) is *(— )- 
generated. We can hence apply Theorem 10.1.6 obtaining that 

•[r(0] = '[rM =* tM rW] = '[r( 9 )] =*., tCx)] '[t(# (10.2.12) 
But, by induction hypotheses we get equalities like (10.2.10), i.e.: 

'[r(<p)} = V(V) = um v ('A ri , . . .,'A ra ,'f Sl ,. . . , '/.J (10.2.13) 

'[r(x)] = M'x) = ^. x (M tl , . . . , 'A tc , V« ls • • • , 7«J (10-2.14) 

'[rW] = V(V) = ^('An , • • • , 'A, e , V«,i, ■ • • , 7«J, (10.2.15) 
On the other hand, *£ = r, <£> =^» x and hence 

VCO = V(V) ^v ( . X ) 'r(V). (10.2.16) 

The conclusion for the first case follows from (10.2.12), (10.2.13), (10.2.14), 
(10.2.15) and (10.2.11). 

Finally, let us note that in the case £ = r f i ~ 1 ((/?)~ l we have to use the 
hypotheses 2. to prove that \r(tp)\ is open in Yi, but we do not need any 
other hypotheses on the codomain space Y^. For this reason condition 4- is 
stated for the domain spaces Xi only. 
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For Theorem 10.2.9 we can proceed in a similar way, using Theorem 9.2.3 
in case of formulae of type £ = r (ip x tp) n . 

■ 

It is natural to expect that there would be some relationship between 
our transfer theorem and a transfer theorem more similar to those of NSA. 
The principal difference is that our transfer theorem, even if it concerns 
formulae, it is used to construct spaces and the theorem itself states an 
equality between spaces of 'C°°. On the contrary, the transfer theorem of 
NSA asserts an equivalence between two sentences. Nevertheless, it seems 
possible to follow the following scheme: 

1. Define the meaning of the sentence "the formula £ is intuitionistically 
true in C°°" using the intuitionistic interpretation of the propositional 
connectives and quantifiers in this category. An analogous definition 
of intuitionistic validity can be done in the category 'C°°. 

2. Define the *(— )-transform of a given formula £. 

3. Prove that £ is intuitionistically true in C°° if and only if *£ is intu- 
itionistically true in *C°°. 

This work is planned in future projects. 

A specification is adequate here. Though the theory of Fermat reals is 
compatible with classical logic, the previous theorems state that the Fer- 
mat functor behaves really better if the logical formulae are interpreted in 
open sets. This may seem in contraddiction with the thread of the present 
work (see Section 1). Indeed, we remember that one of the main aims of 
the present work is to develop a sufficiently powerful theory of infinitesimal 
without forcing the reader to learn a strong formal control of the mathemat- 
ics he/she is doing, e.g. forcing the reader to learn to work in intuitionistic 
logic. Of course, this is not incompatible with the possibility to gain more 
if one is interested to have this type of strong formal control, e.g. if one is 
already able to work in intuitionistic logic, and the results of this section go 
exactly in this direction. 
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Part III 

The beginning of a new theory 
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Chapter 11 

Calculus on open domains 



11.1 Introduction 

We have defined and studied plenty of instruments that can be useful to de- 
velop the differential and integral calculus of functions defined on infinites- 
imal domains like or on bigger sets like the extension "(a, b) of a real 
interval. We can then start the development of infinitesimal differential ge- 
ometry, following, where possible, the lines of SDG. But further development 
can be glimpsed in the calculus of variations, because of cartesian closedness 
of our categories, because of the possibility to use infinitesimal methods and 
because of the properties of diffeological maps that, e.g., do not require any 
compactness hypothesis on the domain of our functions 1 . Of course, this 
could also open the possibility of several applications, e.g. in general rela- 
tivity or in continuum mechanics. Indeed, Fermat reals can be considered as 
the first theory of infinitesimals having a good intuitive interpretation and 
without the need to possess a non trivial background of knowledge in formal 
logic to be understood (see Appendix B), and this characteristic can be very 
useful for its diffusion among physicists, engineers and even mathematicians. 

But, exactly as SDG required tens of years to be developed, we have to 
expect a comparable amount of time for the full development of applications 
to the geometry of the approach we introduced here. At the same time, 
Fermat reals seems sufficiently stable and with good properties to permit us 
to state that such a development can be achieved. 

In this chapter we want to introduce the basic theorems and ideas that 
permits this further development. We shall prove all the theorems which 
are useful for the development of the calculus both for 'C°° functions of the 
form f :'U — >'R d , where U is open in *IR n , and for functions defined on 

x We can say that compactness assumptions are only required because of the non ade- 
quacy of a tool like normed space (as our Chapter 7 and Section 6.2 prove), in the sense 
that nothing in the problem of denning smooth spaces and maps forces us to introduce a 
norm. 
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infinitesimal sets, like g : — > 'X. Subsequently we shall present a first 
development of infinitesimal differential geometry, primarily in manifolds and 
in spaces of smooth functions of the form *N AI . 

Using the Taylor's formula as stated in Theorem 3.4.5, we have a powerful 
instrument to manage derivatives of functions */ obtained as extensions 
of ordinary smooth functions / : M. d — > IR U . But this is not the case if 
/ : *M d — ► *1" is a generic 'C°° arrow, that is if we can write locally f(x) = 
'a(p,x), where p £ *IR n and g is smooth, because generally speaking / does 
not have standard derivatives djf(x) S *M U \ 1". Therefore, the problem 
arises how to define the derivatives of this type of functions in our setting. 
On the one hand, we would like to set e.g. f'(x) := ' (da/dx)(p, x) (if d = 
it = 1, for simplicity), and so the problem would become the independence 
in this definition from both the function g and the non standard parameter 
p. For example, for functions defined on an infinitesimal domain we can 
see that this problem of independence is not trivial. Let us consider two 
first order infinitesimals p, p' G D, p ^ p' . Because the product of first 
order infinitesimals is always zero, we have that the null function f(x) = 
0, for x & D, can be written both as f(x) = p ■ x =: *a(p,x) and as 
f(x) = p' ■ x = *a(p',x). But °(da/dx)(p,x) = p ^ p' = *(da/dx){p' , x). 
For functions defined on an open set, this independence can be established, 
using the method originally used by Fermat and studied by G.E. Reyes (see 
Moerdijk and Reyes [1991]; see also Bertram [2008] and Shamseddine [1999] 
for analogous ideas in a context different from that of SDG). 

In all this section we will use the notation for intervals as subsets of *R, 
e.g. [a, b) := {x £ *R \ a < x < b} . Notations of the type 

[a, 6)h := {x G R | a < x < b} 

will be used to specify that the interval has to be understood as a subset of 
R. 

11.2 The Fermat-Reyes method 

The method used by Fermat to calculate derivatives is to assume h ^ 0, to 
construct the incremental ratio 

f(x + h)-f(x) 
h 

and then to set h = in the final result. This idea, which sounds as incon- 
sistent, can be perfectly understood if we think that the incremental ratio 
can be extended with continuity at h = if the function / is differentiable 
at x. In our smooth context, we need a theorem confirming the existence of 
a "smooth version" of the incremental ratio. We firstly introduce the notion 
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of segment in an n- dimensional space 'R n , that, as we will prove later, for 
n = 1 coincide with the notion of interval in *R. 

Definition 11.2.1. If a, be 'W 1 , then 

\^b] :={ a + s-(b-a)\se [0,1]} 
is the segment of'R n going from a G 'R n to b G *R n . 

Theorem 11.2.2. Let U be an open set ofR, and f : *U — > *R be a 'C°° 

function. Let us define the thickening of *U along the x-axis by 

•U := h) | [x, x + ti] C '[/} , 

Then *U is open in 'R 2 and there exists one and only one 'C°° map r : 
•U — >'R such that 

f(x + h) = f{x) +h-r(x,h) V{x,h)£*U. 

Hence we define f'(x) := r(x,0) G *R for every x G 'U. 

Moreover if f{x) = 'a(p,x), Vx G V C *U with a G C°°{A x B,R), then 

/-(»)= *(|)fex). 

We anticipate the proof of this theorem by the following lemmas 

Lemma 11.2.3. Let U be an open set ofR n andv G *R n , then the thickening 
of *U along v defined as 

•iX := Ux,h) G *R n x m R\[x,x + hv] C '[/} (11.2.1) 

is open in *R n x *R. 

Proof: Let us take a generic point (x,h) G *U V ; we want to prove that 
(x, h) G '(A x B) C *U V for some subsets A of *R n and B of *R. Because 
the point (x, h) is in the thickening, we have that 

VsG [0, 1] : x + s-hv£ *U. 

Taking the standard parts we obtain 

Vs G [0, 1] R : °x + s ■ °h ■ °v =: <p(s) G U. 

The function <p : [0, 1]r — ► U is continuous and thus 

<p([0, 1) K ) = [°x, x + h°v] =: K 
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is compact in W 1 . But K C.U and U is open, so the distance of K from the 
complement W 1 \ U is strictly positive; let us call 2a := d(K, R n \ U) > 
this distance, so that for every c € if we have that 

B a {c) := {x E R n | d(x, c) < a} C J7. 

Now, set ^4 := B a / 2 (°x) and -B := B{,(°ti), where we have fixed 6 E M>o such 
that b- \\°v\\ < |. We have x £ 'A because °x E A and ^4 is open; analogously 

h e *B and thus (x, h) £ 'A x 'B = *(A x B). We have finally to prove 

> 

that taking a generic point (y, k) £ '(A x B), the whole segment [y, y + kv] 
is contained in *U ; so, let us take also a Fermat number < s < 1. Since U 
is open, to prove that y + skv E *U is equivalent to prove that the standard 
part y + skv is in U, i.e. that °y + °s°k°v E U. For, let us observe that 

\\ y+ s k v- x- s h°v\\ < \\ y- x\\ + \ s\-\\ v\\-\ k-°h\ < ^+l-\\°v\\-b < a. 

Therefore, °y + °s°k°v E B a (c) C [/, where c = °x + °s°h°v E K from our 
definition of the compact set K. 

■ 

Lemma 11.2.4. If a, b E then 

> 

a < b =^ [a, b] = [a, b] 
> 

b < a =^ [a, b] = [b, a]. 

Proof: We will prove the first implication, the second being a simple con- 
sequence of the first one. To prove the inclusion [a, b] C [a, b] take x = 
a + s • (b — a) with < s < 1, then < s • (b — a) < b — a because b — a > 0. 
Adding a to these inequalities we get a < x < b. For the proof of the op- 
posite inclusion, let us consider a < x < b. If we prove the inclusion for 
a = only, we can prove it in general: in fact, 0<x — a < b — a, so that 
if [0, b — a] C [0, b — a] we can derive the existence of s E [0, 1] such that 
x — a = + s ■ (b — a), which is our conclusion. So, let us assume that 
a = 0. If °b 7^ 0, then b is invertible and it suffices to set s := | to have the 
conclusion. Otherwise, °b = and hence also °x = 0. Let us consider the 
decompositions of x and b 

k 

i=l 
h 

3=1 

We have to find a number s = °s + X)n=i ° s « ' di Wn ( 8 ) such that s - b = x. It 
is interesting to note that the attempt to find the solution s E [0, 1] directly 
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from these decompositions and from the property s ■ b = x is not as easy as to 
find the solution using directly little-oh polynomials. In fact V°t > : b t > 
because b > and hence for t > sufficiently small, we can form the ratio 



Xt 

b t 



Yli=l ° x i ' t 



EU° b r^ {b) 
t^m . y!1 =1 °xi ■ t 



(5) ^l(b) 

(11.2.2) 



Let us note that from Theorem 4.2.6 we can deduce that °x\ > since x > 
and hence that uj(b) = uj\{b) > oj(x) > u>i(x) because x < b. From (11.2.2) 
we have 



bt o 6l . ^ 1 + S fc =2 ^. t ^5J-^ 



- . J2°xi ■ t^-^ ■ j>i) fc ■ E ^ ■ ^ ~" (b) 

1 i=l fc=0 \j=2 1 

Writing, for simplicity, a b := we can write the previous little-oh 
polynomial using the common notation with dt a : 

x t 1 k +c ° , ( h °b- 

i=l fe=0 \j=2 

(11.2.3) 

As usual, the series in this formula is really a finite sum, because Doo is an 
ideal of nilpotent infinitesimals. Going back in these passages, it is quite 
easy to prove that the previously defined s£'K verifies the desired equality 
s ■ b = x. Moreover, from Theorem 4.2.4 the relations < s < 1 follow. 

■ 

It is interesting to make some considerations based on the proof of this 
lemma. Indeed, we have just proved that in the Fermat reals every equation 
of the form a + x ■ b = c with a < c < a + b has a solution 2 . If b is invertible, 
this is obvious and we have a unique solution. If b is a nilpotent infinitesimal, 
a possible solution is given by a formula like (11.2.3), but we do not have 
uniqueness. E.g. if a = 0, c = di 2 + dt and b = dt^, then x = dt$ + di 3/ / 2 is 



2 Let us note explicitly, that this is not in contradiction with the non Archimedean 
property of *R (let a — and b £ D^,) because of the inequalities that c must verifies to 
have a solution. 
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a solution of a + x ■ b = c, but x + dt is another solution because dt ■ dt a = 
for every a > 1. Among all the solutions in the case b G Dqo, we can choose 
the simplest one, i.e. that "having no useless addends in its decomposition", 
that is such that 

1 1 

Ui{x) Lo(b) - 

for every addend °Xj ■ dt Ui r x \ in the decomposition of x. Otherwise, if for 
some i we have the opposite inequality, we can apply Lemma 3.3.1 with 
k := Ui(x) to have that b ■ x = b ■ i^x, i.e. we can delete some "useless 
addend" considering l^x instead of x. We can thus understand that this 
algebraic problem is strictly tied with the definition of derivative f'(x), which 
is the solution of the linear equation f(x + h) = f(x) + h ■ f'(x): as we give 
an hint in Chapter 3, if / is defined only on an infinitesimal set like D n , this 
equation has not a unique solution and we can define the derivative f'(x) 
only by considering "the simplest solution", i.e. using a suitable l^. We will 
get back to the problem of defining f'(x), where the function / is defined on 
an infinitesimal set, in the next Section 12. 

The uniqueness of the smooth incremental ratio stated in Theorem 11.2.2 
is tied with the following lemma, for the proof of which we decided to in- 
troduce nilpotent paths (see Definition 2.1.1) instead of continuous paths at 
t = 0, like in [Giordano, 2001]. We will call this lemma the cancellation law 
of non-infinitesimal functions. 

Lemma 11.2.5. (Cancellation law of non-infinitesimal functions): 

Let U be an open neighborhood of in M., and let 

f, g : *U — ► 'R 

be two 'C°° functions such that 

Vx G °U : x is invertible =^ g(x) is invertible and g(x) • f{x) = 0. 
Then f is the null function, i.e. f = 0. 

Proof: We have that / : *U — > *M and hence / G. *K and we can apply 
Theorem 9.2.4 at the point G 'U obtaining that the function / can be 
written as 

f(x)=*a{p,x) Vx e'BH'U = *(BnU) =:V, 

where a G C°°(A x S,R), p G M, A is an open set of R p and B is an 
open neighborhood of in M. We can always assume that °p = because, 
otherwise, we can consider the standard smooth function (y, x) i— > a(y — 
°p,x). We can thus write our main hypotheses as 

Vx G V : x is invertible =^ lim 9{x)t ■ a(p t ,x t ) = 

t->o+ t v ; 
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Let us provide some explanation about the notation g(x)t which is a conse- 
quence of our notations concerning quotient sets: we have that g{x) G m M. = 
M [i]/ ~, hence, avoiding the use of equivalence classes in favor of the new 
notion of equality ~ in M. [t], we have that g{x) is a little-oh polynomial and 
hence g(x) : M>o — ► M, from which the notation g(x)t G M for t G M>o 
acquires a clear meaning. We firstly want to prove that a{pt,x t ) = o(t) 
for every x G V. Let us take a generic infinitesimal h G and choose a 
k G N >0 such that 3 

h k = in *R 
p k = in *R P , 

and consider a generic non zero r G U H B \ {0}. Then x := /i + r G *[/, 
because °x = r £ U, and x is invertible because its standard part is r 
and r / 0. Prom our hypothesis we have that g(x) is also invertible, i.e. 
°g{x) = g(x)o = \im t ^ Q + g(x)t ^ 0, and hence from (11.2.4) we get 

a(pt, hf + r) , 
Um ^' l ^ ' = 0. 11.2.5 

t-,o+ t v ; 

Because every invertible x G V can be written as x = h + r with r G M^o 
and /i G -Dqo, we have just proved our conclusion for every x G V which is 
invertible. Now we have to prove (11.2.5) for r = too. Let us consider the 
Taylor's formula of order k with the function a at the point (0, r) (which 
obviously is true for r = too): 

q(0 +pt,r + /tf) _ 1 
t ~ t ' 



Ed q a (p t ,h t ) q 
d(p,x)i { - ,T) ' q\ + 



|?|=fe+l 



3(p, x) 



(Pt,h t 



with £ t G (0,pt) and 7ft G (r, r + h t ). But h k = and p fc = (pi, . 
(pj, . . . ,Pp) = 0, hence /i, pj G Moreover, if \q\ = k + 1, then 



P+i 



E li 
k + 1 



i=i 



jfc + 1 
jfc + 1 



so that from Corollary 2.5.4 we get 

(pt, h t ) q = pi(t) 91 • • . . • p P (i) 9p • W* 1 = o(i). 



'11.2.6) 



,Pp) 



of *I 



3 This passage is possible exactly because we are considering nilpotent paths as elements 
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Therefore, from (11.2.5) and (11.2.6) we obtain 

Vr £ (U n B)jtQ. (11.2.7) 



&a ,„ , 1 (p t ,ht) q 



lim > — - — — (0,r) • — 

t-*0+ ^ , d(p, x)i K ' q\ 
qeW +i 

\q\<h 



t 



Now, let {q±, . . . , qw} be an enumeration of all the q £ N p+1 such that |g| < k, 
and for simplicity set 



bi(r) : 



<9 9l a 1 

(0, r) • — Vr £ C7 n 5 



x 



S *W : = £ Vt G K >0; 

so that we can write (11.2.7) as 

N 

Vr £ ([/■ n B)+q : lim Vfti(r) • Sj(t) = 0. 



11.2.81 



i=l 



If all the functions i>j are identically zero, then &i(f) = 6«(0) where f £ 
U H B \ {0}, which always exists because f7 fl 2? is open in E. Therefore, 
(11.2.8) (and hence also (11.2.7)) is true for r = too. Otherwise, taking 
a base of the subspace of C°°(U n £?,R) generated by the smooth functions 
bi, . . . , 6jv and expressing all the bi in this base, we can suppose to have in 
(11.2.8) only linearly independent functions. 
We can now use the following lemma: 

Lemma 11.2.6. Let U be an open neighborhood of in R and b±, . . . , bjy ■ 

U — > R be linearly independent functions continuous at 0. Then we can 
find 

r x ,...,r N £ U\{0} 



such that 



det 



h(r N ) 



&jv(n) 

bN(r N ) 



^0. 



Prom (11.2.8) we can write 



lim 





■ b N (n) 




' si(t) ' 


bi(r N ) . 


■ b N (r N ) _ 




_ s N (t) _ 



and hence from this lemma we can deduce that s»(t) -> for t -> 0+. B ecause 
these limits exist, we can take the limit for r — ► of (11.2.8) and proceed in 
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the following way 

lim lim > bAr) ■ sAt) = > limfrj(r) • lim sAt) 

i=l i=l 

N 

lim J" bi(0) ■ Si {t) = 



A? 



N 



i=l 



(let us note that we do not exchange the limit signs). This proves that 
(11.2.8) is true for r = too. From (11.2.6) for r = we obtain 



lim 



a(pt,h t 



0. 



This proves that f(x) = in *R for every x G V. Finally, if x € 'U \ V 
then °x ^ because otherwise we would have x E V = *(-B n U). So rr is 
invertible and hence also g{x) is invertible, so that from g(x) ■ f(x) = we 
can easily deduce f(x) = also in this case. 

■ 

Proof of Lemma 11.2.6: We prove the converse by induction on N > 2, 
i.e. if all the determinants cited in the statement are zero, then the functions 
(bi, . . . , &at) are linearly dependent. Let us suppose first that N = 2 and that 
all these determinants are zero, that is 



b l (r)-b 2 {s)=b 2 (r)-b l (s) Vr, S G^ . 



[11.2.9) 



If the functions 6j, % = 1,2, are both zero then they are trivially linearly 
dependent, hence let us suppose, e.g., that bi(s) ^ for some s € U . Due 
to the continuity of b\ at we can suppose s / 0, hence from (11.2.9) 



h(r) = bi(r) 



his) 



--: b\{r) - a Vr 6 U^q. 



From the continuity of bi at we have that b 2 = b\ ■ a, that is (61,62) are 
linearly dependent. 

Now suppose that the implication is true for any matrix of N functions and 
we prove the conclusion for matrices of order N+l too. By Laplace's formula 
with respect to the first row, for every r%, . . . , r^r+i £ U^q we have 



h (n) 



b 2 (r 2 ) ... b N+ i(r 2 ) 
b 2 (r N+1 ) .. 

H-l)" +2 -6* + i(ri 



bN+i{rN+i) 
h(r 2 ) 



+ 



h(r N +i) 



&/v(r 2 ) 
b N (r N+1 ) 



0. (11.2.10) 
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Now we have two cases. Let «i(r2, . . . ,r^ + i) denote the first determinant 
in the previous (11.2.10). If it is zero for any r2, ■ ■ ■ , rjy+i £ U-lq, then 
by the induction hypothesis (&2j • • • , &jv+i) are linearly dependent, hence 
the conclusion follows. Otherwise a.\ := ai(f2, . . . , fjv+i) 7^ for some 
F2, ■ ■ ■ , rjv+i E t^o- Then from (11.2.10) it follows 

61 (n) = Un) — (-l)" +2 • b N+1 ( n ) • Vn e 

where we used obvious notations for the other determinants in (11.2.10). 
Prom the continuity of bi the previous formula is true for n = too and this 
proves the conclusion. 

■ 

Proof of Theorem 11.2.2: We will define the function r : *U — ► ^M. 
patching together smooth functions defined on open subsets covering *U. 
Therefore, we have to take a generic point (x, h) £ *U, to define the function 
r on some open neighborhood of (x, h) in 'U, and to prove that every two 
of such local functions agree on the intersection of their domains. 
As usual, we have that / 6. 'M. and, since x £ 'U, we can write 

f\ v = 'a(p,-)\ v , (11.2.11) 

where a G C°°(U xV,R), V := 'Vn'U = '(VnU) is an open neighborhood 
of x and *U is an open neighborhood of p G *IR P defined by the open subset 
U of M p . Because •[/ is open in 'E x *f = *M 2 , we can find two open subset 
A and B of R such that 

(x,/i) E '{A xB)C •[/ 

and such that 



a + s-6GT/ Va G b £ B, s £ [0, 1]r. (11.2.12) 

Let us define 

j(q,a,b) := [ d 2 a(q,a + s ■ b) ds \/q £ U , a £ A, b £ B. (11.2.13) 
Jo 

We have that 7 £ C°°(U x Ax B,R), so that if we define 
r(o, 6) := "7(p, o, 6) V(o,6) G "(A x B), 

then we have 

r G *C°°(*(A x B),R) (11.2.14) 

'(A x B) open neighborhood of (u, h) in *U. (11.2.15) 
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For every (a, b) £ '(A x B) we have 

b t ■ r(a, b) t = / d 2 a(p t , a t + s ■ b t ) ■ b t ds 
Jo 

a t +b t 

d2a{pt,y) dy 

t 

= a(p t ,a t + b t ) - a(p t ,a t ). (11.2.16) 

But from (a, b) £'(AxB) = Mx *B and (11.2.12) it follows °a, °a + °b G V, 
and hence also a, a + b G *V". From the definition of thickening we also have 
that a, a+b G "£/. We can thus use (11.2.11) at the points a, b G V = •VTl , J7, 
so that we can write (11.2.16) as 

V(a,6) G'(AxB) : 6 • r(a,6) = /(o + 6) - /(a). (11.2.17) 

We have proved that for every (x, /i) G *U there exist an open neighborhood 
'(Ax B) of (x, ^t) in *U and a smooth function r G , C 00 ( , (A xfi),l) such 
that (11.2.17) holds. 

If p G 'C°° C(C x D), *R) is another such functions, then 

V(x, /i) G *(C xD)n "(i4 x 5) : /i • [r(x, /i) - p(x, h)] = 0, 

so that for every xG'Cn'Awe have that 

\/h£'(DxB): h ■ [r(x, h) - p(x, h)] = 0. 

For Lemma 11.2.5 applied with g(h) := h and f(h) := r(x,h) — p(x,h), we 
have r(x, ft,) = p(x, h) for every (x, h) G *(C x D) n *(A x 5), which proves 
the conclusion for the sheaf property of "R. Finally, let us note that from 
(11.2.13) for b = we obtain r(a, 0) = d2a(p, a), which is the last part of 
the statement. 

■ 

Using this theorem, we can develop all the differential calculus for non 
standard smooth functions of type / : *IR n — > "M. We will see now the first 
steps of this development, underlining the main differences with respect to 
Lavendhomme [1996] and Moerdijk and Reyes [1991], to which we refer as a 
guideline for a complete development. 

Definition 11.2.7. Let U be an open subset ofR, and f :*U — > *R a 'C 00 

function. Then 

1. /'[-] : •U — ► *M 

2. f(x + h)= f(x) + h ■ f'[x, h] V(x, h) G *U. 
Moreover we will also set f'(x) := /'[x,0] for every x G *U . 
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Let us note that the notation for the smooth incremental ratio as a func- 
tion uses square brackets like in /'[—]. For this reason there is no way to 
confuse the smooth incremental ratio /'[— ] and its values f'[x,h] with the 
corresponding derivative /' and its values f'(x). 

First of all, from property 1. in the previous definition, it follows that 

/':*£/ — ► *R. 

The following theorem contains the first expected properties of the derivative. 

Theorem 11.2.8. Let U be an open subset o/R, and f,g:*U — ► *R be 

smooth *C°° functions. Finally, let us consider a Fermat real r G *R. Then 

1- (/ + <?)' = /' + </ 

2- (r • /)' = r ■ f 

3. (f-g)' = f'-9 + f-g' 
4- (!•»)' = l 
5. r' = 

Proof: We report the proof essentially as a first example to show how to 
use precisely the Fermat-Reyes method in our context. 

The first step is to prove, e.g., that / + g is smooth in *C°° . Looking at 
the diagram 




where + : (r, s) G *M 2 i— > r + s G *M is the sum of Fermat reals, we can see 
that f + g = {f,g)-+ and hence it is smooth because it can be expressed 
as a composition of smooth functions. The proof that the sum / + g is 
smooth, even if it is almost trivial, can show us why it is very important to 
work in a cartesian closed category like *C°°. We have, indeed, the possibil- 
ity to consider very general set theoretical operations like compositions or 
evaluations. 
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Now we have only to calculate (/ + g)(x + h) using the definition of 
smooth incremental ratio and its uniqueness 

(/ + g)(x + h) = f(x + h) + g(x + h) 

= fix) + h ■ f'[x,h] + g(x) + h ■ g'[x,h] 

= (f + g)(x)+h- {f'[x, h] + g'[x, h]} V(x, h) G -U. 

From the uniqueness of the smooth incremental ratio of / + g we obtain 
(/ + <?)'[— ] = /'[— ] + g'[— ] and thus the conclusion evaluating these ratios 
at h = 0. 

As a further simple example, we consider only the derivative of the prod- 
uct. The smoothness of / • g can be proved analogously to what we have just 
done for the sum. Now, let us evaluate for every (x, h) G *U 

(f-g)(x + h) = f(x + h)-g(x + h) 

= {f(x) + h.f'[x,h]}.{g(x)+h-g'[x,h}} 
= {f.g){ x )+h- 
■ {/(£) • g'[x, h] + g{x) ■ f[x, h] + h 2 • f'[x, h] • g'[x, h}} . 

From the uniqueness of the smooth incremental ratio of / • g we have thus 

(/ • g)'[x, h] = f(x) ■ g'[x, h] + g(x) ■ f[x, h] + h 2 ■ f'[x, h] ■ g'[x, h], 

which gives the conclusion setting h = 0. The other properties can be proved 
analogously. 

■ 

The next expected property that permits a deeper understanding of the 
Fermat-Reyes method is the chain rule. 

Theorem 11.2.9. If U and V are open subsets o/R and 

f :'U — ► *R 
g:'V^'U 

are 'C°° functions, then 

(f°g)' = (/' ■ 9 ■ 

We will give a proof of this theorem with the aim of explaining in a general 
way the Fermat-Reyes method. We first need the following 

Lemma 11.2.10. Let U be an open subset o/M k ; x G 'U andv G *M. k . Then 
there exists 

r GM >0 

such that 

Vhe(-r,r): (x, h) G *U V . 
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Proof: If °v = 0, then for every s G [0, 1] and every h G *K we have 

> 

°(x + s/iu) = °x E U, hence x + s/u; G *f7, that is [x, x + /iv] C •£/. In this 
case we have thus (x, h) G for every h G *R. 
Otherwise, if °v ^ then from °x £ U we obtain 

3p>0: B p (°x)CU 

because U is open in M k . Take as r G M>o any real number verifying 

< r < min ( p, 

V \\° v \ 

For such an r, if s G [0, 1] and h G (— r, r), then 

°(x + sH = °x + °s • °/i • °v G S p (°x) ^ \\°s ■ °h ■ °v\\ < p 

^= \°h\ ■ \\°v\\ < p (11.2.18) 

the last implication is due to the assumption that s G [0,1]. But (11.2.18) 
holds because \h\ < r and hence °\h\ = \°h\ < r and r ■ \\°v\\ < p for the 
definition of r. 

■ 

The next result works for the Fermat-Reyes methods like a sort of "com- 
pactness principle" analogous to the compactness theorem of mathematical 
logic. It is the generalization to more than just one open set U of the previous 
lemma. 

Theorem 11.2.11. (Compactness principle): 

For i = 1, . . . , n, let U % be open sets ofM k ', v G *IR ki , x» G °U % and finally 
en G *M. Then there exists 

r GM >0 

such that 

Vi = 1, . . . , n V7i G (— r, r) : (xj, h ■ ai) G *U%.. 

Proof: For every x« G U % we apply the previous Lemma 11.2.10 obtaining 
the existence of G M>o such that 

VfcG {-r u n) : {xi,k)e^ul.. (11.2.19) 

Now, let us set 

y ■ 

r := min G M>o, 

i:° ai ^0 \°ai\ 

then taking a generic h G (— r, r) we have 

-r<°h<r. (11.2.20) 

If °cii = 0, then trivially — r.- L < °h-°ai < ri and hence — rj < h-ai < Tj, so that 
from (11.2.19) we get the conclusion for this first case, i.e. (xj,/iaj) G m U$.. 
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Otherwise, if °aj / 0, then r < and from (11.2.20) we get \°h\ < r < 
■Jf-r and hence —Ti < hen < t, and once again the conclusion follows from 

I i I 

(11.2.19). 

■ 

We can use this theorem in the following way: 

1. every time in a proof we need a property of the form 

(xi,hai) e'Vi (11.2.21) 
we will assume "to have chosen h so little that (11.2.21) is verified". 

2. We derive the conclusion A(h) under n of such hypothesis, so that we 
have concretely deduced that 

(Vi = 1, ...,n: (xi, hdi) G *Uj\ =^ A(h). 

3. At this point we can apply the compactness principle obtaining 

3r G R >0 V/i G (-r,r) : A(h). 



4. Usually the property A(h) is of the form 

A{h) <=^ h-T{h)=h-o{h), (11.2.22) 

and hence we can deduce r(h) = a(h) for every h G (— r, r) from 
the cancellation law of non-infinitesimal functions, and in particular 
r(0) = cr(0). If the property A has the form (11.2.22), then we can 
also suppose that h is invertible because the cancellation law can be 
applied also in this case. But at the end we will anyway set h = 0, in 
perfect agreement with the classical description of the Fermat method 
(see e.g. Bottazzini et al. [1992], Bell [1937], Edwards [1979]). 

Let us note that, as mentioned above, conceptually this way to proceed 
reflects the same idea of the compactness theorem of mathematical logic, 
because in every proof we can only have a finite number of hypothesis of 
type (11.2.21). Even if this method does not involve explicitly infinitesimal 
methods, using it the final proofs are very similar to those we would have if 
h were an actual infinitesimal, i.e. h G f oo- 

In the following proof we will concretely use this method. 
Proof of Theorem 11.2.9: First of all the composition 

(-) o (-) : 'U' v x 'R u a R v 

is a smooth map of 'C°° and hence / o g is smooth because it can be written 
as a composition of smooth maps. 
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For a generic 

(x,h)e*V (11.2.23) 

we can always write 

(fog)(x + h) = f [g(x + h)] = f [g(x) + h ■ g'[x, h]) 

because x + h G 'V and hence / o g is denned at x + h. Now we would like 
to use the smooth incremental ratio of / at the point g(x) with increment 
h ■ g'[x, h]. For this end we assume 

(g(x),h-g'[x,h}) (11.2.24) 

so that we can write 

(/ og)(x + h) = f(gx) + h ■ g'[x, h] ■ f [gx, h ■ g'[x, h}] . 

Using the compactness principle and the cancellation law of non-infinitesimal 
functions we get 

3rGM> : V/i G (-r, r) : g'[x, h] ■ f [gx, h ■ g'[x, h]] = (/ o g)'[x, h], 
and thus the conclusion for h = 0. 

■ 

Let us note that these ideas, that do not use infinitesimal methods, can be 
repeated in a standard context, with only slight modifications, so that they 
represent an interesting alternative way to teach a significant part of the 
calculus with strongly simpler proofs. 

To realize a comparison with the Levi-Civita field (see Appendix B) we 
now prove the inverse function theorem. 

Theorem 11.2.12. Let U be an open subset o/M, x a point in *U , and 

f :'U — >'R 

a 'C°° map such that 

f'(x) is invertible. 
Then there exist two open subsets X,YofM. such that 

1. x € 'X and f(x) G 'Y , i.e. 'X and 'Y are open neighborhoods of x 
and f(x) respectively 

2. f\. x :*X — ► *Y is invertible and (/|«x) _1 : 'Y — > 'X is a 'C°° 

map 

if\-x) (M) = 777 — r for every xi G 'X 
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Proof: Because x G *U we can write /|y = *a(p, — )|y, where a G C°°(A x 
B,M), p G *A, t4 is an open set of M p and 5 is an open subset of M such 
that x e'B and finally V:='5fl *£/. Considering Bn[/ instead of B we 
can assume, for simplicity, that B C. U. 

We have that 4 f'(x) = d2(x{p, x) is invertible, hence its standard part is 
not zero 

f'(x) = d 2 a( p, x)eR^o- 

Since a is smooth, we can find a neighborhood CxDCAxBQAxU 
of (°p,°x) where d2a(pi,x\) ^ for every (pi,x\) G C x D. We can also 
assume to have taken this neighborhood sufficiently small in order to have 
that 

inf \d 2 a(pi,xi)\ =: m > 0. (11.2.25) 

{p 1 ,x 1 )eCxD 

By the standard implicit function theorem, we get an open neighborhood 
ExXOCxD of (°p,°x), an open neighborhood Y of a(°p, °x) and a 
smooth function [5 £C°°(E x Y,X) such that 

VpiG£VxiGX: a(p 1 ,x 1 )£Y (11.2.26) 

a[p 1 ,(3(p 1 ,y 1 )]=y 1 V(p 1 ,y 1 )eExY (11.2.27) 

Vpi G E\/y G y 3!x G X : a(p 1 ,x)=y. (11.2.28) 

We can assume that X is connected. Let us define g := 'f3(p, — ), then 
g G C^Cyjf). Moreover, x G *X and /(a;) G *Y because °x G X, 
°f[x) = a(°p,°x) G y and X, Y are open. From (11.2.26), if x\ G 'X, then 
= °xi) G y, hence /(xi) G 'Y, so that / maps 'X in *y. From 

(11.2.27), noting that p G "E, because °p G £, and that X C D C 5, we 
obtain 

Vy G *y : / (c/(y)) = a [p, g(y)] = a \p,(3(p, y)} = y. 

This proves that g is a smooth left 5 inverse of f\>x '■ °X — ► *Y, which is 
thus surjective. If we prove that /|«x is injective, this left inverse will also 
be the right inverse. So, let us suppose that f(x\) = f(x 2 ) in 'Y for x\, 
x 2 G *X, i.e. 

lim a(pt,x u ) - a(pt,x 2 t) _ Q 
t^o+ t 

But we can write 

a(p t ,x u ) - a(pt, X2t) = (xit - X2t) • d 2 a(p t , &) Vi G M> 
for a suitable £t G (zi^a^t)- Moreover, from (11.2.25) and from 
V°t > : & G (x w , x 2t ) C X C D and p t £ E <Z C 



4 Because it is sufficiently clear from the context, we use here simplified notations like 
d2d(p,x) instead of ' (d2a)(p,x). 

5 With respect to the notation for the composition (g ■ f)(y) = f[g(y))- 



195 



Chapter 11. Calculus on open domains 



(here we are using the assumption that X is connected), we have that 
|^2«(Pt)Ct)l > m - Therefore 



lim 



xit - x 2t 



t 



= lim 
> lim 



a(p t ,x lt ) - a(pt,x 2 t) 



t ■ d 2 a{p t ,it) 
a(p t ,x lt ) - a(p t ,x 2t ) 



> 



t ■ m 



•Y is 



and this proves that x\ = x 2 in 'X and thus also that f\*x '■ *X 
invertible with smooth inverse given by (/|»x) _1 = 9- 

Now we can use the Fermat-Reyes method to prove the formula for the 
derivative of the inverse function. Let us consider a point (x\,h) £ 'X 
in the thickening of *X, then f(x\ + h) = f{x\) + h ■ f'[xi,h]. Applying 
9 = {f\*x)~ to both sides of this formula we obtain 

xi + h = g [fxi + h ■ f'[xi,h\] . 

It is natural, at this point, to try to use the smooth incremental ratio of the 
smooth function g. For this end we have to assume that 

(fxuh-f'lxuh^e^Y 

so that we can write 

xi + h = g (f( Xl )) + h ■ /'[si, h] ■ g' [f Xl , h ■ f[x, h]] . 

Because g (/(xi)) = x±, we obtain the equality 

h = h- f'[xi, h] • g [fxi, h ■ f'[x, h]] . 

From the compactness principle (Theorem 11.2.11) and the cancellation law 
of non-infinitesimal functions (Lemma 11.2.5) we obtain 

l = f'[x 1 ,h]-g l [f Xl ,h-f'[x,h]] , 

from which the conclusion follows setting h = 0. 

■ 

We have shown, using meaningful examples, that the Fermat-Reyes me- 
thod can be used to try a generalization of several results of differential 
calculus to 'C°° functions of the form f:*U — ► *K d , with U open in W\ 

Indeed, this can be done for several theorems. We only list here the 
main results that we have already proved, leaving a complete report of them 
for a subsequent work. For most of them the proofs are very similar to the 
analogous presented e.g. in Lavendhomme [1996]: 

1. the formula for the derivative of y^y if f(x) G *M is invertible, 
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2. the notion of right and left derivatives, i.e. f' + (a) and f'_(b) for a *C°° 
function of the form / : [a, b] — > 'R d , 

3. definition of higher order derivatives using higher order smooth incre- 
mental ratios, 

4. 1-dimensional Taylor's formula with integral rest (see the next Section 
11.3 about the integral calculus), 

5. uniqueness theorem for Taylor's formulas, 

6. the functional operation of taking the derivative is smooth, i.e. the 
map / G 'R' u ■"►/'€ *R' U is 'C 00 , 

7. the functional operation of taking the smooth incremental ratio is 
smooth, i.e. the map / G 'R' u ^ /'[-] G 'R' u is 'C°°, 

8. definition of partial derivatives using smooth partial incremental ratio, 

9. the functional operation of taking the partial derivative and the smooth 
partial incremental ratio are smooth, 

10. linearity of the map: v G 'R n i— ► §£(s) G *R d , 

11. definition of differentials of arbitrary order, 

12. Euler-Schwarz theorem (differentials are symmetric), 

13. (i-dimensional chain rule, 

14. several variables Taylor's formula with integral rest, 

15. uniqueness of d-dimensional Taylor's formula, 

16. majoration of differentials: ||d l /./i l || < M ■ \\h\\ l for every h G 'R d and 
some positive constant M, 

17. infinitesimal Taylor's formula for functions of the form / : 'U — > 'R d 
and U open in R n . 



11.3 Integral calculus 

It is now natural to study the existence of primitives of generic smooth 
functions / : [a, b] — ► 'R and hence the existence of an integration theory. 
We will tackle this problem firstly for a, b G R, then for a = — oo and b = +oo, 
and finally for a, b G 'R. Like in SDG, the problem is solved proving existence 
and uniqueness of the simplest Cauchy initial value problem. 
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We firstly recall our notations for intervals, e.g. (a, b] := {x G *M | a < x < 
b}, whereas if a, b G M, then (a, 6]r := (a, b] n M. Using Theorem 4.2.4 it is 
not hard to prove that if a, b G R 

•{(a,6) R } = (a,&) 
"{[o,6] R }C[ a ,6], 

for example, xt := a — t 2 is equal to a in *R, and hence it belongs to the 
interval [a, b], but x ^ *{[a, because x does not map M>o into [a, 6] jr. 
We also recall that there can be any order relationship between a Fermat 
number a G 'M and its standard part: e.g. a = °a — dt < °a whereas 
a = °a + dt > °a. For this reason, a general inclusion relationship between 
the interval (a, b) and the interval (°a, °b) does not hold, even if °a < °x < °b 
implies a < x < b. 

To solve the problem of existence and uniqueness of primitives, we need 
two preliminary results. The first one is called by Bell [1998] the constancy 
principle. 

Lemma 11.3.1. Let a, b £ R with a < b, and f : (a,b) — > *R a 'C°° 
function such that 

f'(x) = Vx€(a,&). 

Then f is constant. 

Proof: Let x, y G (a, b) and h := y — x. We can suppose h > 0, otherwise 
we can repeat the proof exchanging the role of x and y. So, we have that 
[x, x + h] = [x, y] = [x, y] C (a, 6) because a < x < y < 6, therefore (x, /i) G 

(a, 6) = *(a, 6)r. Using the smooth incremental ratio (Theorem 11.2.2) we 
get 

f(y) = f(x) + h.f'[x,h}. (11.3.1) 

As proved in Theorem 11.2.2, we can always find a smooth function a and 
a parameter p G *IR P such that 

f[x,h] t = [ d 2 a(pt,x t + s-h t ) ds. (11.3.2) 
Jo 

But for every s G [0, 1]r we have that 

x + s • h = x + s • {y — x) G [x, y] C (a, 6), 

so that /'(a; + s • /i) = 0, i.e. &2a{p, x + s ■ h) = in *R. Written in explicit 
form this means 

d 2 a(p t , x t + s ■ ht) _ 
hm = 0. 
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Prom (11.3.2) using dominated convergence we have 

r t!h3± v 1 f\ < i h \ a 

nm = lim — • / O20i{pt,Xt + s ■ tit) ds 

t^o+ t t^o+ t J 

= C lim dMpuXt + s^ dg = 0? 
Jo t->o + t 

that is f'[x,h] = in *M and hence f(y) = f(x) from (11.3.1). 

■ 

The second preliminary result permits to extend the validity of an equal- 
ity from an open interval (a, b) to its borders. 

Lemma 11.3.2. Let a, b G R, with a < b, c £ *R, and f : [a,b] — > *R a 
'C°° function such that 

\/x £ (a, b) : f(x) = c. 

Then 

/(a) = f(b) = c 

Proof: We prove that f(a) = c, analogously we can proceed for f(b) = 
c. Let us write the function / as the parametrized extension of a smooth 
function in a neighborhood of x = a: 

f(x) = a(p,x) \/x G *V n [a, b], (11.3.3) 

where V is open in R and a G "V. 

Let p : *V — ► *M be the incremental ratio of a(p, — ) : *V — > *M: 

a(p, x + h) = aijp.x) + h ■ p(x, h) V(x,h)e*V. (11.3.4) 

Since a = °a G V we can find a <5 G M>o such that (a — 25,a + 25)jr C 1/ and 
with a + 6< b. Then [a,a + 5] C (a -25, a + 2(5) = '(a -25, a + 25) R C *F, i.e. 
(a, (5) G 'V and we can hence use the previous (11.3.4) and(11.3.3) obtaining 

a(p, a + 5) = a(p, a) + 6 ■ p(a, 5). 

f(a + 6) = f(a) + 6-p(a,6), (11.3.5) 

because a + 5 < 6, [a, a + 5] C 'V. 

But we know that it is always possible to take the smooth incremental 
ratio p so that 

p(a,S) t = / d 2 a(p t ,a t + s ■ 5) ds. (11.3.6) 
Jo 

But / is constant on (a, b), so that for every s G [0, 1]r we have a+s-5 G (a, 6) 
and hence f'(a + s ■ S) = d2a(p, a + s ■ 5) = in *R, i.e. 

d 2 a{pt,at + s -5) 
hm = Vs G 0, 1 R . 

t^o+ t 
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Prom this and from (11.3.6), using dominated convergence we get 

lim = 0, 

t^o+ t 

that is p(a,5) = in *K. Finally, from this and from (11.3.5) we obtain the 
conclusion: f(a + 5) = f(a) = c. 

■ 

We can now prove existence and uniqueness of primitives in the first case 
of domains [a, b] with real boundaries. 

Theorem 11.3.3. Let a,b£R with a < b, f :[a,b] — > "K a *C°° function 
and u G [a, 6]. T/ien there exists one and only one 'C°° map 

I : [a, b] — ► •R 

smc/i f/iaf 

l'(x)=f(x) VxG(a,6) 
J(u) = 

Proof: We can prove the existence assuming that u = a; in fact, if i 7 = / 
on (a, 6) and /(a) = 0, then J(x) := I(x) — I(u) verifies J' = / on (a, b) and 
J(u) = 0. 

For every x G [a,b] we can write 

f\v x = a x (p,-)\ Vx 

for suitable p x £ 'R p , U x open subset of M p such that p x E °U X , V x open in 
E such that x G n [a, 6] =: V x . and G C°°(U X x 14, K). We can assume 
that the open sets V x are of the form V x = (x — 5 X , x + 5 x )r for a suitable 
4 >0. 

The idea is to patch together suitable integrals of the functions a x (p x , — ). 
The problem in this idea is that we have to realize the condition 1(a) = 
0, which forces us to patch together integrals which are "each one is the 
extension of the previous one", i.e. on the intersection of their domains two 
integrals must have the same value at one point, so that we can prove they 
are equal on the whole intersection. Moreover, we must use the compactness 
of the interval [a, 6]r because, generally speaking, a smooth function can be 
non integrable in an open set. 

We have that (V x ) x€ ^ ab ^ m is an open cover of the real interval [a, 6]r, 
thus we can cover [o, 6]r with a finite number of V x , that is we can find 
xi, . . . , x n G [a, 6]r such that (V Xi ) i=1 n is an open cover of [a, 6]r. We will 
use simplified notations like Vi := V Xi , ,Si := 6 Xi , a» := a Xi , etc. 

We can always suppose to have chosen the indexes i = 1, . . . , n and the 
amplitudes Si > such that 

a = x\ < X2 < ■ ■ ■ < x n = b 
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Xi — 6i < x i+ i - 6i+i < Xi + 5i < Xi+i + S i+ i Vi = 1, . . . , n - 1, 

in this way the intervals Vj = (a;, — 5i, Xi + intersect in the sub-interval 

(xi+i ~ Si+i,Xi + Si)®.. 



; + ^2 x 4 — <^4 £4 + 64 X n — S n Xn + $n = 6 + <5„ 



O - Si Xl + Sl X 3 -S 3 X3 + S3 .T„_i-(5„_i + <5„_i 

Figure 11.1: Intervals for the recursive definition of a primitive 

For any i = l,...,n let us choose a point in this sub interval Xj S 
— <5j + i , Xi + 5i)u (these are the points in the intersections of the domains 
of the integrals we are going to define and mentioned in the previous intuitive 
sketch of the ideas of this proof). 
In fact, let us define, recursively: 

rxt 

h{x)t ■= / oti(p\,s) ds \/x e *Vi 

J a 

h+x{x) t := / a k +i{Pt +1 , s) ds + I k {x k ) Vx G 'V k+ i Vfc = 1, . . . ,n - 1. 

Every I k is a *C°° function defined on *V k , and moreover 

I' k {x) = a k (p k ,x) =f(x) VxG'Vfc. 

Therefore, in a generic point in the intersection 

m v k n 'V k+l = *(V k n V k+ i) = ' \{x k+l - 5 k+1 ,x k + 5 k ) R ] 
= (x k+ i - S k+ i,x k + 6k) 

we have 

I' k {x)=f(x)=I' k+l {x) (11.3.7) 

(4 - h+x)' (x) = o 

(Ik - h+i) (x k ) = 0, 

so, from Theorem 11.3.1 it follows I k = I k +\ on (x k+ \ — 6 k+ i,x k + 6 k ). 
We can hence use the sheaf property of the space [a, b] with the open cover 
(*Vfc H [a,b]) i=1 n to patch together the functions I k \*v k n[a,b] obtaining the 
map / : [a, b] — > *R. This function satisfies the conclusion of the statement 
because of (11.3.7) and because of the equalities 1(a) = I\(a) = 0. 

To prove the uniqueness, let us suppose that J verifies J' = / on (a, b) 
and J(u) = 0, then using again Theorem 11.3.1 we have that (J — I)\ub) is 
constant and equal to zero. Finally, using Lemma 11.3.2, we can extend this 
constancy to the whole closed interval [a,b]. 

■ 

The second case is for domains [a, b] = *M. 
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Theorem 11.3.4. If f : *M — > *R is smooth and u G "R then there exists 
one and only one smooth I : *M — > *R such that I' = f and I{u) = 0. 

Proof: For every k G N>o let us define 

fk := f\ [a— k,a+k] > 

where a := °u. Moreover, define 

rx 

Ik{x) ■= fk Vx G (a — k, a + k) C [a — k, a + k]. 

J u 

Therefore, we have that setting Vk ■= (a — k, a + k) = ' (a — k, a + we 
obtain that (Vfc) fc>0 is an open cover of *K. Moreover, I' k {o) = fk( x ) = f{x) 
for every x G so that Ik and 7j coincide in Vk fl V^-. From the sheaf 
property of *]R we get 

3! J : 'R — >■ 'M smooth : I\ Vk = I k V/c G N >0 . 

Now, let us note that 



Vx, /» G *R 3 fe G N >0 : [x,x + h]CV k , 

then we also have 

I(x + h) =I k (x + h) =I(x) + h- I'[x,h] = I k (x) +h-l' k [x,h], 

so that the smooth incremental ratios of / and I k are equal, i.e. I'[x,h] = 
I k [x,h]. Thus, I'{x) = I' k {x) = f(x), and finally I(u) = h(u) = 0. 

This proves the existence part. The uniqueness follows from Lemma 
11.3.1. 

■ 

To extend Theorem 11.3.3 to non standard boundaries a, b G *K we need 
the following result. 

Lemma 11.3.5. Let a, b G •R with °a < °b, and f : [a, b] — ► •R a 'C°° 

function. Then there exist 5 G M>o and a 'C°° function f : (a — 5,b + 5) — > 
•R such that 

f\[a,b] = f 

Proof: As usual, let us write the function / as the parametrized extension 
of an ordinary smooth function in a neighborhood of x = a: 

f(x) = a(p,x) Vx G *V fl [a, b], (11.3.8) 

where V is open in R and a G 'V so that °a G V. 

We can make the same in a neighborhood of x = b: 

f(x)=P(q,x) Vx G *U H [a,b], (11.3.9) 



202 



11.3. Integral calculus 



where U is open in IR and b G °U so that °b G U. 

Because U and V are open subsets of M, we can always suppose to have 
U = (°b - rj, °b + t?)r and V = (°a - 77, °a + t?) k with 77 G M >0 such that 
°a + 7] < °b — rj because °a < °b. Therefore, we have 

•V n (°o, °b) = (°o - 7], °a + rj) D (°a, °b) C7fl [a, 6] 

'£/ n (°o, °6) = (°6 -r],°b + ??) n O, °6) c'un [a, b] 
•V n m U = (°a - 77, °a + r?) n (°6 - 77, °6 + r?) = 0, 
so that any two of the following smooth functions 

a(p, -) : V — ► 'R 

f\ ( o a o b) :(°a,°b)^'R 

(3(q, -):'U — » *M 

are equal on the intersection of their domains for (11.3.8) and (11.3.9). 

For the sheaf property of (°a — 77, °a + 77) U (°a, °6) U (°6 — 77, °6 + 77) = 
(°a — 77, °6 + 77) we thus have 

3! g:(°a- 77, °6 + 77) — > *R smooth : g\^ a o b) = f. 

If we set 5 := \ we have that °a — 77 < a — <5 < 6 + 6 < °b + 77, as we 
can verify considering the standard parts of all these numbers, and hence 
f ■= g\(a-S,b+8) verifies 

f\(°a°b) = /• 

Because (°a, °6) C [a, 6] we have to verify that the function / and the function 
/ also coincide on [a,b] \ (°a,°b). We firstly note that °a G V C and 
°6 C LT c •[/, so we can apply (11.3.8) and (11.3.9) at x = °a and x = °b 
too. Therefore, we have f\[° a °b] = /• Secondly, if x G [a,b] \ (°a,°b), then 
either a < x < °a or °b < x < b; we will deal with the first case, the second 
being analogous. From these inequalities, it follows that °x = °a so that 
from the infinitesimal Taylor's formula we get 



f(x) = f[°x + (x- x)}=J2d^a{p, 

i=0 

= fl°x + (x-°x)] = f(x). 



(x 



Theorem 11.3.6. Let a, b G *K mtt °a < °b, f : [a,b] — > m R a m C 
function and u G [a, 6] . Then there exists one and only one m C°° map 

I : [a, b] — ► *M 

such that 

I'(x)=f(x) VxG(a,&) 
I(u) = 



00 
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Proof: Prom Lemma 11.3.5 there exist a 5 € M>o and a smooth function 
/ : (a - S, b + S) — -R such that /| [a>6] = /. 

But a — <5<°a — |<°6+|<6 + <5, so the interval with real boundaries 
[a, /?] := [°a - f , °b + f ] is contained in (a - <5, b + <5). Finally a = °a - f < 

we can thus apply Theorem 11.3.3 obtaining 
existence and uniqueness of the primitive J of the function f\[ a ,/3] such that 
J(u) = 0. But [a, b] C [a,/3] and hence I := J|[ a ,6] verifies the existence 
part of the conclusion. The uniqueness part follows, in the usual way, from 
Lemma 11.3.1 and Lemma 11.3.2. 

■ 

We can now define 

Definition 11.3.7. Let a, b £ *K with °a < °b. Moreover, let us consider a 
'C°° function f : [a, b] — ► *IR and a point u G [a, b]. Then 

■(-) /•(-) 



r(~) r(-) 

1. f:= f(s)ds:[a,b] 

J U J U 

2. / f = 

J u 




3. VxE(a,6): [ / /) (x) = ^ £ f(s) ds = f(x) 

It is important to note that in this way we obtain a generalization of the 
usual notion of integral. Indeed, for a, 6, u £ M with a < u < b, let us 
consider a standard smooth function 

/eC DO ([a,6] R| -R). 

Let us extend smoothly this function on an open interval (a — 5, b + <5)r 
with (5 G M>o, so that outside [a, 6]r the extension of / is constant. Let us 
consider the smooth function 

/:= ^ } /(s)ds^ : (a-6,b + 5) — ► "R, 

where here the integral symbol has to be understood as the classical Riemann 
integral on M. Now we have that 

[a, b]C(a-5,b + 5) 

so that we can consider the restriction I\ r a u . It is not hard to prove that this 
restriction verifies all the properties of the previous Definition 11.3.7 for the 
function */, but at the same time, because it is the extension of a classical 
integral, it also verifies 

Vxe[a,%: I{x) = f /(s)dseR. 

J u 
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These theorems can be used to try a generalization of several results of 
integral (smooth!) calculus to 'C°° functions of the form / : nr=i[ a «'^*] — * 
•R d , with ° ai < °bi. 

Indeed, this can be done for several theorems. We only list here the 
main results that we have already proved, leaving a complete report of them 
for a subsequent work. For most of them the proofs are very similar to the 
analogous presented e.g. in Lavendhomme [1996]: 

1. property of linearity of integrals, 

2. fundamental theorem of calculus, 

3. integration by parts formula, 

4. formulas of the form £ f + f™ f = J™ /, £ / = - ^ /, 

5. integration formula by change of variable, 

6. derivation under the integral sign, 

7. smoothness of the function (/,«,«) G •M [a ' b] x [a,b] 2 i-> /J / G 'M, 

8. majorization of integrals: if \fx\ < M for every x G [a, b], then | f\ < 
M-(b-a), 

9. majorization of d-dimensional integrals || f\\ < M ■ sfd ■ (b — a) if 

< M for every x G [a, b] and / : [a, b] — ► *R d , 

10. Fubini theorem for double integrals. 
Example. 

1. Divergence and curl. Classically the divA(x) is the density of the 
flux of A G C°°(U, M 3 ) through an "infinitesimal parallelepiped" cen- 
tered at x G U CM 3 . To formalize this concept we take three vectors 
hi, h,2, h,3 G *M 3 and express them with respect to a fixed base e±, e*2, 
e 3 G M 3 : 

h\ = k\ ■ ei + kf ■ e 2 + kf ■ e 3 where k\ G *R. 

We say that P := (x,hi,h2,hs) is a (jfjrs^ order) infinitesimal paral- 
lelepiped if 

x G M 3 

Vi,j,fc = 1,2,3 : kj-kf-kf£D. 
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The flux of the vector field A through such a parallelepiped (toward 
the outer) is by definition the sum of the fluxes through every "face" 



f A-ndS := [ dt f A(x + thi + sh 2 ) ■ h 2 x hi ds+ 
Jp Jo Jo 



f dt f 

Jo Jo 



A{x + ^3 + thi + sh 2 ) • hi x h 2 ds + . . . 



where the . . . indicate similar terms for the other faces of the paral- 
lelepiped. Let us note that e.g. the function s i— ► A(x + thi + 5^2) 
is a *C°° arrow of type *a(p,s), where here the parameter is p = 
(x,t,hi,h 2 ) £ *M 10 . We have hence concrete examples of 'C°° func- 
tions to which we can apply the results of the previous sections. Now, 
it is easy to prove that if A G C°°(U;R 3 ) and Vol(^i, h 2 , ^3), i.e. the 
oriented volume of the infinitesimal parallelepiped P = (x,hi,h2,hs), 
is not zero, then the following ratio between first order infinitesimals 
exists and is independent by hi, h 2 , /13: 

div,4(x) := _ ^ ^ • / A-n dS. 

Vol(/ii,/i 2 ,/i 3 ) Jp 

To define the curl of a vector field A £ *C°°(U, M 3 ) we can say that 
C := (x,hi,h 2 ) is a (first order) infinitesimal cycle if 

3 

xeU and Vp,g=l,2,3: ^ \kf ■ jfej| e D. 

The circulation of the vector field A on this cycle C is defined as the 
sum of the "line integrals" on every "side": 

f A-tdl:= [ A(x + thi)-hi dt+f A{x + hi + th 2 ) • h 2 dt + . . . , 
Jc Jo Jo 

where . . . indicates similar terms for the otehr side of the cycle C . Once 
again, using exactly the calculations frequently done in elementary 
courses of physics, one can prove that there exists one and only one 
vector, curl^4(x) E M 3 , such that 

/ A • tdl = cm\A(x) -hixh 2 
Jc 

for every infinitesimal cycle C = (x, hi, h 2 ), representing thus the (vec- 
tor) density of the circulation of A. 

2. Limits in *R. Because the theory of Fermat reals is not an alternative 
way for the foundation of calculus, but a rigorous way to have at dis- 
posal infinitesimal methods, there is no need to think that the notion 
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of limit expressed by Weierstrass' s — <5's is conceptually incompatible 
with our use of infinitesimals. A similar approach is already used, e.g. 
in the study of the Levi-Civita field (see Appendix B and references 
therein). Therefore, we can introduce the following: 

Definition 11.3.8. Let f : U — ► *R be a *C°° function defined in 
U C *R and I, x 6 *R be two Fermat reals. Then we say that I is the 
limit of f(x) for x — ► x if and only if 

Ve 6 •M > o 3 5 G *R >0 : \/x £ U : < |x - x| < <5 \ f(x) - l\ < e 

Analogously we can define the right and the left limit. 

Using the total order on *R and replicating the standard proof, we can 
prove that this limit, if it exists, is unique. 

Theorem 11.3.9. In the hypothesis of the previous Definition 11.3.8, 
there exists at most one I G *M such that I is the limit of f(x) for 

x — > x. In this case, we will use the notation I = lim f(x). 

x—>x 

If / : (a, b) — ► •R, °a < °b, and °x G (°o,°6), we want to prove that 
lim. /(x) = f{x). Let us consider a generic e > 0, we want to find a 

x—>x 

5 G D>o- Prom the inequalities < \x— x\ < 8 it follows that x — x G D 
and hence from the first order Taylor's formula 

\f(x)-f(x)\ = \f'(x)-(x-x)\<\f(x)\.5. 

If f'(x) G .Doo, then • 5 = < e because 5 G D is a first order 

infinitesimal. Otherwise, f'(x) is invertible and it suffices to fix 5 such 
that 

5 < 



e.g. 



This expected result (even if the topology we considered on the Fermat 
reals has not been defined as the one induced by the absolute value, 
but the natural topology induced by the smooth figures of *R; see 
the Definition 6.2.4) says us that in the context of *C°° functions, the 
notion of limit is interesting only at the border points x = a or x = b on 
which the function / is not defined. From this point of view, lemmas 
11.3.2 and 11.3.5 represent possible substitutes of the notion of limit 
in *R. 
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Chapter 12 

Calculus on infinitesimal 
domains 

It is natural to expect that we cannot restrict our differential calculus to 
smooth functions defined on open sets, but that we have to extend the notion 
of derivatives to functions defined on infinitesimal sets, e.g. G I C D^. 

As we prompted above, the infinitesimal Taylor's formula does not uniquely 
identifies the derivatives appearing in its addends, so that we must use the 
map ifc to consider the simplest numbers that verify a given Taylor's formula. 

12.1 The generalized Taylor's formula 

In this section we want to prove the Taylor's formula for functions defined on 
an infinitesimal domain, like e.g. / : D a — ► *X, with a G M>o and X G C°° . 
The possibility to prove the following theorems has been the first motivation 
to choose little-oh polynomials instead of the more general nilpotent func- 
tions (like in Giordano [2004]) to define *R. A stronger algebraic control on 
the properties of nilpotent infinitesimals, and better order properties have 
been the second motivation. 

We start proving some preliminary results that permit to affirm that if 
/(0) G *U , where U is open in the space A, then f(h) G *U for every h in 
the infinitesimal domain of /. 

Lemma 12.1.1. Let X be a C°° space, U an open subset of X and x G *X, 

then 

°xeU x G *U. 

Let us note that we have already frequently used the analogous of this result 
for spaces of the form X = W, but in this particular case the notion of 
little-oh polynomial does not depend on observables but only on the norm 
of W. For this reason, in this particular situation, the passage from x G 'X 
to x G 'U is trivial. 



209 



Chapter 12. Calculus on infinitesimal domains 



Proof: Because °x = x(0) G U G T v and x is continuous at t = 0, we have 
that locally x has values in U, i.e. 

y°t : Xt G U. 

So, because all the properties we are considering are local, we can assume 
that x : M>o — ► U, i.e. x has globally values in U. To prove that x £ *U 
it remains to prove that 1 x G U a [t], where we are meaning U = (U -< X), 
that is on the subset U the structure induced by the superspace X. So, let 
us consider a zone VK of (U -< X) such that x(0) G V and an observable 
(p G VK (U -< X). We have that V G T (u-<x) ^ T A - because U is open in X, 
and hence V.K" is a zone of the space X too. Moreover 

(V <{U < X)) = (V -< X) * ) K 

and hence ip is also an observable of X such that 99 £ VK X. But, by hy- 
potheses x G *X, so that re G and hence 99 o x G which is the 
conclusion. 

■ 

The main aim of this section is to prove an infinitesimal Taylor's formula 
for functions of the form / : D a — > 'X through the composition with 
observables (p £ UK X. Precisely we want to consider a 'C°° function / : 
D a — c 'X with /(0) G 'U := *(U -< X) (in general, the function / will 
not be the extension of a classical one, that is / is not necessarily of the 
form / = *<?|_d) and we will prove the Taylor's formula for the function 
*¥>(/(—)) : D a — > K C *]R k . First of all, we prove that this composition is 
well defined, that is the following theorem holds: 

Theorem 12.1.2. Let X be a C n space and let U G T x be an open set. 
Let us consider an infinitesimal set I C D^, with d G N>o and containing 
the null vector: £ I. Finally, let f : I — ► 'X be a °C°° function with 
/(0) G *U, Then f(h) G *U for every he I. 

Proof: From the hypothesis on / it follows that / G 7 'X because I = 
•(7R) = / (see Theorem 9.2.5). Hence, since G /, by the results of Section 
9.2.1, we can globally say that either / is constant, and the proof is trivial, 
or we can write the equality f(h) = *7(p, h) in *X for every h £ I. For the 
sake of clarity let y := f(h), thus taking standard parts we get 

°V ~ T7(P, h)} = 7 (P0, 0) = o ['7(p,0)] x 7(0), (12.1.1) 

that is °y and °/(0) are identified in X (see Definition 7.1.2 for the definition 
of the relation x x y). But /(0) G 'U, hence °/(0) G U and °y G U from 

1 Let us recall the general definition of the set of all the little-oh polynomials in the 
space X £ C°°, i.e. the Definition 8.1.4. 
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(12.1.1). Finally, y = f{h) G *X and hence y = f(h) G *C7 because of the 
previous Lemma 12.1.1. 

■ 

We will state both the 1-dim Taylor's formula and the d-dimensional one, 
because the first case can be stated in a considerably simpler way. 

Theorem 12.1.3. Let X be a C°° space, a G M>o, U G T x be an open set 
of X and 

f : D a ► 'X with /(0) G 'U 

ip ■ m U ► 'R k 

be *C°° maps. Define kj G K such that 

k :=0 

— H J — = 1 Vj = 1, . . . , [a] =: n. 

kj a + 1 

Then there exists one and only one n-tuple (mi, . . . , m n ) such that 
1. rrij G "Rjjy /or every j = 1, . . . , n 

n 

The more general statement, with infinitesimal increments taken in a 
product of ideals of different order, i.e. h G D ai x . . . x D ad , is the following 2 

Theorem 12.1.4. Let X be a C°° space, a\, . . . , eta G M>o, U £ T x an open 
subset of X and 

f : D ai x • • • x D ad ► 'X with /(0) G *U 

cp : *U ► 9 R k 

be 'C°° maps. Define kj G M. such that 

ko:=0 

7- + — ^— = 1 Vj G N d : < — j — < 1. 
kj a + 1 a + 1 

T/ien i/iere exists one ane? on/y one 

m : | j G N d I < 1 



^Recall the Definition 3.3.2 for the definition of the term —tt, where a, j € N 
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1. rrij G *R]£ for every j G N d such that < 1 

2. <p[f(h)]= £ • "', VheD ai x ••• xD ad . 

j€N d 
a+1 ^ 

Proof: The domain of our function is 

D ai x • • • x D ad = *(D ai M) x • • • x *(D ad R) = 

= D ai X • • • X D Qd = Dai X ' ' ' X Datd 

where we have used Theorem 9.2.5 for the second equality and Lemma 9.2.2 
for the latter equality. Setting / := D ai x • • • x D ad for the sake of simplicity, 
we have thus 

/ : 7 — >'X and hence / G, *X. 

Prom the results of Section 9.2.1, since I is an infinitesimal set containing 0, 
we get that either / is constant or we can write 

f = 'lip-)\l (12-1.2) 

for some p G 'A, A is open in W, and some 7 G C°°(yl x B, X) with I C'B 
and -B open in M d . The case / constant is trivial because it suffices to set 
rrij := for j 7^ 0, mg := if [/(0)] to have the existence part and to apply 
Corollary 3.4.1 for the uniqueness part. In the second case (12.1.2) our aim 
is, of course, to use the composition (po'"f(p, — ), so that now we would like to 
find where this composition is defined and to prove that its domain contains 
the previous infinitesimal set I. We have that r\ := *j(p, — ) : 'B — ► *X in 
*C°°, hence, since *U G T » x , we also get that r]~ 1 ('U) is open in *B and 
hence it is also open in *M. d because B is open in M d . But we have that 
G V^i'U) if and only if r?(0) = *7(p,0) = /(0) G *U which is true by 
hypothesis. Thus, since t]~ 1 ('U) is open in 'M. d we obtain that 

3 Bi open in R d : G *B\ C r}~ x {*U) C *B. 

So we are in the following situation 

'Si ^ •[/ -Rk , 

and hence the composition ip o *7(p, — =: ^ is defined in 'B\ which, 
being open and containing 0, it also contains the infinitesimal set / (Lemma 
12.1.1). But the idea is to use the Taylor's formula for standard smooth 
functions, i.e. Theorem 3.4.5, and we do not know whether the function i/j 
is the extension of an ordinary standard function. So, we have to note that 
*B\ = *B\ and hence ip G. *IR k , so that we can apply once again Theorem 
9.2.4 obtaining that locally, in a neighborhood of G °B±, we can express 
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the figure V as V = -) for a suitable 5 £ C°°(C x E,R k ), with I Q'E 
(the case ^ constant can be dealt as seen above). Therefore we have 

ip(x) = '5(q, x) = ip [*7(p, x)] = <p [f(x)\ Vx £ 'E Pi 'B 1 = *{E n B). 

To the standard smooth function S £ C°°(C x £?,IR k ) we can apply Theorem 
3.4.5 at the non-standard point (q,0) £ 'Cx'E = '(CxE) with infinitesimal 
increment (q, + h), h £ I; we obtain 

VfceJ: ip(h) = ['8(q,h)]=<p[f(h)]= Y, T'trJ®' 

jGN d J ' X 

a + l Vi 

Now it suffices to apply Corollary 3.4.1 to obtain the conclusion. 

■ 

Analogously we can state and prove a Taylor's formula for functions / : 
— ► 'X, with coefficients mo G 'Rq and nij £ *R\. 

Definition 12.1.5. In the hypothesis of the previous Theorem 12.1.4, we set 

d<p(f) : \j £ n d | -J— < 1 
[ a + l 

such that: 

1. djip(f) £ *R k kj for every j £ N d such that < 1 
*■ <P lf(h)] = E f ' dMf) Vh £ D Q1 x • • • x D ad 

j£N d 

-^—<1 

a + l 



In the case X = R k and tp = l K k we will use the simplified notations 

djf ■■= <>,.nv) ■= dMf) 

/(™)(0) := 9 n /(0) if f:D a — ► "R and n < a + l. 

Let us note that using these notations we have that djtp(f) = dj(ip o /). 
For example if / : D — > 'R is smooth, then we have 

/'(0)e"R 2 and Vh£D: f(h)=f(0) + h-f'(0), 

with /'(0) uniquely determined by this property. Using this notation we 
have that / i— > /'(0) is a derivation up to second order infinitesimals 

Theorem 12.1.6. Let f , g : D — ► 'R and r £ *R, then 

1. (/ + ff) / (0) = /'(0)+ ff '(0) 
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2. (r ■ /)' (0) = 2 r ■ /'(0) and ifreR, then (r • /)' (0) = r • /'(0) 
5. (/-5)'(0) =2/ / (0)- 5 (0) + /(0)-g'(0) 

In oi/ier words the map f G 'IR -0 i— > *M =2 is a derivation (see Theorem 3.2.3 
for the definition of'M. =k ). 

Proof: We use the notations of the proof of Theorem 12.1 A and we prove 
property 3., the others being similar. Thus we can write 

/ = 'l{v,-)\o , 9 = 'v(Q,-)\d 
f'(0) = t 2 [d 2l {p,0)] , </(0) = i2 [d 27? (g,0)], (12.1.3) 

where d 2 means partial derivative with respect to the second slot. Therefore, 
recalling Theorem 3.2.3 about the properties of we have 

(/■S)'(0) =2<9 2 ( 7 (p,-)-r ? (<Z,-))(0) =2 

=2 5 27 (p, 0) • V (q, 0) + 7 (p, 0) • d 2V (q, 0). (12.1.4) 

But from (12.1.3) we have that /'(0) = 2 <9 2 7(p,0), g'(0) = 2 d 2 r](q,0) and 
= 2 is a congruence relation with respect to ring operations (Theorem 3.2.3), 
hence from (12.1.4) we obtain the conclusion. 

■ 

It is important now to make some considerations about the meaning of 
the derivative djf(0), for / : — ► *K, with respect to the order of in- 
finitesimals n 6 N>o- We have already hinted in Section 11.2 to the fact that 
the best properties for derivatives can be proved using the Fermat method 
for functions / : V — ► *M defined in a neighborhood V of the point we are 
interested to, e.g. G *U C V, with U open in M. d . But if we start from 
a function of the form / : D d — ► *R defined on an infinitesimal set, then, 
roughly speaking, the domain D d is "too small to give sufficient information" 
for the definition of djf(0) using the Fermat method. Indeed, we do not have 
as domain a full neighborhood to uniquely determine the smooth incremental 
ratio of /. The Taylor's formula determines the derivatives djf(0) in the set 
*m£ and hence forces us to work up to kj-th order infinitesimals, i.e. using 
the congruence 3 As a further proof of these informal considerations, it 
seems plausible to expect that the larger is the order n G N>o the larger is 
the "information" we have at disposal. More precisely, the situation we want 
to analyze is the following: if we take a smooth function / : — ► *X and 

n < to, then what is the relationship between dj(p(f) and dj(p f/lxjdj? The 

answer is: it results kj(n) > kj(m) and djip(f) is equal to djip (f\ud) up to 
infinitesimals of order kj(n). 

3 We have to note that kj, denned in the statement of Theorem 12.1.4, really depends 
on the order n, thus if we need to distinguish two situations with two orders, we will use 
the more complete notation kj(n). 



214 



12.1. The generalized Taylor's formula 



Theorem 12.1.7. Let X G C°° be a smooth space. Let us consider n, m, 
d G N>o U {+oo} ; j G N d with n < m and 1 < \j\ < n. Moreover, let us 
consider an open set U G T x and smooth maps of the form 

f:D d m ^'X with f(0)€'U 



Finally, let 



1 j 

+ 



kj(p) p+1 



1 Vp G N >0 U {+oo}. 



Then we have 

1. kj{n) > kj{m) 

2. djip(f) = kj(n) djip [f\ D d^ 

3. kj(m) < uj djif(f) — djip (^flo^j < kj(n) and hence 



dj(p(f) - djip (f\ D d) e D kj{n) 



p+i 

rrr, and that for a > b the real function x i— ► tttt has a derivative ,^7u\z 



x+b 



(x+b)' 2 



Proof: To prove 1. it suffices to note that kj{p) = p +ily\ , because 

Ml 
p+ i 

which is negative for every x 
To prove 2. from Definition 12.1.5 we have 

But re < m so C and thus from Corollary 2.5.6 we have 
VheD d n : <p[f(h)]=J2^-9Mf)- 

\0\<n J ' 

Now using Theorem 3.3.3 we obtain h? -djip(f) = h? ■ Lkj(n) [djP(f)] f° r every 
h G D d and substituting we get 

Vh£D d n : ip [f(h)\ = E -f • % (») ' 

hence from the uniqueness in Taylor's formula we obtain i kj (n) [djVif)] = 

djV {J\d<i) = L k 3 (n) djP j because t k (x) = x if x G m M k , and this 

proves 
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Property 3. follows directly from Theorem 3.2.5. 

■ 

Much in the same way as the Fermat method provides a very useful 
instrument to derive the calculus for functions defined on open sets, the pre- 
vious theorems show us that the derivatives djip(f) provides a useful instru- 
ment to study functions defined on infinitesimal sets. The following theorem 
states that equality of derivatives through observables implies identity of the 
functions: 

Theorem 12.1.8. Let X G C°° be a smooth space and n, d G N>o- Let us 
consider two smooth functions 

f, g:D d n ^'X with f(0) = g(0). 

Moreover, let us assume that the derivatives of these functions are equal, i. e. 

dj'<p(f) = df<p{g) Vj G n d : 1 < \j\ < n 

for every observable ip : U — ► M k of the space X with /(0) G *U . Then 

f=9 

Let us note that this theorem, which is a consequence of our definition of 
equality in 'X using observables (see Definition 8.2.1), is not trivial, because 
in our context we do not have charts on our spaces X G C°° . 
Proof: Take h G D d , we have to prove that y := f(h) and z := g(h) are 
equal in *X. Using typical notations and neglecting some details, we can say 
that y = f(h) = 9r y(p, h) in *X so that 

°y = °[' 1 (p,h)]= 1 (°p,Q) = 

= T7(p,o)] = 7(o). 

But /(0) = 5(0) in *X by hypothesis, so °y = °/(0) x °g(0) = °z. Now let 
us take an observable tp : U — > M k of X, we have to prove that 

yo£ U <=> z eU (12.1.5) 

y eU => <p(vt) = tp(zt)+o(t). (12.1.6) 

The first one follows directly from the identification °y >c °z. For the second 
one, if y G U, then y = °y = °/(0), thus °/(0) G U and hence /(0) G m U 
from Lemma 12.1.1. We can thus apply our hypotheses to obtain the equality 
of derivatives dj'ip(f) = dj'ip(g) for every j G N d with 1 < \j\ < n. Using 
Taylor's formula 

v ^ hi v ^ hi 

My) = V [/W] = E jWvif) = E j-°j m <p(9) = VbW] = V(*), 
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this equality being in *]R k , i.e. ip(yt) = (f{ z t) + o(t), which is the conclusion 
stated in the theorem. 

■ 

There is the possibility to connect the methods developed for the dif- 
ferential calculus of function defined on open sets (see the previous Section 
11) with the differential calculus of smooth functions defined on infinites- 
imal sets. Indeed, the following results prove that functions of the form 
/ : S — ► *R n can be seen locally as "infinitesimal polynomials with smooth 
coefficients". 

Theorem 12.1.9. Let S C *R S and f : S — ► *R" a map (in Set). Then it 
results that 

f:S — ► 'R n is smooth in 'C°° (12.1.7) 
if and only if for every x G S we can write 

/(!/)= 5> g (y)-p* Vye'FnS, (12.1.8) 

\q\<k 
q€N d 

for suitable: 

1. d, k£N 

2. peD d k 

3. V open subset ofW such that x £ 'V 

4. «)| 3 |< fc family of C°°(V,R»). 

q€N d 

In other words, every smooth function / : S — ► *M. n can be constructed 
locally starting from some "infinitesimal parameters" 

Pi,-- - ,Pd G D k 

and from ordinary smooth functions 

a q £ C°°(T/,IR n ) 

and using polynomial operation only with pi, p^ and with coefficients 
a q (— ). Roughly speaking, we can say that they are "infinitesimal polynomi- 
als with smooth coefficients. The polynomials variables act as parameters 
only". By the sheaf property, here "locally" means that this construction 
using infinitesimal polynomials has to be done in a neighborhood of each 
point x G S, but in such a way to have equal polynomials on intersecting 
neighborhoods. 
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If / : I — >'R n with Oe/C D^, then for x = we can write (12.1.8) 
globally as 

f(h)= a q (h) -f yhei, (12.1.9) 

because / C 'V. From (12.1.9) we obtain 



djf(hi) = ik, 



\ 



d^h) ■ P q V/nel 

\q\<k 



J 



where j G N d , kj G E and ai, G N>o are such that < < 1 and 

+ ^-j- = 1. Therefore from Theorem 3.3.3 we get 

Vh£ D ai x ■■■ x D ad : h ■ djf(hi) = h ■ ^ fy<h(hi) ' P 9 - (12.1.10) 



All this permits to use the results about the differential calculus of functions 
like a q G C°°(V, , ]R ri ), defined on open sets, to functions defined on infinites- 
imal sets. Moreover, equalities of the form (12.1.10) permit to avoid the use 
of the map L k : *R n — > 'IC . 

Proof: The implication (12.1. 8)=> (12.1.7) follows directly from Theorem 
9.2.4. For the opposite implication, let us write /|v = 'a(ir, — )|y, as usual, 
in a neighborhood of x G 'VCiS, for a G C°°(U x V, W 1 ) and where tt G 'U C 
*M. d works as the usual non standard parameter. Set r := °ir and p := tt — r 
so that p G for some k G N>o- Using the infinitesimal Taylor's formula 
we get 

pq 

f(y) = a(vr, y) = a(r + p,y) = <9 g a(r, ?/)■—, 
from which we have the conclusion setting a q := -j- ■ d q a(r, — ). 

■ 

Taking an enumeration of all these multi-indexes (/ G N ', i.e. 

{ft,...,ftv} = {<7GN d : \q\<k, p« ± o} \ {0} 
ft. / 2j if « / i, 

then we can write the infinitesimal polynomial (12.1.8) in a simpler way, 
even if it hide the powers p q of the infinitesimal parameter p G D d . In fact, 
using this enumeration we can write 



f(y) 



N 

£ 

i=l 
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It suffices to set 7Tj := pf 1 ■ . . . ■ p^ d , hi := a Qi and &o := oq to have 

JV 

f(y) = b (y) + ^b i (y)-n i Vye'vns. (12.1.11) 

1=1 

As usual, both the smooth functions and the infinitesimal parameters tt; l 
are not uniquely determined by formulas of the form (12.1.11). 

12.2 Smoothness of derivatives 

In our smooth context, it is important that the definition of derivative for 
our non standard smooth functions always produces a smooth operator. On 
the other hand, it is natural to expect, exactly as for the standard part map 
(see Corollary 9.4.3) that every function : *R — ► 'R mapping a Fermat 
real x G *R to "x up to fe-th order infinitesimals", i.e. 0k(%), cannot be 
smooth. If this is so, then also the first derivative cannot be smooth being 
thought as a function of /, i.e. / G *M D i— > /'(0) G *R. Let us consider, for 
example, the following function defined on the infinitesimal set D 2 of second 
order infinitesimals and depending on the parameter p G 'R: 

f p (h):=^(h+p) 2 Vh£D 2 . 
We have f p (h) = \p 2 + hp + 4p, so that from the Taylor's formula we have 

/;(o) = i|(?) 

fp(0) = ts(l) 

So, if the map 

/ G 'R° 2 ^ /'(0) G "R 

is smooth, also the map 

p G 'R ^ f p G 'M^ 2 ^ /;(0) = ts(p) G *R 

would be smooth. Therefore, the smoothness of the maps it ■ 'R — > 'R is 
strictly tied with the smoothness of the derivatives. We will see that these 
maps are not smooth, as a simple consequence of the following general result. 

Theorem 12.2.1. Let M, N be manifolds, and f : 'N — ► "M be a 'C°° 

function. Then 

f(N) C M f = '(f\ N )- 



in fact: 



n + l 



2 + 1 



1 in fact: 



n+l- j 2+1-1 
n+l 2+1 



n+l- j 2+1 



3. 
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In other words, a 'C°° function between extended manifolds that takes stan- 
dard points to standard points, can be realized as the extension of an ordinary 
smooth function. 

Proof: Let us consider a generic point n\ G 'N. We want to prove that 
/(ni) = * (/|at) ( n i)- Let n := °m £ N so f(n) G M and we can consider a 
chart (U,ip) on n G N and another one (V,ip) on f(n). We can assume, for 
simplicity, f(U) = M n , tp(V) = M m , f(n) = and the open set U sufficiently 
small so that f(*U) C *V. Diagrammatically, in *C°°, the situation is the 
following 

V" 1 f\»u *V> 
•]R n — *U ■ 'V *IR m • 



To the smooth function *ip 1 ■f\*u'°' l P '• — * we can a PPly Theorem 
9.2.4 obtaining that in a neighborhood of we can write 

i> [f (v^y)] = 'i(p,y). 



where 7 G C°°(A x B,R m ), p G M, A is open in W and B is an open 



neighborhood of in M n . Setting r := °p £ R p and h := p — r £ for some 



fc G N>o, we get 

h q 

i> [f (v^y)] = *7(r + h,y)= d h( r > y) • -p 

where d\ means the derivative with respect to the first slot of 7(— , — ). Set- 
ting for simplicity a^y) := ■ d 9 'j(r,y), hi := h q \ where {qi,...,q N } = 
{q G N p : \q\ < k}, qi / qj if i 7^ j, we can write 

N 

i;[f(^ 1 y)]=a (y) + ^2a t (y)-h i Vy G 'B, (12.2.1) 

i=l 

where the functions a, G C°°(B, M m ) are standard smooth maps. We can sup- 
pose (oi, . . . , ajv) linearly independent in the real vector space C°°(.B, M m ), 
because otherwise we can select among them a basis and express the other 
functions as a linear combination of the basis. Now, let us evaluate the 
standard part of (12.2.1) at a generic standard point r G B: 

N 

VrGB: {4>[f{v- 1 r)]}= a (r)+Y,°ai(r)- h i = ao(r), (12.2.2) 

i=i 

because °hi = since hi = h q > = (p - °p) qi G D^. But r G B C M n , so 
¥> _1 (r) G U C •[/ and / (^ -1 r) ElnT = F because /(iV) C M. Thus, 
^ [/ (^~ lr )] 6 M m and hence from (12.2.2) we get 

V> [/ (y -1 r)] = ao(r) Vr G 5. (12.2.3) 
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Therefore 



N 



J^ai(r) -hi = W G B. 



(12.2.4) 



i=l 



The functions ai are continuous and linearly independent, so that from 
Lemma 11.2.6 we can find r±, . . . , G B such that 



dot 



We can write (12.2.4) as 



ai(n) ... ojv(n) 
ai(rjv) ... a N (r N ) 



7^0. 



ai(ri) . 






' h x ' 


ai(rjv) • 


• a N (r N ) 




h N 



and therefore we obtain that hi = for every z = 1, . . . , N, and 

i> [f i^y)] = a o(y) 

for every y £ 'B from (12.2.1), which has to be understood as an abbreviation 
of 

V [/ (V -1 */)] = 'a (y) Vy G '5. (12.2.5) 

Now ni x n because °ni = n, so that *</?(ni) x y(^) = G *B and thus 
also *v?(rei) £ 'B from the definition of x. We can thus apply (12.2.5) with 
y = V( n i) obtaining that [/(n,i)] = *ao (*v?ni), and hence 

/(m) = V" 1 Coo (Vm)] = ' 0T 1 o a o tp) \^ {B) {n x ). (12.2.6) 

Finally, we must prove that °flo°^) {x) = (/|at) (x) in an open neigh- 

borhood of n, but from (12.2.3) and taking a generic x G ip~ l {B) C iV we 
get 

V> [/(«)] = °o b(^)] 

/O) = (/k) («) = V"" 1 [oo (yx)] = (V^ 1 ° «o ° </?) |p-i(B)(aO, 

and therefore /(rti) = * (/|jv) ( n i) from (12.2.6). 

■ 

From this general result it follows 

Corollary 12.2.2. Let k G M>i, then the function 

L k :'R — ► "R (12.2.7) 

is not smooth. 
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Proof: In fact tfc(r) = r for every r £ 1, so from the previous Theorem 
12.2.1 we have 

tjfc = * (tfcllR) = *1r = 1«r 

if tfe is smooth. But this is impossible because, e.g. tfc(difc) = / dt^ = 
l.R(dtfc). 

■ 

This negative result will be counteracted in two ways: in the first one we 
will prove that, in spite of this corollary, any map of the form 

{f,<P,h) h-> h? ■ dj<p(f) 

is smooth; the second one says that the negative result is due to the choice 
of a wrong codomain in (12.2.7). 

Theorem 12.2.3. Let X G C°° be a smooth space, n G N>o and U G T x an 
open set of X. Let us consider the 'C°°-maps 

f :D n — >'X with /(0) G 'U 



Finally, let 



A 



(p:'U - 

1 1 

2 2 2 

n n 2 



1 

2" 
n" 



be the inverse of the submatrix V(l; 1) obtained deleting the first row and the 
first column of the Vandermonde matrix V determined by (0, 1, 2, . . . , n). 
Then for every j = 1, . . . , n we have 

n 

h j ■dMf) = J2i ] - a v-{<P[f(i-h)]-<p[f(0)]} VheD n , (12.2.8) 

i=l 

hence the function 

(/, ip, h) G *U Dn x (*M k ) x D n ^ h? ■ djcp(f) G *IR k (12.2.9) 
is smooth in 'C°°. 

Proof: From the infinitesimal Taylor's formula, Theorem 12.1.3, we have 



<p[f(h)] = ip[f(o)] + J2-[- d Mf) VheD n . 



[12.2.10) 
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Let xj := jr ■ dj<p(f) for j = 1, 



, n and for a fixed h £ D n let h, 2h, 3h, 



n- h in (12.2.10). We obtain 

</?(//t) - <p(f0) = xi + . . . + x n 
if [f(2h)\ - <p(f0) = 2xi + 2 2 x 2 + . . . + 2 n x r 



+ n n x n . 



</? [f(nh)\ — <p(fO) = nx + n 2 X2 + 
So that we can write this system of equations in xi, . . . , x n as 



1 1 

2 2 2 

2 

n n 



1 

2" 

n" 



XI 




tp(fh) - <p(f0) 






_ <p[f(nh)]-<p(f0) _ 



from which the first part (12.2.8) of the conclusion follows. 

The second part follows noting that the right hand side of (12.2.8) gives 
the function (12.2.9) as a composition of smooth functions (among which we 
have to consider some evaluations, that in a cartesian closed category are 
always smooth; see Section 7.3). 

■ 

Analogously, we can prove a corresponding result in the ci- dimensional case: 

Theorem 12.2.4. Let X £ C°° be a smooth space, n, d £ N>o and U G T x 
an open set. Let us consider the 'C 00 -maps 

f:D* — >*X with /(0) £ 'U 

ip:'U ^'R k . 

Then for every j £ N d such that \j\ < n, the map 

•U 



{f,<p,h)e'U 



D d n ' ► h? ■ dMf) e #I 



is a *C°° map. 



The second solution of the negative result of Corollary 12.2.2 is to admit 
that the codomain of the map is not correct, but we have to change it as 
follows 

ifc : M — > . 

Indeed, we have 

Theorem 12.2.5. Let k £ M>i, then the map 

is a 'C°° map. We recall here that *BL fc is the quotient set *K/ =^. 
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Proof: For clarity, we will use the notations with the equivalence classes, so 
that here the map i k as to be understood as defined by 



i k (m) :-- 



N 



m 



i=l 

cui (m)>fc 



Vm e *R. 



'12.2.11) 



But using the notations with the equivalence classes, the equality 

N 



°U+ ^ ° U i ' dt Ui(u) =kU VttG 'I 



i=l 

LUi(u)>k 



now gives 



i k (u) = [u} = , VuG'l 



and hence the map i k defined in (12.2.11) is simply the projection onto the 
quotient set *M =fe which is always smooth by the co-completeness of the 
category 'C°° (see Theorem 6.3.5). 



and *R= fe we also prove 



To clarify further the relationships between "1 
the following 

Theorem 12.2.6. Let k G M>i, then the map 

i k :x£ *R =k ^ i k (x) £ *R k 

is not smooth in *C°°. 



Even if we have these negative results, the map t k : *R — > *M. k as defined 
in the Definition 3.2.1 has not to be forgotten: if we only need algebraic 
properties like those expressed in results like those of Chapter 3, then we do 
not need the whole map i k but only terms of the form t k {m) : and in this 
case, we can think t k (m) G If, instead, we need to prove smoothness 

of derivatives, then we need the map t k thought with codomain: i k : "K — > 
*K =fe . This little bit of notational confusion disappears completely once we 
specify domains and codomains of the map i k we are considering. 
Proof: Firstly, the map i k : *BL fc — ► is well defined because the 
definition of x = k y is exactly i k {x) = i k {y) (see Definition 3.2.1). 

Now, let us take a figure 5 £ H *K =J . on the quotient set 'R= k - By 
Theorem 6.3.5 this means that for every h G H we can find a neighborhood 
U of h in H and a figure a G v *K such that 5\u = a • [—]= k . Let us consider 
the composition 5 • i k : H — > *M k in the neighborhood U : 



ik (S(u)) = i k |[a(u)] =fc | = i k [a(u)\ . 
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So, taking a = from this we would obtain that if ik were smooth, then 
also ik{u) would be smooth in u. In other words, it would be smooth if 
considered as a map from # R to *Rfc <— ► *R, but we already know that this 
does not hold from Corollary 12.2.2. 

■ 

Now we have to understand with respect to what variables we have to 
mean that "derivatives are smooth functions", because we are considering 
functions defined on infinitesimal sets. The natural answer is given by the 
following 

Definition 12.2.7. Let X £ C°° be a smooth space, d £ N >0 , n G N >0 U 

{+oo}, and U G T x an open set. Let us consider the *C°° maps 

tpi'U —> 'R W 

f:V — >'X with x G V C 'R d and f(x) G *U. 
Moreover, let us suppose that V verifies 

V/i G D d : x + h G V, 

so that we can define f x : h G D% f(x + h) G *X. Then for every 
multi-index j G N d w^/i 1 < \j\ < n we define 

9j<p(f) x ■= djip(fx) ■ 

As usual, if X = IR k and ip = l H k, we will use the simplified notations 
djfx ■= djf(x) := djip(f) x and := djf(x) if k = 1 and 1 < j <n. 

Therefore the derivative djip{f) x is characterized by the Taylor's formula 

\j\<n 

and by the conditions djip(f) x G *M = , for every multi-index j. As above, 
with these notations we have that djip(f) x = dj{ip o Z)^. 

Example. Let us consider / : D — ► *R, we want to find /'(i) for i £ D. 
By Definition 12.2.7 we have 

f(i + h) = f(i) + h- /'(») V/iGZ?, (12.2.12) 

with /'(i) G *M =2 . But i + h £ D so that we also get 

/(t + fc) = /(0) + (i + fe)-/ , (0) (12.2.13) 
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with f'(0) G *IRL 2 - On the other hand from i G D we also have /(z) = /(0) + 
i-/'(0), and substituting in (12.2.12) we get f(i+h) = f(0)+i-f(0)+h-f(i). 
Prom this and from (12.2.13) we finally obtain 

h ■ /'(0) = h ■ f'(i) \fheD, 

that is (see Theorem 3.3.3) /'(0) = 2 f'(i), i.e. /'(0) = /'(i) because both 
derivatives are in *M . This confirms an intuitive result, i.e. that every 
smooth function / : D — > *M is a straight line, and hence it has constant 
derivative. 

Using the notation of the Definition 12.2.7 we can now state the following 

Theorem 12.2.8. Let X , d, n, U, V and j as in the hypothesis of Definition 
12.2.7, then the function 

dj : (f,<p,x) G 'U V x (V) U x V » dj<ptf) x G 'K^. 
is a *C°° map. 

Proof: Let us consider figures a G A *U V , f3 G s (*IR k ) U and 7 G c V, we 
have to prove that (a x (3 x 7) • <9j G 4xSxC *M k . Due to cartesian closedness 

we have that a v : A x V — > *U and f3 v : 5 x *U — > *R k are smooth. In 
the following we will always use identifications of type A x B = Ax B, 
based on the isomorphism of Lemma 9.2.1 and Lemma 9.2.2. We proceed 
locally, that is using the sheaf property of the space *^L k , so let us fix generic 
(a, 6, c) G A x B x C . First of all, we have to note that the function 

6 : (01,61,2;) eAxB xV ^/3 v {6i,a v [a lt x]} G 'M k , 

is smooth, being the composition of smooth functions. Let, for simplicity, 
V := A x B x V. We have that 6 : AxBxV — ► *IR k in 'C 00 , and hence 
we have the figure 8 G AxSxV *M k . Let us apply to this figure Theorem 
9.2.4 at the point (0,6,7(0)) G V, obtaining that in an open neighborhood 
*Wn V of (a, b, 7(c)) generated by the open set U of W x R b x R d we can write 
0(cti,6i,x) = m 8(p,ai,bi,x) for every (oi,6i,x) G 'Ut~)V, where 5 G C°°(.Ax 
U,R k ), pe'A and A is open in R p . Note that, being M k a manifold, we do 
not have the classical alternative "6 is locally constant or G = °5(p, — )", see 
the above cited theorem. Roughly speaking, to obtain the map (a x (3 x 7) -dj 
of our conclusion we have to derive the function 5 with respect to the fourth 
variable x, to compose the result with the mapping i^. : *IR k — > *R* and 

finally to compose the final result with the figure 7 : C — ► V. To formalize 
this reasoning, we start from the open set W of E a x K b x W 1 . Therefore, 
Ps(U) is open in R d , where p% : M a x M b x R d — > M. d is the projection onto 
the third space. Hence P3(U) fl V is open in V and 7" 1 \p$(U) f\V] =: C is 
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open in C because 7 : C — ► V, being smooth, is continuous. On the other 
hand, p 12 (U) is open in M s xi b , where p 12 : R 3 x R h x R d — >R a xK b is 
the projection onto the first two factors. Therefore, pvi{U) D (A x B) =: V 
is open in A x B and hence V x C is open in A x B x C . In this open 
set we will realize the above mentioned compositions. Indeed, first of all 
we have that (a, b, 7(c)) G U and hence (a, b) G V = p±2(U) fl (i x £?); 
moreover, 7(c) G fl V and hence (a, b, c) £ V x C. Now, for a generic 

(ai, 61, ci) G 2? x C we have 

[(a x x 7) • fy] (oi, 61, ci) = djfiipi) (a(ai)) 7(ci) 

= 9j (^( & i) °«(«i)) 7 ( Cl ) 

= a i (/3 v (6 1 ,-)oaV (ai5 _ ) )^ 

= Sj(e(ai,6i,-)) 7(ci) 

= i kj [* (<9 4 o") (p,ai,6i,7(ci))] . 

This proves that we can express (aX(3xj)-dj on the open neighborhood DxC 
of (a, b, c) as a composition of smooth maps (so, here we are using Theorem 
12.2.5 about the smoothness of the map tt.) and hence the conclusion follows 
from the sheaf property of the space G *C°° . 

■ 

Using this result, or the analogous for derivative of smooth functions 
defined on open sets, we can easily extend the Taylor's formula to vector 
spaces of smooth functions of the form 'R z . 

Theorem 12.2.9. Let Z be a C°° space, a\, . . . , G M>o, and 

f : D ai x ■ ■ ■ x D ad ► *R Z 

be a 'C°° map. Define kj G R such that 

1 Vj G J := { j G N d I < l) : j ± 0. 



kj a + 1 [ a + 1 



T/ien i/iere exists one and only one family of smooth functions 

m : J ► 



t 2 



1. m,j(z) G *R= fc . /or every j G N d smc/i that < 1 and every z £ Z 

2. f(h) = Yl jr " m j Vh £ D ai x ■ ■ ■ x D ad in the vector space *R Z . 

j&N d 

-i—<i 
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Proof: For cartesian closedness, the adjoint of the map / is smooth: 

f v : Z x D ai x • • • x D ad ► *R. 

Let us indicate this map, for simplicity, again with /(—,—). Then it suffices 
to consider the smooth functions 

rrij-.zE Z\-*f(z,-) G •R D <*i x - xD "d ^ djf{z,-) G *M =fc . 
to obtain the desired pointwise equality 

f(z,h)= 2^ —-mjiz) VzeZ 
-^—<i 

a+l 

from the infinitesimal Taylor's formula (Theorem 12.1.4). The uniqueness 
part follows from the corresponding uniqueness of the cited theorem. 

■ 

Using analogous ideas, we can also extend Theorem 12.1.9 to functions of 
the form / : S — ► where Z is a generic °C°° space; the corresponding 
statement can be easily obtain simply replacing in Theorem 12.1.9 the space 
*R n with the space 'R z . 
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Chapter 13 

Infinitesimal differential 
geometry 

The use of nilpotent infinitesimals permits to develop many concepts of differ- 
ential geometry in an intrinsic way, without being forced to use coordinates. 
In this way the use of charts becomes specific of suitable areas of differential 
geometry, e.g. where one strictly needs some solution in a finite neighbor- 
hood and not in an infinitesimal one only (e.g. this is the case for the inverse 
function theorem). 

We recall that we named this kind of intrinsic geometry infinitesimal 
differential geometry. 

The possibility to avoid coordinates using infinitesimal neighborhoods in- 
stead, permits to perform some generalizations to more abstract spaces, like 
spaces of mappings. Even if the categories C°° and 'C°° are very big and 
not very much can be said about generic objects, in this section we shall see 
that the best properties can be formulated for a restricted class of extended 
spaces, the infinitesimally linear ones, to which spaces of mappings between 
manifolds belong to. 

All this section takes strong inspiration from the corresponding part of 
SDG, in the sense that all the statements of theorems and definitions have 
a strict analogue in SDG. Our reference for proofs not depending on the 
model presented in this work but substantially identical to those in SDG is 
Lavendhomme [1996]. 

13.1 Tangent spaces and vector fields 

We start from the fundamental idea of tangent vector. It is natural to define a 
tangent vector to a space X S 'C°° as an arrow (in 'C°°) of type t : D — ► X. 
Therefore TX := X D = 'C°°(D,X) with projection vr : t G TX ^ t(0) G X 
is the tangent bundle of X. 

We can also define the differential of an application / : X — ► Y in *C°° 
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simply by composition 

df : t G TX = X D — ► / o t G TY = Y D . 
In the following we will also use the notations 

T X X := ({t G TX 1 1(0) = x} ~< TM) G 'C°° 

df x :te T X X ' ^ d/ x [t] :=fot€ T f{x) Y 

for the tangent space at the point x £ X and for the differential of the 
application / : X — ► Y at the point x. 

Note that using the absolute value it is also possible to consider "bound- 
ary tangent vectors" taking \D\ := { \h\ : h G D} instead of L>, for example 
at the initial point of a curve or at a point in the boundary of a closed set. 
In the following, M G Man will always be a (i-dimensional smooth manifold 
and we will use the simplified notation TM for T(*M). 

It is important to note that with this definition of tangent vector we obtain 
a generalization of the classical notion. In fact, in general we have that 
i(0) G *M and ip'(t) := di<p(t) G , m£ 2 if (p is a chart on °i(0) G M. In other 
words, a tangent vector t : Z? — > *M can be applied to a non standard point 
or have a non standard speed. If we want to study classical tangent vectors 
we have to consider the following C°° object 

Definition 13.1.1. We call T st M the C°° object with support set 

|T st M| :={7b = feC°°(R,M)}, 

and with figures of type U (open in W 1 ) given by the substructure induced by 
TM, i.e. 

d S y T st M d:U — >• |T st M| and 'C°° N d ■ i G & TM, 

where i : |T st M| ^ TM is the inclusion. 

That is in T st M we consider only tangent vectors of the form t = */|d, i.e. 
obtained as extension of ordinary smooth functions / : E — ► M, and we 
take as figures of type U C M u the functions d with values in T st M which 
in the category 'C°° verify d v : U x D — ► *M. Note that, intuitively 
speaking, d takes a standard element it G U C M fc to the standard element 
d(«) G T st M. 

Theorem 13.1.2. Lei i G TM be a tangent vector and (U,(p) a chart of 
M on °t(0). T/ien 

t g T st M t(0) G M and <p'(t) G M d . 
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Proof: If t = 'f\ D G T st M then t(0) = f(0) = °t(0) G M and ^(t) 
*2 [(v ° /)' (0)] G M d because 



c°° n y := r\u) f ^ v ) c/ — ^- 



and hence (92 o /)' (0) G M d . Vice versa if t(0) G M and (p'(t) G R d , 
then applying the generalized derivation formula (Theorem 12.1.3) we ob- 
tain V(t(/i)) = V(t(0)) + h • </>'(*) for any h E D. But V(*(0)) = ¥>(t(0)) 
because £(0) G M. Hence setting a := y?(£(0)) G M d and b := ip'(t) G M d we 
can define 

f(s) := <p~ 1 {a + s-b) E M Vs : \s\ < r, 

where r G M>o has been taken such that B r .i\f,\\(a) C f7. The standard 
smooth function / : (— r, r) — ► M can be defined on the whole of E in any 
way that preserves its smoothness. 
We have that 

£(/i) = •<p- 1 (*<p(t(h))) = V _1 (a + h ■ b) =: m f\ D (h) V/t G D, 
and this proves that t G T st M is a standard tangent vector. 

■ 

In the following result we prove that the definition of standard tangent vector 
t G T st M is equivalent to the classical one. 

Theorem 13.1.3. In the category C°° the object T st M is isomorphic to the 
usual tangent bundle of M 

Proof: We have to prove that T^ := {t G T st M 1 1(0) = m} ~ T m where 
here T m := {/ G C°°(R, M) | /(0) = m}/ ~ is the usual tangent space 
of M at m G M. Note that T m G C°° because of completeness and co- 
completeness. 
Firstly we prove that 



dt 



a 



veR d 1 — ► [r h-> ip~ x (iprn + r ■ «)]^ G T m (13.1.1) 



are arrows of C°°, where 99 : V — > K is a chart on m with </j(V) 
Secondly we prove that 

/3 : t G T™ ^ p'(t) G M d 



pd 



/T 1 : v G R d 1 — ^ •[ri-np'^pm + r-^lflGT; 



are arrows of C°°. 

To prove the smoothness of a : T m — > M d in C°°, let us take a figure 
d £ fl T m , where H is open in M h . For the sheaf property of T m to prove 
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that d ■ a : H — > R d is smooth we can proceed proving that it is locally 
smooth. 

From the definition of figures of the quotient space T m (see Theorem 
6.3.5), for every h G H there exist an open neighborhood U of h in H and a 
smooth function 5 G C°°(R, M R ) such that 

Vne(7: 5{u)(0)=m 

d\ v = S-[-U 

where [— ]^ : {/ G C°°(R, M) | /(0) = m} — ► T m is the canonical projection 
map of the quotient set T m . 
Thus, we have 

df^9 o Sul\ 

(d ■ a) \u = d\u ■ a : u 6 U i— ► a (<iu) = a [<5ii]^ = — (0). 

But 

VrGK: (ipo 8u){r) = <p [S(u)(r)} = <p [<5 v (u, r)] , 

and for the cartesian closedness of C°° we have that 5 V : U x R — ► M is 
smooth. Therefore 

(d ■ ck)|c/ :«£[/h d m ^ [a 2 5 v (u, 0)] G M d , 

where d m </9 is the differential of </? at the point m G M. We thus have that 
(d ■ a)\u = d m ip [d 2 S v (-,0)] G C°°([/,IR d ) which proves that d ■ a is locally 
smooth. 

Now, let us consider the inverse a" 1 defined in (13.1.1). This map is 
exactly the composition of the adjoint a A of the smooth map 

a : (v, r) G R d x R i-> c^" 1 (99m + r • f) G M 

with the canonical projection: 

R d {/GM K |/(0)=m} 



and hence it is smooth because of the type of figures we have on a quotient 
set, see Theorem 6.3.5. 

We now prove that (3 : T^M — > R d is smooth. If d £ v T™ is a figure in 
•C°° of type [/ L where U is an o pen set of R u , then d v :UxD — ► 'M in 'C°°. 
But UxD = UxD = U x D hence d y £ UxD 'M. Thus, for every u G U we 
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can locally write d v |v = *j(p, —, — )|v where V := '(A x B) D (U x D) is an 
open neighborhood of (u, 0) defined by AxB in Ux D, 7 G C°°(VFx AxB, M) 
is an standard smooth function, and p G 'W, where W is open in *IR P . But 

V = '(A x B) n(U x D) = ('A nU) x ("B Pi D) = (AnU) x D 

because U C M u . Now, we have 

P[d(x)] = <f?[d{x)\ 

= V>' [d W (x,-)] 

= ^l-^Wh(P,x,r)]}\ r=0 

= L 2 {d m ip[d 3 -f(p,x,0)]} Vx£AnU. 

But {/3[d(x)]} = (3[d(x)\ because : T Bt — > R d and hence 

/3[d(a;)] = o [ia{d mV [^7(p J a; ) 0)]}] 
= ° [d m ip [d 3 ~f(p,x,0)}] 

= d m p[d 3l ( Po ,x,o)} Vieinf/, (13.1.2) 

so that (d • (3)\Anu = d m 99[5 3 7(p ,-,0)] G C°°(A n is an ordinary 

smooth function. Note the importance to have as U a standard open set in 
the last passage of (13.1.2), and this represents a further strong motivation 
for the definition we gave for T st M. 

To prove the regularity of /3 _1 we consider the map 

(3 : v G R d ■-> [r G K ^ ip" 1 (ipm + r ■ v) G Af] G C°°(K,M). 



Then we have 



C°° t= R d — - — ► M 1 



C°° t= M d x E — ► M 

• Sv 

•C°° N *IR d x •R ^ ► "M 

•C°° NR d xD ^ > *M where /3 := * (ft 

•C°° N M d ^ A > *M D . 

This map is actually , in fact 

VuGM d : (3 A {v) : h G L> t-c /i) = * (/3 V ) (u, /i) 







v 



t>0 
t>0 
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Therefore (3~ l : W — ► TM is smooth in 'C°°. But, finally, /T 1 is actually 
with values in because (f)(0) = m for every v G so that = 
/J^ 1 • i G - d TM where i : T^ <^-> TM is the inclusion. We have thus prove 

that /3~ 1 is a figure of type W 1 of the C°° space T^ and hence it is also 
smooth in this category, which is the conclusion. 

■ 

For any object X G *C°° the multiplication of a tangent vector t by a 
scalar r G *M can be defined simply "increasing its speed" by a factor r: 

{r ■ t){h) := t{r ■ h) \fh G D. (13.1.3) 

But, as we have already noted, in the category *C°° we have spaces with 
singular points too, like algebraic curves with double points. For this reason, 
we cannot define the sum of tangent vectors for every smooth space X G *C°° , 
but we need to introduce a class of objects in which this operation is possible. 
The following definition simply states that in these spaces there always exists 
the infinitesimal parallelogram generated by a finite number of given vectors 
at the same point m. 

Definition 13.1.4. Let X G *C°° , then we say that X is infinitesimally 
linear, or simply inf-linear, at the point m G X if and only if the following 
conditions are fulfilled 

1. for any k G N>i and for any t\, . . . G T m X, there exists one and 
only one p : D k — ► X in *C°° such that 

\/i = l,...,k: p(0,.. i r. 1 ..,0,h,0,...,0)=t i (h) MheD. 

We will call the map p the infinitesimal parallelogram generated by 
ti, . . . , tk- 

2. The application 

(-)+ m ...+ m (-) : (ti,...,t fc ) G (T m X) k ^peX Dk 

that associates to the k tangent vectors at m G X the infinitesimal 
parallelogram p, is °C°° -smooth. 

Moreover, we will simply say that X is inf-linear if it is inf-linear at each 
point m G X and if the application 

is 9 C°° -smooth. 

The following theorem gives meaningful examples of inf-linear objects. 
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Figure 13.1: An example of space which is not inf- linear at m G X. 

Theorem 13.1.5. The extension of any manifold *M is inf-linear at every 
point m G *M. // M, G Man for i = 1, . . . , s then the exponential object 

•Ml*"'"' „. M W*-"*u.) (13.1.4) 

is also inf-linear at every point. 

The importance of the isomorphism (13.1.4) lies in the fact that complex 
spaces like 

•M[ Mi " Ms = , C 00 ('M s , , C 00 ( , M s -ir- - , m C 00 CM 2 ,'M 1 )---) 

are now no more difficult to handle than classical spaces of mappings like 
*M' N = *C°°('N,'M). Let us note explicitly that this isomorphism is a 
consequence of cartesian closedness and of the preservation of products of 
manifolds of the Fermat functor. 

Proof: Given any chart (U, if) on °m G M we can define the infinitesimal 
parallelogram p as 

p(hx, ...,h k ):= ^V( ?Ti ) + hi ' ^'(*»)^ V/l i' • • • > h k € D. 

(13.1.5) 

If fact if r(h) := p(0, . A" 1 . . , 0, h, 0, . . . , 0) then <p(r(h)) = <p(m)+h-(f/(ti) for 
every h G D; this implies that t(0) = r(0) and y?'(r) = ip'(ti), hence t{ = r. 
To prove the uniqueness of the parallelogram generated by ti, . . . , ty. G T m M, 
let us consider that if p : D k — ► *M is such that p(Q, . A - . 1 . . , 0, h, 0, . . . , 0) = 
U(h) for every tangent vector ti and every h G D, then 

^[p(0, . A" 1 . • , 0, fc, 0, . . . , 0)] = ip[U(h)} = <p{m) + h ■ ip'(U) 

and so 

k 

ip\p(hi,...,p k )] = ip(m) + ^2 hi - (p'(ti) 

i=l 
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from the first order infinitesimal Taylor's formula, so that we obtain again 
the definition (13.1.5), and this proves the uniqueness part. 
Considering the exponential object, because 

'M' Mi "' Ma ~ •m* M2X - x * Ms ~ • M "{M 2 x-xM s ) ^ 

it suffices to prove the conclusion for s = 2. First of all we note that, 
because of the previously proved uniqueness, the definition 13.1.5 of the 
infinitesimal parallelogram does not depend on the chart ip on °m. Now 
let fi,...,i& be k tangent vectors at / G *N' M . We shall define their 
parallelogram 1 p : *M — ► 'N D patching together smooth functions defined 
on open subsets, and using the sheaf property of *N D . Indeed, for every 
77i G *M we can find a chart (U m ,<p m ) of N on °f(m) with <p m (U m ) = R™. 
Now m G V m := f~ 1 ('U m ) G T » M and for every x G V m we have t^(0,x) = 
f(x) G *U m . Hence tV(h,x) G m U m for any h G D by Theorem 12.1.2. 
Therefore we can define 

pl(x,h) := ^ \^y m \t\{h\x)\ - (k - 1) • Vx G y m ,V/i G Z? fe 

(13.1.6) 

and we have that : (V m -< *M) x D fc — ► , iV is smooth, because it is 
a composition of smooth functions. We claim that if x G V m n V m > then 
Pm( x > —) = Pm'( x ' ~ )' ™ ^ ac ^ f rom the generalized Taylor's formula we have 
ip m [ti (Ji 1 , x)] = (p m (fx) + h l • <p' m [t^(— , x)] and hence substituting in (13.1.6) 
we can write 

Pm( x , h) = If' 1 S^klf m (fx) + h% • Pm[* Y ( - > X )] ~ k fm(fx) + lf m (fx)^ 

(13.1.7) 

But (U m ,(p m ) is a chart on °f(x), so jJm( x ) — ) i s the infinitesimal parallelo- 
gram generated by the tangent vectors ,a;) at an d we know that 
(13.1.7) does not depend on (p m , so p m = p m i. For the sheaf property of 
°N D we thus have the existence of a smooth p : *M — ► *N D such that 

Mm G *M : p\ Vm = p m . 

From this and from (13.1.7) it is also easy to prove that p : D k — ► *N' AI 
verifies the desired properties. Uniqueness follows noting that p v (m,—) is 
the infinitesimal parallelogram generated by t^(—,m). From (13.1.6) it also 



1 For simplicity, in this proof we will use implicitly the cartesian closedness property. 
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follow easily that the map (m,ti, . . . , t k ) t— > p is smooth because it is given 
by the composition of smooth maps. 

■ 

Another important family of inf-linear spaces is given by the following 

Theorem 13.1.6. Let X be an inf-linear space and Z G 'C°° be another 
smooth space. Then the space 

X z 

is inf-linear. 

Proof: Let ti,...,t k : D — > X z be k G N>i tangent vectors at the point 
m G X z . Because of cartesian closedness the adjoint maps t^ : Z x D — > X 
are smooth; we will simply denote them with the initial symbol tj again. 
Finally, for every z G Z, because X is inf-linear, we know that the map 

(-) +m(z) ■ ■ ■ +m(z) (-) : (T m ( 2 )A) fc > X D 

is smooth in z G Z because it is composed by smooth functions. 
Then the adjoint of the map: 

p(z, hi, . . . , h k ) := [h{z, -) + m{z) . . . + m(z ) t k (z, -)] (hi,..., h k ) 

verifies the desired properties. 

■ 

If X is inf-linear at x G X then we can define the sum of tangent vectors 
t±,t2 G T X X simply taking the diagonal of the parallelogram p generated by 
these vectors 

(h + t 2 )(h) :=p(h,h) VheD. (13.1.8) 
With these operations T X X becomes a *IR-module: 

Theorem 13.1.7. // X is inf-linear at the point x G X , then with respect 
to the sum defined in (13.1.8) and the product by scalar defined by (13.1.3), 
the tangent space T X X is a '^-module. 

Proof: We only prove that the sum is associative. Analogously, one can 
prove the other axioms of module, . Let us consider the tangent vectors ti, 
ts £ T X X, and denote by pu the infinitesimal parallelogram generated 
by t\ and £2, by Pi2,3 the parallelogram generated by ti + 1 2 and by £3, and 
analogously for the symbols P23 and pi,23- Then ^12,3 is characterized by the 
properties 

P12.3 : D 2 ► X 

Pi2,s(h, 0) = (h + t 2 )(h) = p 12 (h, h) VheD 
Pi2,3(0,h)=t 3 (h) VhtD. 
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Now, let I : D 3 — > X be the parallelogram generated by all the three 
vectors. Then the map l(— ,— , 0) verifies 

Z(- - 0) :D 2 ^X 

l(h,0,0) = h(h) and 1(0, h, 0) = t 2 (h) V/i G D, 
so /(—,—, 0) = p\2- Now let us consider the application 

A : (h,k) eD 2 M l(h,h,k) G X. 

It is smooth as a composition of smooth maps and verifies 

X(h, 0) = l(h, h, 0) = P i 2 (h, h) = (h + t 2 )(h) Vh £ D 

X(0,k) =1(0,0, k) =t 3 (k) MkeD. 

Therefore, pi 2 ,3 = A and ((h + 1 2 ) + h) (h) = pi 2 ^(h,h) = \(h,h) = 
l(h,h,h). Analogously we can prove that (t± + (t 2 + £3)) (h) = l(h,h,h), 
that is, we get the conclusion. 

■ 

It is now quite easy to prove that the differential at a point is linear 

Theorem 13.1.8. If f : X — > Y is 'C°° smooth, the space X is inf-linear 
at the point x G X , and the space Y is inf-linear at the point f(x) G Y, then 
the differential 

df x : T X X — ► T m Y 

is linear. 

Proof: Let r G *M and t G T X X, we first prove homogeneity 

df x [r ■ t](h) = f((r- 1) (h)) = f (t(r ■ h)) Vh G D. 

On the other hand 

(r • df x [t]) (h) = df x (r -h)=f (t(r ■ h)) V/i G D, 

and therefore df x [r ■ t] = r • df x [t] . 

To prove additivity, let p be the infinitesimal parallelogram generated by 
t\, t 2 G T X X and I the parallelogram generated by df x [t\], df x [t 2 ] G T f x Y '. 
We have 

df x [t l + t 2 \(h)= f((t 1+ t 2 )(h))= f(p(h,h)) VheD. (13.1.9) 
On the other hand, we obviously have 

( df x [h] + df x [t 2 ]) (h) = l(h, h) Vh G D. (13.1.10) 
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But the smooth map 

/ (p(_, -)) : i*> — X 

verifies 

f(p(h,0)) = f(t 1 (h))=df x [t 1 }(h) 

f(p(0,h)) = f(t 2 (h))= df x [h](h), 

and therefore I = f (p(— , — )). Prom this and (13.1.9), (13.1.10) we get the 
conclusion. 

■ 

In the case X = "R d and Y = 'R n we have 

df x [t](h) = f (t(h)) 

= f(t(0) + h-t'(0)) 

= f(t(0)) + h-t'(0)-f'(t(0)) 

= f(x) + h-t'(0)-f'(x). 

The differential df x [t] G Tf^Y is thus uniquely determined by the linear 
function h £ D \— > h ■ t'(0) • f'{x) and hence it is uniquely determined by the 
vector of Fermat reals L2 [f'{x)\ £ 'KJ i as expected. 

Vector fields on a generic object X £ 'C n are naturally defined as *C°° 
maps of the form 

V:X — >TX such that V(x)(0) = x Vx G X. 

In the case of manifolds, X = *M, this implies that V(m)(0) £ M for every 
m £ M, we therefore introduce the following condition to characterize the 
standard vector fields: 

Definition 13.1.9. If X £ 'C°° is a Fermat space andt £ T X X is a tangent 
vector at x £ X , then we say that t has standard speed if and only if for 
every observable ip £ UK X with x £ U and K C , M k we have 

(if o t)'(0) £ M k . (13.1.11) 

As usual, if X = *M is a manifold, this condition is equivalent to saying 
that there exists a chart on the point °x £ M such that condition (13.1.11) 
holds. Using Theorem (13.1.2) we have the following equivalence: 

Vm £ M : V(m) has standard speed (13.1.12) 

if and only if 

V\ M : (M ~< 'M) — ({'/Id : / € C n (R,M)} ~< TM). 

From this, using the definition of arrow in C°° and the embedding Theorem 
9.3.1, it follows that (13.1.12) holds if and only if 

V\m '■ M — ► T st (M) in C n , 
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that is we obtain the standard notion of vector field on M because of Theorem 
13.1.2. 

Vice versa if we have 

W : M — ► T st (M) in C n 

then we can extend it to *M obtaining a vector field verifying condition 
(13.1.12). In fact, for fixed m E *M and h E D we can choose a chart (U,x) 
on °m and we can write 

i=i 

with Ai E C°°(U,M). But m £'U because °m E U and hence we can define 

W(m,h) :=^2'Ai{m) ■ —(m)(h) V/i E £>. 
i=i dXi 

This definition does not depend on the chart (U, x) and, because of the sheaf 
property of *M it provides a *C°° function 

W : 'M x D — >'M such that W(m, 0) = m 

and with (VF a )|m = V, that is verifying condition (13.1.12) of standard 
speed. 

Finally we can easily see that any vector field can be identified equiva- 
lently with an infinitesimal transformation of the space into itself. In fact, 
using cartesian closedness we have 

V E {X D ) X ~ X XxD ~ X DxX ~ (X A ") D . 

If corresponds to V in this isomorphism then : D — > X x and 
V(x)(0) = x is equivalent to say that W(0) = lx, that is is the tangent 
vector at lx to the space of transformations X x , that is an infinitesimal 
path traced from lx- 

13.2 Infinitesimal integral curves 

To the notion of vector field there is naturally associated the notion of in- 
tegral curve. In our context we are interested to define this concept in 
infinitesimal terms, i.e. for curves defined on an infinitesimal set. 

Definition 13.2.1. Let X E 'C°° be a smooth space, V : X — ► TX a vector 
field on X and x E X a point in it. Then we say that 7 is the (inf-)integral 
curve of V at x if and only if 
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1. 7 : — > X is smooth 

2. 7(0) = x 

3. 7(i + h) = V [y(t)] (h) for every t G Dqo and every h G D. 
Moreover, we say that the vector field V is inf-complete if and only if 

1. \/x G X 3! 7 X G X D °° : ^ x is the integral curve of V at x 

2. The map associating to each point x G X the corresponding integral 
curve -f x 

x G X i-> 7 X G X D °° 

is smooth. 




Figure 13.2: Explanation of the definition of integral curve 

Let us note explicitly the methodological analogy among the Definition 
13.1.4 of inf-linear space and the previous definition of inf-complete vector 
field. These definitions are indeed divided into two parts: in the first one 
we have that the predicate we are defining depends on some parameter (the 
point m in the definition of inf-linear at m and the point x in the definition of 
integral curve). To each value of this parameter there corresponds a unique 
smooth function defined on an infinitesimal object (D k in the definition of 
inf-linearity and in the definition of integral curve). Let us note that this 
uniqueness is possible only because the object is defined on an infinitesimal 
space. In the second part of the definition we extend the predicate to a 
global object (the whole space X in the definition of inf-linearity and the 
vector field in the definition of inf-completeness) universally quantifying over 
these parameters, that is requiring that the first predicate holds for every 
possible value of the parameters. To every universal quantification there 
corresponds a further smoothness condition about the function that to each 
parameter assigns the corresponding unique infinitesimal function. The same 
requirement has been used in the definition of inf-linearity at a given point m, 
where the universal quantification is over every /c-tuples of tangent vectors. 
This method, which in some sense is implicit in SDG where every function 
defined in intuitionistic logic is smooth, can be used to transpose several 
definitions of SDG to our infinitesimal differential geometry. 
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First of all, we have to prove that the notion of inf-integral curve general- 
izes, in some way, the classical notion. For simplicity let X = *R d J the same 
reasoning can be applied to the case of more general manifolds, because all 
the notions we are using are local. So, let V : *R d — ► ( 9 R d ) be a standard 
vector field, then from what we have just seen above, we know that we can 
find a smooth function 

V :'R d — > 'R d 

--x + h- V(x) Vx G 'R d Vh G D. 
*R d is an integral curve of V at x G *R d , by the 

-y(t + h) = vty(t)] (h) 

1 (t) + h- 1 '{t)= 1 {t) + h-V[ 1 (t)} 
h ■ 7 '(t) =h-V b(t)] Vt G Z?oo V/i G D. 

This implies 

Y(t) =2 V [j(t)] VtGi^oo. 

So we have the classical notion of integral curve up to second order infinites- 
imals. Now, let 77 : (—5, +<5)r — > R d , 6 G M>o, be a standard integral curve 
of V, i.e. 

V'(t) = V [v(t)] Vt G (-S, +5) R . (13.2.1) 

Then extending 77 to (—6, +5) C 'R and using the elementary transfer theo- 
rem (Theorem 2.8.2) we obtain that the equality (13.2.1) holds also for every 
t G (—5, +5), and hence it holds also in D^: 

r } '{t) = V[r } (t)} VtGDoo, 

and thus : Doo — ► *R d is an inf-integral curve of the vector field 

V. Any two of these standard integral curves, let us say 771 and 772, agree in 
some neighborhood U of t = if 771(0) = 772(0). Therefore, the corresponding 
inf-integral curves coincide on the whole C hi : 

^ll-Doc = V2\d oo - 

For this reason in Definition 13.2.1, we say that 7 is the inf-integral curve of 
V at the point x. 

The next step is to prove that spaces of mappings between manifolds 
always verify the just introduced definition. 

Theorem 13.2.2. Every vector field V in spaces of the form X = 'M or 
X = *M' N , where M and N are manifolds and where N admits partitions 
of unity, is inf- complete. 



such that 

V(x)(h) 

Therefore, if 7 : Z?oo — 
Definition 13.2.1 we get 
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Proof: The first part of the statement, i.e. the case X = *M, is really 
a particular case of the second one where one takes as N = {*} any 0- 
dimensional manifold. So, let us prove only the second part of the statement. 
Moreover, to simplify the notations, we will simply use the symbols M and 
TV to indicate the extensions *M and *N. 

Our vector field is a smooth map of the form 

V : M N — > [M N ) D . 

Moreover, let us consider a point \i G M N . We have to prove that there 
exists one and only one inf-integral curve 7 : — ► M N passing from fi at 
t = 0. We will construct 7 using the sheaf property of the space N. 

Because N admits partitions of unity, we can consider a standard open 
cover (U n ) neN of N such that the closure U n =: K n is compact and such 
that the partition of unity (p n ) n ^N 1S subordinate to the open cover (U n ) n£N . 
Prom cartesian closedness we can think of V as a map of the form 

V : M N x D x N — > M. 

Using the partition of unity {p n ) n& M ever y smooth map / : K n — > M 
can be extended to a smooth map defined on the whole N. Moreover, this 
extension, which essentially is the multiplication by a cut-off function, can 
be defined ctS ct smooth application 

Xn ■ M Kn — > M N Vn G N 

such that 

Xn(f)\ Kn = f V/GM A '"VnGiV. 
For each n £ N we can hence define 

W n : (/, h,x)£M K - xDxK n ^V [ Xn (/) ,h,x]€ M 

obtaining a family iW n ) n&N of smooth functions. 

From cartesian closedness, these functions can be thought as 

W n : M Kn x D — ► M Kn . 

But here M Kn is a Banach manifold because K n is compact, and hence we 
can apply the standard local existence of integral curves for the vector field 
W n in Banach spaces obtaining the existence of a smooth map 7„ : — > 
M Kn such that 

Jn(t + h)=W n [j n (t),h] VtGDooV/iGD 
7n(0) = li\ Kn 

It is not hard to prove that 7 n and 7 m agree on K n n K m because they verify 
the same initial value problem. 
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From the sheaf property of the space N there exist one and only one 
smooth function 7 : Dqq x N — ► M such that 

l\D x xU n = ln\u n VnGiV. 

From (13.2.2) it hence follows that 7 is the integral curve of V at we 
searched for. Condition 2. of the definition of inf-completeness of V follows 
from the classical theorem of smooth dependence from the initial conditions 
(see e.g. Abraham et al. [1988]). 



13.3 Ideas for the calculus of variations 

In this section we want to show the flexibility of our theory proving a very 
general form of the Euler-Lagrange equation. Even if the result holds for 
lagrangians defined on very general spaces, the proof uses infinitesimal meth- 
ods and, when specified in the space # R, is essentially identical to the one 
sometimes presented in classical courses of physics using informal infinitesi- 
mal argumentations. 

We start with the notion of minimum of a functional 

Definition 13.3.1. Let Y G *C°° be a Fermat space, fj, G Y a point in it, 
and J : Y — > *R a 'C 00 function. 

Then we say that J has a minimum at fi if and only if 

Vr G TyY : J [r{h)\ > J(/x) V/t G D. 

In other words, the value J(fJ-) has to be minimum along every tangent vector 
of Y starting from \i. 

The first positive characteristic of our approach is that in this definition 
of minimum we have used tangent vectors r : D — > Y at fi G Y instead 
of some notion of neighborhood of /j, G Y (like in the classical approach, see 
e.g. Gelfand and Fomin [1963]). 

The total order of *M seems essential in the proof of the following 

Theorem 13.3.2. Let Y G 'C°° be a Fermat space, /j, G Y a point in it, and 
J : Y — ► *R a 'C°° function. Moreover, let us suppose that 

J has a minimum at 

Then 

Vr G T^Y : dJ M [r]=0 (13.3.1) 
Proof: Firstly, let us note that 

D — - Y J —^ "K , 
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so that Jot is smooth and we can apply the Taylor's formula (Theorem 
12.1.3) 

V/i G D : dJ M [r] = J [t{K)\ = J [r(0)] +h- (Jor)'(O) = J{fi) + h- (Jor)'(O), 

(13.3.2) 

where (J o r)'(0) e 'M.2 so that its order verifies 

to [(Jot)'(O)] =: 6 > 2. 

If (Jor)'(O) > 0, then we could set a := an d ^ := — di . It is 
easy to check that 1 < a < 2 because 6 > 2, so h G 7J<o and we have 
h- (J o r)'(0) < 0. But 

1 1 _ 1 1 _ 36 + 2 

+ w[(Jot)'(0)] ~ a + 6 ~ 46 < 1 

because 6 > 2, so it is /i-(Jor)'(0) < 0. But then, from (13.3.2) we would have 
J [r(h)] < J(n) in contradiction with the hypothesis that J has a minimum 
at \x. Analogously, we can prove that it cannot be that (J o r) (0) < and 
thus we obtain 

(Jor)'(O) = 

from the trichotomy law. From (13.3.2) it follows that dJ[r] = J(/u), that 
is dJ[r] is the null tangent vector. 

■ 

Let us note explicitly the importance, in the previous proof, of the possi- 
bility to construct an infinitesimal h G D having the desired properties with 
respect to the order relation, e.g. h < 0, and of a suitable order u(h) so that 
to assure that the product h • (J o r)'(0) is not zero. 

The functionals we are interested in are of the form 

r b 

J( v ) = / L[t,rj(t), drjt] dt Vr/ G X™ =: Y, (13.3.3) 

J a 

where 

a, 6 G M with °a < °6 

L : X x TX — > *R in 'C°° 

and where we recall that drjt is the differential of rj : [a,b] — ► X at the 
point t G [a, 6], i.e. the map drj t : r G Tt[a, 6] — ► dr/t[r] = r • 77 G T^^X; 
moreover, we recall that T y Y = ({t G TY \ t(0) = y} < TY) and that TY = 
Y D . 

Concretely, the proof works if we can apply a Taylor's formula to J [r(h)] 
and if we also have a vector space structure on the tangent space T X X (for 
the derivation by parts formula), so that interesting cases are X = *M. d or, 
more generally, any inf-linear vector space of the form X = *IR* M , M being 
a generic smooth manifold (see Theorem 12.2.9 and Theorem 13.1.6). 
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Let us note that, due to cartesian closedeness of 'C 00 , the notion of 
smooth map both for the Lagrangian L and for the functional J does not 
present any problem even for spaces of functions like 

X = 'R M i' Ms ~ •flfCMiX-xM^ 
For these reasons, in the following we will assume 

X = *R M , M manifold 
so that our functional (13.3.3) if a map of the form J : Y — ► *M where 2 

Y:= (•R ,M ) M = tl°*' M 

We want to prove the Euler-Lagrange equations for a standard Lagran- 
gian at a standard point \x G Y , so let us firstly assume that J has a minimum 
at a standard function 

fi : [a, b] — ► *R M , 

Vte(a,6) R : /i(M)CR, (13.3.4) 

(recalling Theorem 12.2.1). 

Secondly, let us assume that the Lagrangian L gets standard values at 
fi, i.e. 

Vie(a,6) R : L[t,ii(t),d(it]€R. (13.3.5) 

To prove the Euler-Lagrange equations in a space of the form X = *M A/ 
(that, we recall, in general is not a Banach space) we will use infinitesimal 
methods, ensuing the following thread of thoughts. 

Let us start considering a tangent vector r € T^Y, i.e. a function 

T : D > •]g[a,6]x , JW"_ 

Because of cartesian closedness, we can think of r as a map from [a, &] x D 
into 'IR* M . Using Taylor's formula in the space 'R M (see Theorem 12.2.9) 
we can write 

Vi G [a, b]Vh £ D : r(t,h) = fi(t) + h ■ v(t), (13.3.6) 

where v := t'(0) : [a, 6] — ► 'M^ 1 . Because Euler-Lagrange equations are a 
necessary condition that follows from (13.3.1), let us assume that the deriva- 
tive v of our tangent vector r is a standard smooth function, i.e. let us 
assume that 

v : (a,b) — ► 'M.' M = X 

2 In the following we will use implicitly the cartesian closedeness, without changing 
notation from a map to its adjoint. 
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\/te(a,b) R : u(M)CR (13.3.7) 
and that verifies (13.3.6) on the open set (a, b). 



For a generic h € D, let us calculate 

r-6 



J[r(h)}= [ L 

J a 

= 1 

■J a 



dr 

t,r(h,t),—(h,t) 



dt 



b 

L [t, fi(t) + h ■ v{t),n'{t) + h ■ v'{t)] dt. 



We use the first order Taylor's formula firstly with respect to the second 
variable and after with respect to the third variable (traditionally indicated 
with q and q respectively) obtaining 

J[r{h))= / {L[t^i{t),n'{t) + h-u'{t)} + 

J a 

+h ■ d 2 L [t, fi(t),fjf(t) + h ■ v'(t)] . v(t) dt] = 

b 

{L[t,fj,(t),fj,'(t)] +h - d 3 L [t,n(t),fj,'(t)] .i/(t)+ 

+ h ■ d 2 L [t, n(t),n'(t)] . v(t) + h 2 • T} dt, 

where we have used the notation d,L[t, q,q].v for the differential of the La- 
grangian with respect to its i-th argument at the point (t, q, q) and applied to 
the tangent vector v, and where T is a term containing the second derivative 
of L, but non influencing our calculation because it is multiplied by h 2 = 0. 
Therefore, we have 

J [r{h)\ = J [r(0)] +h - [ b {d 3 L [t, fi(t),At)] ■ - 

J a 

+ d 2 L [n(t),fi'(t)].v(t)dt} 

that is 

r b 

dJ„[T}(h) = h- {d 3 L [t, ti(t),ii'(t)] . v'(t) + d 2 L [t, fi(t),ii'(t)] . u(t)} dt. 

J a 

But for Theorem 13.3.2 we have dJ^[r] = 0, that is 

rb 

h- {d 3 L [t, n(t),fj?(t)] . u'{t) + d 2 L [t, n(t),fj?(t)] . i/(t)} dt = 0. 

J a 

We will not delete now the factor h G D from this equation because this 
would imply that the integral is equal to zero only up to second order in- 
finitesimals, but we will continue to take this factor for another step, where 
we will use the hypothesis about the standard nature of both functions fj,, v 
and of the Lagrangian L (see equations (13.3.4), (13.3.5) and (13.3.7)). 
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Now we can apply the integration by part formula to the term 

d 3 L[t,fi(t),n'(t)].v'(t) 

and with the bilinear form (3(S,v) := S.v, where 5 is a smooth linear func- 
tional, i.e. 5 G Lin( , K* M , , M), and where v £ 'R' M . We obtain 

= h-[d 3 L [t,^t),fx'(t)].u(t)] b a - 
-h- J | d 2 L [t, n(t),fjf(t)] - d 3 L [t, fi(t),fi'(t)] | . u{t) dt (13.3.8) 

Restricting to the case where 

v(a) = v(b) = € "R' M (13.3.9) 
we obtain that necessarily 

h ■ J | d 2 L [t, ii(t),//(t)] - d 3 L [t, n(t),ii'(t)] | . u(t) dt = 

holds, because d3-L[x].(— ) is linear. In this equality we note that the inte- 
grated function is a standard function, because of our hypothesis (13.3.4), 
(13.3.5) and (13.3.7), so the integral itself is a standard real and we can 
delete the first order infinitesimal factor h because of Theorem 2.7.1: 

d 2 L [t, fi(t),(i'(t)] - d 3 L [t, n(t), //(*)] | . u(t) dt = 0. 

The usual proof of the so called fundamental lemma of calculus of varia- 
tions, which uses a continuous function for v and not a smooth one, can be 
easily substituted by a formally identical argumentation, but with a smooth 
function of the form 

(5(t, h, Sl ,S 2 , X ) := b (^^) • b ( * + ~ k ±- h ~ * ) VxEM. 

where b E C°°(R, R) is a standard smooth bump function, i.e. 

b(t) = VK and b(s) = 1 Vs > 1, (13.3.10) 

and where (t, h, Si, <5 2 ) are real parameters. 

From the smooth version of the fundamental lemma and from (13.3.8) 
we obtain the conclusion: 

d 2 L [t, v{t),(i'(t)] = d 3 L [t, n(t),ii'(tj\ Vt G (a, 6) R . 
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Figure 13.3: An example of function (3(t, h, 6\, 62, — ) for t — 5± = 0.5, t = 1, 
i+h = 1.5, i+h + 5 2 = 2.5. 

Theorem 13.3.3. Let M be a manifold and set for simplicity X = *R M . 
Let us consider a smooth map 

L : X x TX — ► *R 

and an interval [a, b] with °a < °b. Let us define the functional 

J(v)= L[t, v (t), drft] dt VneA^ (13.3.11) 

J a 

and assume that J has a minimum at the point fi G X^^ such that 

Vt G (a, 6)n : /x(M) C R 
VtG(a,6) R : L[t,fJ,{t), dm] G R. 

T/ien we Aawe 

d 2 L [t, fi(t),fi f (t)} = ^ d 3 L [t, fJ,(t),fJ,'(t)] Vt G (a, 6) R . 

■ 

We have to admit that the proof we gave of the Euler-Lagrange equation 
in the space X = *R M could be elaborated further and presented in a more 
clear way, e.g. clarifying better some passages, like the identification of the 
tangent space TX with the space of the derivatives of the form //(r) G *R M 
(i.e. the identification of the differential d/j, r [r](h) = fi(r) + h • r'(0) • fjf(r) G 
*R M with the element n'(r) of the *R-module *R M ). However, in our 
opinion already in the present form it has positive features: 
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1. The general notion of differential dJ of a function J : Y — ► Z between 
two inf-linear spaces Y, Z G *C°° can be used to define the notion of 
minimum of a functional, without any need to define norms on function 
spaces. 

2. Functionals of the form (13.3.11) are smooth even if the domain can 
be of the form X^ h \ with 

X = I'Mi"'"' 

and without any compactness hypothesis on the manifolds Mi, . . . , M s . 

3. The proof is formally the usual one used in the situation where X = 

but our smooth framework is more appropriate, e.g. because of 
cartesian closedness and completeness and co-completeness. 
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Several ideas can be developed starting from this foundations of the theory 
of Fermat reals we provided in the present work. Some are systematic, with 
high feasibility; some other are, at the present stage, only sketches of ideas. 
In the next sections we should present some of them, with no aim to be 
exhaustive in their presentation. 

14.1 First order infinitesimals whose product is not 
zero 

We have seen (see Theorem 4.1.1 and the related discussion) that it is im- 
possible to have good properties for the order relation of the ground ring 
and at the same time to have the existence of two first order infinitesimals 
whose product is not zero. On the other hand we have had to develop the 
notion of equality up to fc-th order infinitesimals (Chapter 3) to bypass this 
algebraic problem, first of all in connection with its relationships with Tay- 
lor's formula for functions defined on infinitesimal domains (Section 12). In 
the present work we have seen that a total order can be very useful. For 
example, our geometrical representation of Fermat reals is strongly based 
on the trichotomy law, and we have also seen that the possibility to have a 
total order can be very useful in some proofs (see Section 13.3). On the other 
hand, the possibility to have two first order infinitesimals whose product is 
not zero, opens, like in SDG, the possibility to prove a general cancellation 
law of the form 

(V/i € D : h ■ m = h ■ n) ==^ m = n, 

and hence to avoid the use of the equality up to a k-th order infinitesimal. 

The ideal solution would be to keep all the results we have shown in the 
present work and, at the same time, to have the possibility to consider pairs 
of first order infinitesimals whose product is not necessarily zero. An idea, 
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inspired by rings like 

R[t,s]/(t 2 = 0,s 2 = 0), 

we can try to explore, can be roughly stated saying that "two first order 
infinitesimals (h t )t and (k s ) s have a non zero product (h t • k s )t jS if they 
depend on two independent variables t and s". A possible formalization of 
this idea can be sketched in the following way. 

Firstly let us fix a way to embed a space of type M n into M m if n < m, 

e.g. 

(n, . . . , r„) £ R n ^ (n, . . . , r n , 0, . Pi7». , 0) £ R m . (14.1.1) 

Then, instead of little-oh polynomials x : M>o — ► M, let us consider maps 
of the form 

y:r€R| ^s(t?(r))€R, 

where a; £ Ro[*] is a usual little-oh polynomial and where : r £ M" i— > 
r ? ; £ M>o is the projection onto the i-th component. In this case we say that 
y depends on the variable tf or, where there is no confusion, simply on the 
variable tj. Therefore, our map y can now be written as 

k 

X U= r + '^2 a i ' ^ + as t{ ~^ 0+ ' 

where the limit has to be understood along the directed set 

(M n ,<) 

(n, • • • ,r n ) < (si, . . . ,s n ) ri<Si. 

But if we sum this map y with a map z that depends on the variable t™, what 
do we obtain? Intuitively, a map which is a function of the two variables t™ 
and t™ if we firstly embed W 1 into W 71 using (14.1.1). Thus, more generally, 
we have to consider maps of the form 

k 

X t n -U v r ■ C + + • • • + °(^)' ( 14 - L2 ) 

i=i 

. . . ,ti v being all the variables from which the map x depends on. In 
(14.1.2) the limit has to be mean along the directed set 

(R m ,<) 

(r\ , . . . , r m ) < (si , . . . , s m ,) . !* <J Sjj^ , . . . , ri v < Sj^ . 

More precisely, with a writing like 

P(o(<£>i), . . .,o(tp n )) 
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where V is a generic property and (p\,...,(p n are free variables in V for 
functions in the space E ^° , we mean 



3wi, ...,w n e 



V°i: P( Wl (t),...,w n (t)) 
Wi = o(ipi) Vz = 1, . . . ,n 



And an "equality" of the type w = o(p), as usual in our context, means 

3 lim e E and w(0) = 0. 

The analogue of the equality in *M (i.e. the equivalence relation introduced 
in Definition 2.3.1) is now that x ~ y if and only if 

xt H ...u v = yt n ...t iv + o(t h ) + ... + o(t iv ) as t ik -» 0+ Vfc, 

where ^ , . . . , are all the variables from which the maps x and y depend 
on. 

This idea seems positive for two reasons: firstly, if we define a new Fermat 
reals ring in this way, considering only the subring of all the maps E [£j] 
which only depend on one variable ti, we obtain a ring *E[^] isomorphic to 
the present *M. This means that we are not loosing all the results we have 
proved in the present work. 

Secondly, let us consider h tl := t\ and k t2 :=t2, then we have that h 2 ~ 
and k 2 ~ 0, but if we were to have h ■ k ~ 0, then we would get 

ti • t 2 = o(ti) + o(t 2 ) 
, o(ti) o(t 2 ) 

But the left hand side of this equality goes to zero for t\ — > + and t 2 —> + , 
whereas on the right hand side the limit 

lim ° (t2) 



does not exist. We therefore have indeed an example of two first order 
infinitesimals whose product is not zero. 

Of course, from Theorem 4.1.1 it follows that every subring is 
totally ordered, but the whole ring cannot be totally ordered. 

14.2 Relationships with Topos theory 

It is possible to define a meaningful notion of powerset diffeology (see Iglesias-Zemmour 
[2008]) defined on the powerset V(X) of any diffeological space X. Let us 
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recall that any diffeological space is also a C°° space. Therefore, we can try 
to see whether there is some relation between this powerset diffeology and 
the powerset object as defined in Topos theory. In case of a positive answer, 
this would imply that our category C°° is a Topos. It would start thus the 
possibility to consider its internal language, almost surely in intuitionistic 
logic, to describe the objects of C°° . Independently from the results related 
to the powerset diffeology, we can try to see whether an axiomatic approach 
to C°° and 'C°° can be developed. This could be useful for those readers who 
are interested in the study of infinitesimal differential geometry without be- 
ing forced to consider the whole construction of C°° and 'C°° . Almost surely, 
this axiomatic description can be introduced in classical logic instead of in- 
tuitionistic logic. Indeed, such an axiomatic description can be developed 
without considering the internal language of a Topos, and hence without as- 
suming that all our objects and maps are smooth. Of course, we would need 
an axiom that permits to construct a general family of smooth functions 
starting from smooth functions, and a "starting point" for this construction, 
like the assumption that all the standard smooth functions are arrows of the 
category C°°. 

14.3 A transfer theorem for sentences 

We have seen the proof of a transfer theorem for the construction of *C°° 
spaces using logical formulas and the preservation properties of the Fermat 
functor *(— ) (see Chapters 9 and 10). As already stated at the end of Chapter 
10, differently from our situation, the transfer theorem of NSA asserts an 
equivalence between two sentences. Nevertheless, it seems possible to follow 
the following scheme: 

1. Define the meaning of the sentence "the formula £ is intuitionistically 
true in C 00 " using the intuitionistic interpretation of the propositional 
connectives and quantifiers in this category. An analogous definition 
of intuitionistic validity can be done in the category *C°° . 

2. Define the *(— )-transform of a given formula £. 

3. Prove that £ is intuitionistically true in C°° if and only if is intu- 
itionistically true in *C°°. 

14.4 Two general theorems for two very used tech- 
niques 

We used several times two techniques in our proofs. The first one is usually 
a way to speed up several proofs saying "the considered function is smooth 
because it can be expressed as a composition of smooth functions". Among 
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these functions we have also to consider set theoretical operations like those 
listed in Section 7.3 or those related to cartesian closedness. It would be 
useful to define generally which logical terms can be obtained in this way 
and to prove a general theorem that roughly states that every function given 
by local formulas "smooth in each variable" is indeed smooth in 'C°°. This 
theorem can be assumed as an axiom in the above mentioned axiomatic 
description of C°° and *C°° and it would substitute very well the global hy- 
potheses to work in intuitionistic logic (where every function can be assumed 
to be smooth). In other words, instead of saying: "because we are working in 
a Topos of smooth spaces and functions, every space and every functions we 
will define using intuitionistic logic is smooth", we can say: "because of the 
categorical property of our categories and because the considered function / 
is locally smooth in every variable, the considered space X and the function 
/ are smooth". 

Another very useful technique we have used is based on the local form 
of figures of Fermat spaces (see Theorem 9.2.4). It would be useful, even 
if it seems not easy to find the corresponding statement, to prove a general 
theorem that permits to transfer a property that is "locally true and valid for 
smooth function of the form *a(p, — )" to a property that is "globally true" 
for function that are locally of the form *a(p, — ). 

14.5 Infinitesimal differential geometry 

After a verification of the idea presented in Section 14.1, it would be natu- 
ral to present a development of infinitesimal differential geometry along the 
lines already presented in SDG (see e.g. Lavendhomme [1996]). As we have 
already said several times, frequently the proofs and the definitions given in 
SDG can be easily reformulated in the context of Fermat spaces, so that the 
development of this idea sometimes coincides with the formal repetition in 
our context of those proofs. On the other hand, the property that the prod- 
uct of two first order infinitesimal is always zero, which is one of the most 
important differences between our theory and SDG, forces us to find a com- 
pletely new thread of ideas. In contrast to SDG, in our context the study of 
the relationships between classical results on manifolds and our infinitesimal 
version is usually a not hard task, whereas in SDG these relationships must 
always pass through the construction of a suitable topos and a corresponding 
non trivial embedding of a class of standard smooth manifolds (see Section 
5.5 and e.g. Moerdijk and Reyes [1991] for more details). 

14.6 Automatic differentiation 

Like in the Levi-Civita field (see Section B.5) using Fermat reals we have all 
the instrument to try a computer implementation of algorithms for automatic 
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differentiation. Even if in the present work we have concentrated ourselves 
in developing a "smooth framework", it is not hard to prove the following 
result 

Theorem 14.6.1. Let f :R — ► R, x G R and n G N >0 , then 

f is of class C n at the point x 
if and only if the following conditions are verified 

1. f is locally Lipschitz in a neighborhood of x 

n 

2. 3 mi,... ,m n G R V7i G D n : f(x + h) = Y,J\" m j 

3=0 

This permits to reproduce in the context of Fermat reals several applica- 
tions of the Levi-Civita field in the frame of automatic differentiation theory 
(see Shamseddine [1999], Berz et al. [1996], Berz [1992] and Section B.5). 

14.7 Calculus of variations 

We sketched in Section 13.3 some ideas that our framework can give in the 
context of the calculus of variations. In SDG this topic has been approached 
in [Bunge and Heggie, 1984] and [Nishimura, 1999]. It is thus natural to try 
to reformulate in our context these results and in general to study whether 
the possibility to consider exponential spaces in the category 'C°° can lead 
to some more general results, or at least to have a more natural approach to 
some classical results. Indeed, we have shown that the use of infinitesimal 
methods can be useful both to define well-known notion of calculus of varia- 
tions without being forced to introduce a norm, and hence without assuming 
a corresponding compactness hypotheses. On the other hand, we have also 
shown that these infinitesimal methods can also be very useful to generalize 
in spaces of mappings the Euler-Lagrange equations. What other results are 
generalizable in this type of spaces? What other notions can be defined using 
tangent vectors like in Definition 13.3.1 without considering a neighborhood 
generated by a norm instead? 

14.8 Infinitesimal calculus with distributions 

In the present work, every space and function we have considered is smooth. 
This can be useful in a context like infinitesimal differential geometry, but it is 
obviously a limitation if one needs to apply infinitesimal methods in contexts 
with non smooth functions. A possibility is to extend the theory developing 
an infinitesimal calculus for distributions. Definitions in our framework of 
the space of all the distributions given by families of smooth functions with a 
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suitable equivalence relation (like in [Antosik et al., 1973] or in [Colombeau, 
1992], where non linear polynomial operations on distributions can also be 
considered) are the most promising ones for this type of generalization of the 
Fermat reals to a non smooth context. 



14.9 Stochastic infinitesimals 

Let (O, J 7 , P) be a probability space and let us consider stochastic processes 

p 

indexed by t € M>o- With the symbol — > we will denote the convergence 
in probability. 

Using the notion of little-oh relation for stochastic processes, i.e. 

Xt = op (Y t ) :<^=^ 3 (Qt) t stochastic process : < * P * 

{Qt — ► 

we can try to consider suitable stochastic processes (X t )t>o instead of little- 
oh polynomials used in the present definition of *R. What will we obtain in 
this way? Does the corresponding algebraic structure permit to prove in a 
rigorous and formally identical way informal equalities like 



dB(t) = Vdt 

for a Brownian motion B1 Let us note that the square root is not smooth 
at the origin, and hence the term y/dt has to be understood in a suitable 
way. For example we can denote by Vk, for k G infinitesimal, the 
simplest h £ D 2uJ (k) such that h? = k. Here "simplest" means that the 
decomposition of h does not contains first order infinitesimals, i.e. h € 'Mi. 
Let us immediately note that this notion of square root does not verifies 
Vh? = \h\. E.g. if h 2 = 0, then v~h? = (the simplest number whose square 
is zero is the zero itself), whereas it can be \h\ 7^ 0, so VhP ^ \h\. 

In this context it is possible to conceive the possibility to develop a dif- 
ferential geometry extending a manifold using such stochastic infinitesimals. 

From the point of view of cartesian closedness, this possibility is tied 
with the one of defining interesting probability measurea on the space 
of measurable mappings between two given probability spaces, without any 
particular assumption about the topology 1 of the spaces fij. For this a com- 
bination of ideas of integrals in infinite dimensional spaces (see e.g. Schwartz 
[1974] and Ito [1987] and references therein) and generalized Riemann inte- 
gral (see e.g. [ luldowney, 1987, 2000, Kurtz and Swartz, 2004] and refer- 
ences therein) could be useful. 



1 Usually this problem is solved in the case of complete separable metric spaces or 
locally compact linear spaces or in case of spaces which are Borel-isomorphic to a Borel 
subset of R. Recall that, due to cartesian closedness, each one of the spaces fli can be 
itself an exponential object of the form O3 4 and and so on, so that it is not natural to 
make strong topological assumptions (see Chapter 5). 
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14.10 Infinite numbers and nilpotent infinitesimal 

In every field the property h? = implies h = 0, so its seems impossible to 
make infinities and nilpotent infinitesimals to coexist. But with the usual 
properties, also the existence of the square root would be incompatible with 
the existence of non zero nilpotent infinitesimals, but we have just seen in 
fact that some meaningful notion of square root is indeed possible. Of course, 
not all the usual property of this square root can be maintained in the ex- 
tension from the real field M to the Fermat ring *M. On the other hand, 
infinities and nilpotent infinitesimals do coexist in standard analysis, and 
in our theory we have a good dialectic between potential infinitesimals and 
actual infinitesimals in *R. These are the motivations to try to make coexist 
these two types of extended numbers in the same structure. The problem is 
what property cannot be extended from M to *W? Is the corresponding for- 
malism sufficiently natural to work with? Let us present some more concrete 
ideas in this direction. 

If we wish to introduce infinities in the ring "R, we will have the problem 
of the meaning of products of the form h- H, where h is an infinitesimals and 
H is an infinite number. But, unlike NSA where the solution is only formal 
in case of non convergent sequences (h n ■ H n ) ne ^, here we want to follow the 
way used in standard analysis: "a product of the form 0- oo can be anything: 
0, oo, r / or nothing in case it does not converge". Based on this informal 
motivation, we can understand that the property we have to criticize is 

(x = x' and y = y') =>• x • y = x' • y', 

because, if we want to have infinitesimals and infinities in "M, we cannot 
multiply freely two numbers in this ring and to hope to always obtain a 
meaningful result. E.g. we can try to obtain sufficient conditions of the 
form: we can multiply x and y in case both are finite or if x — x' goes to zero 
more quickly than the order with which y goes to infinite and vice versa". 
E.g. if we define 

x= n y :<^> x t = y t + o(t n ) as t -> + , 

then we have not one equality only, but a family of equalities, one for each 
n G N>o- On the one hand, this is positive because the subring of finite 
numbers with the equality =i is exactly the present ring of Fermat reals. 
On the other hand we can prove the following: 

Theorem 14.10.1. Let x, y, x' , y' : M>o — ► M be maps, and let p, m, 
n G N>o, a, b G M. be numbers that verify 

p < n and p < m 

V°t : k • t m ~ p \ < a and \y[ ■ t n ~ p \ < b. (14.10.1) 
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Then we have 

x = n x' and y = m y' x • y = p x' ■ y' 

Proof: We have that 

xy — x y = xy — xy' + xy' — x'y' 

= x ■ (y - y') + (x - x') ■ y' 
= x- 0l (t m ) + o 2 (t n )y'. 

sBut 

x t • 01 (t m ) _ x t ■ t m ~P • 01 (t m ) 

tp t m ~^ 

because, by hypotheses, \x t ■ t m ~ p \ is bounded from above. Analogously we 
can deal with the term 02 {t n ) ■ y' and hence we have the conclusion. 

■ 

Condition (14.10.1) says that the numbers x and y cannot be infinities 
"too large", and hence includes the case where both x and y are finite. But 
if we have x =1 y and z infinite, then z = m z for every m S N>o, but 
\z t ■ t 1 ~ 1 \ = \zt\ which is unbounded and hence we cannot use the previous 
theorem to deduce that x ■ z = y ■ z. In other words, in this structure we 
cannot multiply an equality of the form =1 with an infinite number. This 
make it possible to have the coexistence of h 2 =1 with the existence of the 
inverse of the nilpotent h, i.e. a number k such that k ■ h = rn 1 for every 
m £ N >0 . 

As mentioned above, the feasibility of this simple idea is tied with the 
possibility to create a sufficiently flexible formalism to deal with nilpotent 
infinitesimals and infinite numbers at the same time, using a family of equal- 
ities = m . The first aims to test this construction are of course tied with the 
possibility to describe Riemann integral sums using our infinitesimals and in- 
finities and the possibility to define at least some 5 Dirac like distributions. 
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Part IV 

Appendices 



Appendix A 



Some notions of category 
theory 

This appendix recalls those (more or less) standard definitions and basic 
results which are used in the present work. It also aims at clarifying the 
notations of category theory we use in this work, but it is not meant as an 
introduction to the subject. For this reason, no proofs and no intuitive inter- 
pretations, nor a sufficient amount of examples, are given; they can be found 
in several standard textbooks on category theory (see e.g. Adamek et al. 
[1990], Arbib and Manes. [1975], Mac Lane [1971]). 

All the definitions and theorems we will state are framed in the set theory 
NBG of von Neumann-Bernay-Godel, where, in some cases, we can add the 
axiom about the existence of Grothendieck universes. 

A.l Categories 

Definition A. 1.1. A category C is a structure of the form 

c= ((-)-^(-),i H ,.,0,A 

where O and A are classes, called respectively the class of objects and the 
class of arrows or morphisms of C. The relation 

(-) H > (-) c O x A x O 
is called the arrow relation of C. The function 

1 ( _) : O — ► A 

assigns an arrow 1a, called the identity of the object A. Finally the function 
■:{(f,g)GAxA\3f-g}^A 
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is called the composition of the arrows / and g with respect to the objects 
A, B and C . The predicate 3 / • g will be defined by the following conditions, 
which hold for every object A, B , C , D G O and every arrow f , g, h G A: 

f 9 

1. 3/- g <^=^ 3A,B,C: A > B > C ', i.e. the composition 

f ■ g is defined if the arrow f takes some object A into B and the arrow 
g takes B into C. 

2. A — - — ► B — — ► C => A — — — ► C 

3. A^^B—^C^^D =► f-(g-h) = (f-g)-h, i.e. 
the composition is associative 

4. AeO =► A — — — >A 

5. A — f —> B C / • l B = f and 1 B ■ g = g 



The following notation 

C(A,B) := {/ eA\A-^B 



is also very used. Let us note that generally speaking C(A, B), usually called 
hom-set, is a class and not a set. In case it is a set and not a proper class, 
then the category is said to be locally small. If the classes of objects and that 
of arrows of a category are sets and not proper classes, then the category is 
called small. 

It is possible to prove that for every object A of C there exists one and 
only one arrow u such that 

A-^A 

B — - — ► A — - — > C f ■ u = f and u ■ g = g. 

Prom the definition of category, this arrow is u = 1a, so that the notion of 

identity can be defined starting from the arrow relation and the composition 

map. For this reason, in defining a category we have no need to specify the 

definition of the identity 1a- 

In the present work, unless it is differently specified, we will not assume 
/ 

that if A ► £>, then the objects A and B are uniquely determined by 

the arrow /. On the contrary, if the property 

A ^ > B and A' - > B 1 =^ A = A' and B = B' 

holds, then we say that the category C has domains and codomains and we 
can define the domain and codomain maps: 

dom : A — ► O 
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cod : A — > O 

dom(/) — £— ► cod(/) V/GA 
In case we have to consider more than one category, we will use notations 

like 

C^A £ > B 
C\=f-g = h. 
Moreover, we will also use the notations 

Obj(C):=0 , Arr(C):=„4 

AeC :<^=> ^GObj(C) 

In almost all the examples of categories considered in the present work, the 
objects are sets with some additional structure and the morphisms are maps 
between the underlying sets that preserve this structure. So we have the 
category Set of all sets, the category Grp of all groups, the category Man 
of smooth manifolds, etc. Let us note that every set is a category with only 
identity arrows. 

An example used in this work that is not a category of sets with a struc- 
ture is given by the category corresponding to a preorder. Indeed, let (P, <) 
be a preordered set; let us fix any element * £ Set (it is not important what 
element concretely we choose, e.g. it can be * = G 1) and define 

0:=P , A:={*} 
x-^y :<J=> x,y£P , x<y , / = * 

/ 9 r 

x > y ► z /•#:=*. 

It is easy to prove that in this way we obtain a category. 

Definition A. 1.2. Let C be a category, then C op is the category obtained 
"reversing the direction of all the arrows", i.e. 

Obj (C op ) := Obj(C) , Arr (C op ) := Arr(C) 

C o P |_ A _J_^ B . < _ > Q \= B —?—> A 

C N / • g = h =*» C°p N g ■ f := h 

Moreover, if D is another category, we say that D is a subcategory of C if 
and only if the following conditions hold: 

1. Obj(D) C Obj(C) 

2. D N A — f —> B => C N A — f —> B MA, B, f 



265 



Appendix A. Some notions of category theory 



3. D N / • g = h =► C N / • g = h. 

For two categories, the product category is defined by 

Obj(C x D) := Obj(C) x Obj(D) 
Arr(C x D) := Arr(C) x Arr(D) 



1 D N Di D 2 



CxDN(c,d)- (7,5) = (/,<?) 



CNc- 7 = / 
D N d • 6 = g 



In Chapter 6 we mention at the notion of Grothendieck universe, which 
is defined as follows. 

Definition A. 1.3. We say that the class hi is a Grothendieck universe if 
and only if the following conditions hold: 



1. x €hi and y£i =>• y£hi 

2. x,y G U ==> {x, y} £ U and (x, y) 

3. x £U =^ {y | y C x} G U 



4- If is a family of elements of hi and if I G hi, then (Jig/ x i ^ hi 

5. x, y £hi and f : x — > y is a map between these sets, then f £hi 

6. N £hi, i.e. the set of natural numbers belongs to the universe hi 



In other words in a Grothendieck universe all the usual constructions of 
set theory are possible. A supplementary axiom of set theory that one may 
need when using category theory is 

VxBhi Grothendieck universe : x £hi, (A. 1.1) 

that is, every class is an element of a suitable universe. The theory NBG 
changes radically if we assume this axiom. E.g. all our categories can be 
defined in a given fixed universe (obtaining in this way classes of that uni- 
verse), but if we need to consider e.g. Man M as an element of another class, 
then we can consider another Grothendieck universe IA2 that contains ]VIan w 
as an element. In this way Man M is now a set, and not a proper class, in 
the universe U.2- All our construction do not depend on the axiom (A. 1.1). 
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A. 2 Functors 

Definition A. 2.1. Let C and D be two categories, then a functor 

F:C — ► D 

is a pair F = (F , F a ) of maps 

F : Obj(C) — Obj(D) 
F a : AK{C) — Arr(D), 

where 

ATZ{C) := {(A,f,B)\C\=A — ^ s} . 

Because we will always use different symbols for objects and arrows, and 
because it should be from the context what domain and codomain we are 
considering, we will simply use the notations 

F(A):=F (A) WLGObj(C) 
F(f):=F a (A,f,B) V(AJ,B)eAK(C). 

Moreover, the following conditions must hold: 

1. F(1a) = If (A) f or every object A £ C, i.e. the functor preserves the 
identity maps. 

2. C N A — - — ► B D 1= F(A) — — ► F{B), i.e. the 
functor preserves the arrow relation. 

3. C^A-^B—?—^C =► DNF(/. S ) =F(f)-F(g), i.e. 
the functor preserves the composition of arrows. 

Finally, a functor of the form 

F : C op — > D 
is called a contravariant functor. 

Example. Let P and Q be the categories induced by two preordered sets 
(P, <) and (Q,^) respectively. Then, only the preservation of the arrow 
relation is non trivial in this case, and a functor / : P — ► Q preserves this 
relation if and only if 

x < y f{x)^f{y) \/x,y £ P, 

that is the functors correspond to order preserving morphisms. 
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If the category C is locally small, then we can consider the functor 

C(-,-) :C op xC^ Set 

called the hom-functor of C defined on the objects (A, B) as the hom-set 
C(A,B) G Set, and on arrows (A, B) if,g) > (C,D) as 

C(f,g) : h G C(A, B)^f-h-g& C(C, D). 

Functors F : C — ► D and G : D — > E can be composed by considering 
the composition of the corresponding maps acting on objects and arrows. 

Definition A. 2. 2. A functor F : C — ► D is called faithful (resp. full) if 
and only if for any two objects A, B £ C, the mapping 

f G C(A B) i ► F(f) G D(FA, FB) (A.2.1) 

is infective (resp. surjective). A full and faithful functor is called an embed- 
ding. 

A category C with a faithful functor F : C — > D is called a concrete 
category based on D. 

All the categories of sets with a suitable structure and the corresponding 
morphisms are concrete categories based on Set. The corresponding faithful 
functor associate to each pair (S,S) made of a set S with the structure S 
the underlying set S G Set, and to each morphisms the corresponding map 
between the underlying sets. 

Definition A. 2. 3. Given two functors F, G : C — > D taking the same 
domain category C to the same codomain category D ; we say that t : F — ► 
D is a natural transformation if and only if 

1. t : Obj(C) — ► Arr(D). Usually the notation ta ■= t(A) is used. 

2. IfAe C, then D N F(A) — ^ — ► G(A) 

3. If C 1= A ► B , then the following diagram commutes 

F(A) G(A) 



F(f) 



G(f) 



F(B) — G(B) 
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If the categories C and D are small (in some universe), then taking as 
objects all the functors F : C — ► D, as arrows the natural transformations 
between these functors and with the composition of natural transformation 
defined by 

(t • <t)a '■= ta • &a, 

we obtain a category indicated by the symbol D c . In this category we 
can thus say when two functors are isomorphic. In particular a functor 
F : C — ► Set is called representable if 

3AeC: Set c NF~ C(A, -), 

such an isomorphism is called a representation. 

A. 3 Limits and colimits 

Definition A. 3.1. Let C, I be two categories and F : I — ► C a functor, 
then we say that 

fy — tl — y F(i)\ is a cone with base F 
V J iei 

if and only if: 

1. f : Obj(I) — ► Arr(C). We will use the notation f. L := f(i) for i € I. 

2. V e C 

f. 

3. Vi El: C\= V — - — ► F(i) 

4- If I t= i — - — > j, then in the category C the following diagram com- 
mutes 

V 




A universal cone with base F is called a limit of F: 
Definition A. 3. 2. In the previous hypothesis, we say that 

(^L — — — > F{i)^ is a limit of F 

if and only if: 
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1. L 



F(i) I is a cone with base F 
'iei 



S.IflV 



fi 



> F(i) is another cone with base F , then there ex- 



ists one and only one morphism such that, in the category C, the 
following conditions hold 

9 



(a) V — - — ► L 

(b) For every i € I, we have 



L 



Hi 



F(i) 



<P 




V 



The notions of cocone and of colimit are dual with respect to these, 
so that the analogous definition can be obtained by simply reversing the 
directions of all the arrows. It is possible to prove that if a limit exists, it is 
unique up to isomorphisms in C. For these reasons, if the limit exists, we 
will denote the corresponding object L by 

limF(i). 
iel 

Analogously the colimit will be denoted by 

colim F(i). 
iel 

A category C is said to be complete if every functor F : I — > C defined 
in a small category I admits a limit; whereas it is said to be cocomplete if 
each one of such functor admits a colimit. 



Pi 



Example. 

1. If I = {0, 1}, then the limit (p 
an object P € C and two morphisms 

Pi 



F(i) of F is given by 

ie{o,i} 



F(l) 



P 



Po 



F(0) 



which verify the universal property: if ( V 



fi 



F(i) | is 
ie{o,i} 

other pair of morphisms of this form, then there exists one and only 
one arrow in C 

<p:V — > P 



270 



A. 3. Limits and colimits 



such that 




F(l) 



(A.3.1) 



Therefore, in this special case the notion of limit of F gives the usual 
notion of product of the objects -F(O), F(l) S C. In the present work, 
the unique morphism ip that verifies (A.3.1) is denoted by (/i,/2). 
With the notion of cocone and the same index category I = {0, 1} we 
obtain the usual notion of sum of two objects. 

2. If I is the category generated by the graph 







1 



then the notion of limit corresponds to the notion of pull-back of the 
diagram 

F(l) 



F(b) 



F{2) 



F(a) 



F(0) 



3. If I is the category generated by the graph 



then the notion of limit corresponds to that of equalizer of the diagram 

F(0) : F(l) 

F(b) 



F(0) such that e • F(a) = e ■ F(b) which is 



that is an arrow E 

universal among all the arrows that verify these relations. 



In case of concrete categories the notion of limit can be simplified using the 
notion of lifting. 
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el 



Definition A. 3. 3. Let C be a concrete category based on D with faithful 
functor U : C — > D. We will use the notation U~ 1 (f) every time f is in 
the image set of the functor U. Let I G Set. Then, we say that 

(C — -H — ► Ci) gj is a lifting of (d — — — ► Aj 

«/ and on/?/ i/: 

1 £7 — — ► a) = — - — ► A Vi G J 

if D N J7(A) — — — ► [7(C) and for every i £ I we have 

U~ l (ip-5i) 



then 



C^A — — >C 



The theorem which connects the two concepts is the following. 

Theorem A. 3. 4. Under the previous hypothesis of Definition A. 3. 3, let us 

Si 



consider a functor F : I — ► C and let I D ► U (F(i)) I be the limit 

V / iel 

of U o F in the category D. Finally, let us suppose that 

'C — - — ► F(t)) i is a lifting of \ D — - — ► U(F(i)) 



iel 
Then 

((J — - — ► F(ifj i is the limit of F 

A. 4 The Yoneda embedding 

Every object A of a locally small category C defines a contravariant functor 

Y(A) := C(-, A) : C op — > Set . 

This map Y can be extended to the arrow of C. Indeed, every morphism 
/ : A — ► B in C induces a natural transformation 

Y(/) :=C(-,/):Y(A)—> Y(J3), 

so that, at the end we obtain a functor 

Y : C — Set c ° P 

called the Yoneda embedding. The name is justified by the following two 
results. To state the first one of them, we will use the following language to 
express a bijection 
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Definition A. 4.1. Let A(x), B(y) and C(x,y) be three property in the free 
variables x and y. Then with the statement 

To give x : A(x) is equivalent to give y : B(y) so that C(x,y) holds 

we mean: 

1, \/x : A(x) =4> 3! y : B(y) and C(x, y) 

2. Vy : B(y) ^3\x: A(x) andC(x,y) 

In other words, these properties define a bisection and the property C(x,y) 
acts as the formula connecting the objects x and the objects y. 

Theorem A. 4. 2. Let C be a locally small category, F : C op — ► Set a 

functor and C G C. Then to give a natural transformation t: 

t : Y{C) — ► F (AAA) 
is equivalent to give an element s: 

s G F(C) (A.4.2) 
so that the following properties hold: 

1. s = t c (lc) 

2. r A (g) = F{g){s) WL G CVg G C(A,C). 

As a consequence of this theorem we have the following result, which is cited 
at Chapter 5 of the present work. 

Corollary A. 4. 3. The Yoneda embedding is a full and faithful functor. 

A. 5 Universal arrows and adjoints 

Definition A. 5.1. Let G : D — > C be a functor and C G C, then we say 
that 

C ► G(D) is a universal arrow 

if and only if: 

2. C N C V > G(D) 

3. The pair (D, rj) is G-couniversal 1 among all the pairs which satisfy the 

previous two conditions, i.e. if D\ G D and C 1= C > G(D\), 

then there exists one and only one T)-morphism <p such that 

x Let us note explicitly the inconsistency between the property of co- universality (i.e. 
the unique morphism tp starts from the couniversal object C) and the name "universal 
arrow". This inconsistency in the name, even if it creates a little bit of confusion, is well 
established in the practice of category theory. 
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(a) DND 




The notion of couniversal arrow is dual with respect to that of universal 
arrow. 

F 

Definition A. 5. 2. Let C I ' D be a pair of functors with opposite 

G 

directions, then we write 

F H G with unit rj, 
and we read it G is right adjoint of F with unit rj, if and only if: 

1. lc ► F • G , i.e. rj is a natural transformation from the identity 

functor lc to the composition F • G = G o F . 

2. C ► G{F{C)) is a universal arrow. 

In case of locally small categories, the notion of pair of adjoint functors 
can be reformulated in the following way 

F 

Theorem A. 5. 3. // C \ ' D and C, D are locally small, then to 

G 

give rj: 

F H G with unit rj, 
is equivalent to give a natural transformation 

:D(F(-),-)— — ^C(- G(-)) 

so that it results 

$cd(V0 = • G(tp) 
for every c £ C, D £ D and i/j G D(_FC, D). 

In the particular case where the categories C and D are generated by 
preordered sets (C, <) and (D, ■<), a pair of adjoints F -\ G correspond to a 
pair of order preserving morphisms such that 

F(c) <d ^ c< G(d) 

(a so called Galois connection). In case of concrete categories based on Set, 
the notion of cartesian closedness is fully presented in Chapter 5. In more 
abstract categories, it is defined in the following way. 
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Definition A. 5. 4. We say that (C, x,T,n,£,h) is a cartesian closed cate- 
gory if and only if: 

1. C is locally small 

2. For every objects A, B £ C, the diagram 

^! ^ 2 
A ■* Ax B - B 

is a product 

3. T is a terminal object, i.e. for every A € C there exists one and only 
one morphism t such that 

C N A — - — ► T 

4- For every A G C 

(— ) x A -\ h(A, — ) with counit e A 
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A comparison with other 
theories of infinitesimals 

It is not easy to clarify in a few pages the relationships between our theory 
of Fermat reals and other, more developed and well established theories 
of actual infinitesimals. Nevertheless, in this chapter we want to sketch 
a first comparison, mostly underlining the conceptual differences instead 
of the technical ones, hoping in this way to clarify the foundational and 
philosophical choices we made in the present work. 

Our focus will fall on the most studied theories like NSA, SDG and surreal 
numbers, or on constructions having analogies with our Fermat reals like 
Weil functors and the Levi-Civita field, but we will not dedicate a section 
to more algebraic theories whose first aim is not to develop properties of 
infinitesimals or infinities and related applications, but instead to construct 
a general framework for the study of fields extending the reals (like formal 
power series or super-real fields). In the case of surreal numbers and the 
Levi-Civita field we will also give a short presentation of the topic. 

A general distinction criterion to classify a theory of infinitesimals is 
the possibility to establish a dialogueue between potential infinitesimals and 
actual infinitesimals. On the one hand of this dialogue there are potential 
infinitesimals, represented by some kind of functions i : E — > E defined on 
a directed set (E,<), like sequences i : N — ► ffi. or functions defined on a 
subset E of M, and such that 

lim i = 0. (B.0.1) 

(£,<) 

Classical example are, of course, i(n) = ^ for n G N>o and i(t) = t for 
t G M>o- On the other hand, there are actual infinitesimals as elements 
d G R of a suitable ring R. The dialogue can be realized, if any, in sev- 
eral ways, using e.g. the standard part and the limit (B.0.1), or through 
some connection between the order relation defined on R and the order of 



277 



Appendix B. Other theories of infinitesimals 



the directed set (E,<), or through the ring operations of R and pointwise 
operations on the set of potential infinitesimals. Prom our point of view, it 
is very natural to see this dialogue as an advantage, if the theory permits 
this possibility. First of all, it is a dialogue between two different, but from 
several aspects equivalent, instruments to formalize natural phenomena and 
mathematical problems, and hence it seems natural to expect a close re- 
lation between them. Secondly, this dialogue can remarkably increase our 
intuition on actual infinitesimals and can suggest further generalizations. For 
example, in the context of Fermat reals, it seems very natural to try a gener- 
alization taking some stochastic processes (xt)teR >0 instead of our little-oh 
polynomials, creating in this way "stochastic infinitesimals". 

Theories with a, more or less strong, dialogue between potential infinites- 
imals and actual infinitesimals are: NSA, the theory of surreal numbers and 
our theory of Fermat reals. 

This dialogue, and hence the consequent generalizations or intuitions, are 
more difficult in formal algebraic approaches to infinitesimals. Very roughly, 
these approaches can be summarized following the spirit of J. Conway's ci- 
tation on pag. 102: if one needs some kind of infinitesimal d, add this new 
symbol to M and impose to it the properties you need. In this class of the- 
ories we can inscribe all the other theories: SDG, Weil functors, differential 
geometry over a base ring, and Levi-Civita field. They can be thought of 
as theories generated by two different elementary ideas: the ring of dual 
numbers M[e]/ (e 2 = 0) (firstly generalized by the strongly stimulating and 
influential article Weil [1953]) and the fields of formal power series. The 
distinction between these two classes of theories, those that try a dialogue 
with potential infinitesimals and those approaching formally the problem, is 
essentially philosophical and at the end choosing one of them rather than 
the other one is more of a personal opinion than a rational choice. First 
of all, the distinction is not always so crisp, and (non constructive) NSA 
represents a case where the above mentioned dialogue cannot always be per- 
formed. Moreover, it is also surely important to note that formal theories of 
infinitesimals are able to reach a great formal power and flexibility, and some- 
times through them a sort of a posteriori intuition about actual infinitesimals 
can be gained. 



B.l Nonstandard Analysis 

A basic request in the construction of NSA is to extend the real field by a 
larger field *M DR. As a consequence of this request, in NSA every non 
zero infinitesimal is invertible and so we cannot have non trivial nilpotent 
elements (in a field h 2 = always implies h = 0). On the contrary, in 
the theory of Fermat reals we aim at obtaining a ring extending the reals, 
and, as a result of our choices, we cannot have non-nilpotent infinitesimals, 
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in particular they cannot be invertible. In the present work, our first aim 
was to obtain a meaningful theory from the point of view of the intuitive 
interpretation, to the disadvantage of some formal property, only partially 
inherited from the real field. Vice versa every construction in NSA has, as 
one of its primary aims, to obtain the inheritance of all the properties of 
the reals through the transfer principle. This way of thinking conducts NSA 
towards the necessity to extend every function / : R — ► M, e.g. / = sin, 
from R to *R, and to the property that any sequence of standard reals 
(x n ) ne N G even the more strange, e.g. (sin(n)) ngN , represents one and 
only one hyperreal. 

Of course, in the present work we followed a completely different way: 
to define the ring of Fermat reals *M we restrict our construction to the 
use of little-oh polynomials x S M. [t] only, and therefore we can extend 
only smooth functions from M. to *M. Obviously, our purpose is to develop 
infinitesimal instruments for smooth differential geometry only, and we have 
not the aim of developing an alternative foundation for all mathematics, like 
NSA does. In exchange, not every property is transferred to *R, e.g. our, 
as presently developed, is not a meaningful framework where to talk of a C 1 
but not smooth function / : *R — ► *R. 

In NSA, this attention to formally inherit every property of the reals 
implies that on the one hand we have the greatest formal strength, but on 
the other hand we need a higher formal control and sometimes we lose the 
intuitive point of view. We can argue for the truth of this assertion from 
two points of view: the first one is connected with the necessity to use a 
form of the axiom of choice to construct the non principal ultrafilter needed 
to define *R. In the second one, we will study more formally the classical 
motivation used to introduce *M: two sequences of reals are equivalent if 
they agree almost everywhere on a "large" set. 

It is rather interesting to recall here that the work of Schmieden and Laugwitz 
[1958] predates by a few year the construction of *M by A. Robinson. In 
Schmieden and Laugwitz [1958] using the the filter of co-finite sets and not 
an ultrafilter, a ring extending the real field R and containing infinitesimals 
and infinities is constructed. This work has been of great inspiration for 
subsequent works in constructive non-standard analysis like Palmgren [1995, 
1997, 1998], where a field extending the reals is developed constructively, 
with a related transfer theorem, but without a standard part map. Because 
of their construtive nature, in these works, no use of the axiom of choice is 
made. 

To study the relationships between the axiom of choice and the hyper- 
reals, we start from Connes et al. [2000], where the author argued that in 
NSA it is impossible to give an example of nonstandard infinitesimal, even 
"to name" it. More precisely, A. Connes asserts that to any infinitesimal 
e G *R^o it is possible to associate, in a canonical way, a non Lebesgue- 
measurable subset of (0, 1). The following result of Solovay [1970] 
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Theorem B.l.l. There exists a model of the Zermelo-Fraenkel theory of 
sets without axiom of choice (ZF), in which every subset of M. is Lebesgue 
measurable. 

would show us the impossibility, in the point of view of A. Connes, to 
give an example of infinitesimal in NSA. These affirmations, not proved in 
Connes et al. [2000], can be formalized using the following results: 

Theorem B.1.2. Let e G *K^o be an infinitesimal, and set 





"1" 


G *x\ 


lx c N| 






e 





where [x] is the integer part of the hyperreal x. Then U e is an ultrafilter on 
N containing the filter of all co-finite sets. 

Proof: Directly from the definitions of ultrafilter and from the properties of 
the operator *(— ). 

■ 

The second result we need is due to Sierpihski [1938] and does not need the 
axiom of choice to be proved: 

Theorem B.1.3. Let f : V(N) — ► {0, 1} be a finitely additive measure 
defined on every subset o/N. For each x G (0, 1), let 

1 1 1 

x = 1 1 h ... 

2m 2 n2 2 ns 

be the binary representation of x, and set 



fix) := f({ni,n 2 ,n 3 , . . .}). 



Then the function <p : (0, 1) — > {0, 1} is not Lebesgue measurable and hence 
is a non Lebesgue-measurable subset of (0,1). 

■ 

Using these results the sentence of A. Connes is now more clear: to any 
e G *M^o infinitesimal we can associate the ultrafilter U e on N; to this 
ultrafilter we can associate the finitely additive measure f e (S) := 1 if S G U e 
and f e (S) := if S ^ U e ; to this measure we can finally associate the non 
Lebesgue-measurable subset of (0,1) given by S e := ip~ l ({l}), where ip e is 
defined as in Theorem B.1.3. The association e i— ► S e is canonical in the 
sense that it does not depend on the axiom of choice. But the result of 
Solovay, i.e. Theorem B.l.l, proves that it is impossible to construct a non 
Lebesgue-measurable set without using some form of the axiom of choice, so 
the association e h S e shows the impossibility to define *M without some 
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form of this axiom 1 . This is the technical result. Whether this can be 
interpreted as "it is impossible to give an example of infinitesimal in NSA" 
or not, it depends on how one means the words "to give an example". It 
seems indeed, undeniable that if one accepts the axiom of choice and U is an 
ultrafilter on N containing the filter of co-finite sets, then the hyperreal 



e := 



G 

U 



is an example of infinitesimal. 

The last example seems a typical solution to several problems of NSA 
related to the existence of ultrafilters, and can be synthesized in the sentence 
"the ultrapower construction is intuitively clear once the ultrafilter is fixed". 
For example, an ultrafilter U on N containing the filter of co-finite sets is 
frequently presented as a possible notion of "large sets of natural numbers" 
and the basic equivalence relation 

{x n )n ~ {y n )n :^=^ {n G N| x n = y n } G U 

is hence interpreted as "the two sequences of real numbers are almost ev- 
erywhere equal, i.e. they agree on a large set (with respect to the notion 
of large sets given by U)". We want to show now that this intuition is not 
always correct, despite of the "natural" choice of the ultrafilter U. 

To compare two elements of an ultrafilter, i.e. two infinite subsets of N 
we will use the notion of natural density (also called asymptotic density, see 
e.g. Tenenbaum [1995]): 

Definition B.l. 4. If A C N and n G N ; we will set A< n := {a G A \ a < n}. 

Now let A, B be subsets of N, we will say that there exists the (natural) 
density of A with respect to B iff there exists the limit 

, . ^ , card(A< n ) m 
p(A,B):= lim - n GMU{+oo}. 

n~*+oo cara(-D< n ) 

The set of pairs (A, B) for which the density p(A, B) is defined will be denoted 
byV. 

For example if P := {2n \ n G N} is the set of even numbers, then p(P, N) = 
2, that is the set of even number is dense ^ with respect to the set of all the 
natural numbers. 

The notion of natural density has the following properties: 



: Let us note explicitly, that Theorem B.l.l refers to the full version of the axiom of 
choice. Indeed, it is well known, see e.g. Albeverio et al. [1988] and references therein, 
that the existence of an ultrafilter on N is less stronger than the full axiom of choice. 
Roughly speaking, we have just proved that if we are able to construct the hyperreal field 
*R, then some form of the axiom of choice must holds, not necessarily the full one. 



281 



Appendix B. Other theories of infinitesimals 



Theorem B.1.5. Let A and B be subsets o/N, then we have: 

1. p(A, B) = ^rd(B) ^ ^ an< ^ B are both finite. 

2. p(A, B) = if A is finite and B is infinite; vice versa p(A,B) = +oo. 

3. p{A,B) < I if AC B and (A, B) G V. 
4- p(—,B) is finitely additive. 

5. p(m + A, m + B) = p(A, B) if (A, B) G V, i.e. the natural density is 
translation invariant. 

6. p({h-n\n£N},N) = ±ifh£ N^ - 

7. // (A,B), (C,D) 6 V, then the following implications are true: 

(a) AnC = ® =^ (AuC,B)eV 

(b) AC B =^ (B\A,B) eV 

(c) AuC = B =^ (inC,B)eD 

Proof: see Tenenbaum [1995] and references therein. 

■ 

Our first aim is to generalize the conclusion 6. of this theorem and 
secondly to prove that given an infinite element P E U of a fixed ultrafilter, 
we can always find in the ultrafilter a subset S C P having density \ with 
respect to P. This means, intuitively, that an ultrafilter is closed not only 
with respect to supersets, but also with respect to suitable subsets. 

Lemma B.1.6. Let b : N — ► N be a strictly increasing sequence of natural 
numbers, and set for simplicity of notations 

B ■= {b n | n G N} . 

Then we have 

p({b h . n \neN},B) = ± V/iGN^o- 

Proof: Let int(r) be the integer part of the real r G M, i.e. the greatest 
integer number greater or equal to r, and for simplicity of notations set 
Bh '■= {bh-n | n G N}. We first want to prove that 

caxd(B h )< n = mt I ^ j 

Indeed, since b is strictly increasing, we have 

card( J B< n ) = max {A; | b k < n} + 1 =: K + 1 (B.l.l) 



282 



B.l. Nonstandard Analysis 



caxd(B h )< n = max {k \ b h . k < n} + 1 =: H + 1, (B.l. 2) 

so that we want to prove that H + 1 = int (^-) + 1, i.e. that H = int (t-)- 
In fact from (B.l. 2) we have bh-H < n and hence h-H < K from (B.l.l), i.e. 
H < f and H < int (f ). To prove the opposite, let us consider a generic 
integer m < £ and let us prove that m < H . In fact, since b is increasing we 
have bh-m. < b% and bx < n from (B.l.l). Hence &^. m < n and from (B.l. 2) 
we obtain the conclusion m < H. 

Now we can evaluate the limit (in the sense that this limit exists if and 
only if any one of the limits in this series of equalities exists) 

card(B h ) <n 1 f. / card(B< n ) - 1 \ 

lim 777, ~\ = lim 777, — V ' \ mt \ f + 1 

n->+oo card(rs< n ) n^+oo card(i3< n J [ \ h J 

Let, for simplicity, (3 n := card(i?<„) and note that f3 n — > +oo because b is 
strictly increasing. Finally, let frac(r) := r — int(r) G [0, 1) be the fractional 
part of the generic real r£R. With these notations, our limit becomes 

71-++C3C p n y n \ h J 

11111 { i\ l -£)-k- i ™ c {^) + r} = l h 



n— >+cxd 



since j3 n — > +oo and the fractional part is limited. 

■ 

Now we can prove that if P is an infinite element of a given ultrafilter U, 
then in U we can also find a subset of P with one half of the elements of P. 

Lemma B.l. 7. Let hi be an ultrafilter on N, P G £^ an infinite element of 
the ultrafilter and finally n G N^o- TVien we can always find an S £ U such 
that 

1. SCP 

2. Either p{S, P) = ± or p(S, P) = 1 - ±. 
Therefore we have 

WPeU: P infinite 3 S £ 11 : S C P and p(S, P) = i. 

Proof: Since P is infinite, setting 

Po : — min(P) 

: = min (P \ {p , • • • ,Pn}) 

we obtain a strictly increasing sequence of natural numbers. Setting S' : = 
{p n .jt | k G N} from Lemma B.l. 6 we have p(S', P) = -. Therefore, if S' G iY, 
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we have the conclusion for S := S' . Otherwise, we have N \ S' G U, so that 
setting S := (N \ S') n P = P \ S' we obtain S G U and 

p(S, P) = p(P \S',P) = 1- p(S', P) = 1 - ~ 

n 

The second part of the conclusion follows setting n = 2. 

■ 

Now we only have to apply recursively this lemma to obtain that in any 
ultrafilter we can always find elements with arbitrary small density: 

Theorem B.1.8. Let U be an ultrafilter on N and P G U with P infinite, 
then we can find a sequence (P n ) n of elements ofU such that 

1. Po = P 

2. For every n G N 

Pn+l Q Pn 
p(Pn+l,Pn) = 7^ 
p(P n ,P) = l. 

Therefore in any ultrafilter we can always find elements of arbitrary small 
density, i.e. 

Ve > 3 5 €U : p(5,N) < e. 

Proof: Set Pq := P and apply recursively the previous Lemma B.1.7 (note 
that following the proof of this lemma, we can affirm that we are not applying 
here the axiom of countable choice) we obtain 

P n G U , P n +1 ^ Pn , p(Pn+l, Pn) = 

But 

card(P n )< fc _ card(P n )< fc card(P n ._i)< fc card(Pi)< fc 
card(P )</c card(P„,_i)</ c card(P n ,_ 2 )</c card(P )<fc' 

Therefore, for k — > +oo we obtain p(P n ,P) = ^r. The final sentence of the 
statement follows from the previous one if P := N and if we take n such that 
2~ n < e. 

■ 

In the precise sense given by this theorem, we can hence affirm that in any 
ultrafilter on N we can always find also "arbitrary small" sets. For example, 
if we set e := 10" 100 , we can find S G U with density p(S, N) < lO" 100 . The 
characteristic function of S 

fl ifnGS w 
x n := I Vn G N 

1 if n i S 
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generates, modulo U, an hyperreal y := [{x n ) n ]u 6 *M equal to 1 but (with 
respect to the density p{— , N)) almost always equal to 0. Finally, the set S 
of indexes n G N where x n = 1 has a density strongly lower with respect to 
the set N \ 5 of indexes where x n = 0, in fact 

p(5,N\S)= hm Card( ^ } n + l 



n^+oo n+l card(N \ S) 



p(S,N) < 10 



-100 



p(N\5,N) ~ 1- 10- 100 ' 

See also Chapter 1, where we already compared NSA with the basic aims of 
the present work on Fermat reals. 



B.2 Synthetic differential geometry 

We have already mentioned, several times, the relationships between Fermat 
reals and SDG, and we have already presented very briefly the main ideas 
for the construction of a model in SDG (see Section 5.5). For these reasons, 
here we essentially summarize and underline the differences between the two 
theories. 

There are many analogies between SDG and Fermat reals, so that some- 
times the proofs of several theorems remain almost unchanged. But the 
differences are so important that, in spite of the similarities, these theories 
can be said to describe "different kind of infinitesimals". 
We have already noted (see Section 4.1) that one of the most important 
differences is that for the Fermat reals we have h • k = if h 2 = k 2 = 0, 
whereas this is not the case for SDG, where first order infinitesimals h,k E 
A := {<i|<i 2 = 0} with h ■ k not necessarily equal zero, sometimes play 
an important role. Note that, as shown in the proof of Schwarz theorem 
using infinitesimals (see Section 3.6), to bypass this difference, sometimes 
completely new ideas are required (to compare our proof with that of SDG, 
see e.g. Kock [1981], Lavendhomme [1996]). Because of these diversities, 
in our derivation formula we are forced to state 3!m 6 I2 and not 31 m G 
'M (see 12.1). This is essentially the only important difference between 
this formula and the Kock-Lawvere axiom. Indeed to differentiate a generic 
smooth map / : *M — ► *K we need the Fermat method (see Section 11.2) 
i.e. the notion of "smooth incremental ratio". 

Another point of view regarding the relationships between Fermat reals 
and SDG concerns models of SDG. As we hint in Section 5.5, these models 
are topos of not simple construction, so that we are almost compelled to 
work with the internal language of the topos itself, that is in intuitionistic 
logic. If on the one hand this implies that "all our spaces and functions are 
smooth", and so we do not have to prove this, e.g. after every definition, on 
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the other hand it requires a more strong formal control of the Mathematics 
one is doing. 

Everyone can be in agreement or not with the assertion whether it is 
difficult or easy to learn to work in intuitionistic logic and after to translate 
the results using topos based models. Anyway we think undeniable that the 
formal beauty achieved by SDG can hardly be reached using a theory based 
on classical logic. It suffices to say, as a simple example, that to prove the 
infinitesimal linearity of M N (starting from M, N generic inf-linear spaces), 
it suffices to fix n G N, to note that ,n) are tangent vectors at /(n), to 
consider their parallelogram p(—,n), and automatically, thanks to the use of 
intuitionistic logic, p is smooth without any need to use directly the sheaf 
property to prove it. See our Theorem 13.1.5 to compare this proof with the 
proof of the analogous statement in our context. 

On the other hand, if we need a partition of unity, we are forced to assume a 
suitable axiom for the existence of bump functions (whose definition, in the 
models, necessarily uses the law of the excluded middle). 

Indeed, we think that, as we hint in Chapter 10, the best properties of 
the theory of Fermat reals can be obtained using an "intuitionistic interpre- 
tation". We can say that also this theory "proves" that the best logic to deal 
with nilpotent infinitesimals in differential geometry is the intuitionistic one 
and not the classical one. All the efforts done in the present work can be 
framed into an attempt to obtain a sufficiently simple model of nilpotent 
infinitesimals, having a strong intuitive interpretation but, at the same time, 
without forcing the reader to switch to intuitionistic logic. Indeed, we think 
that the best result in the theory of Fermat reals would be to prove that 
the category of smooth spaces C°° and that of Fermat spaces *C°° are really 
topoi: in this way the reader working in this theory would have the possibil- 
ity to use the internal language of these topoi, in intuitionistic logic, and at 
the same time a sufficiently simple model to work directly in classical logic 
or to interpret the results obtained using the internal language. We plan to 
achieve some steps in this direction in future works. 

Moreover, from the intuitive, classical, point of view, SDG sometimes 
presents counter-intuitive properties. For example, it is a little strange to 
think that we do not have "examples" of infinitesimals in SDG (it is only 
possible to prove that ~^^3d E A), so that, e.g., we cannot construct a 
physical theory containing a fixed infinitesimal parameter; moreover any 
d € A is at the same time negative d < and positive d > 0; finally the 
definition of the Lie brackets using h ■ k for h, k € A, i.e. 

[X,Y] h . k = Y_ k oX_ h oY k oX h , 

is very far to the usual definitions given on manifolds. 
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B.3 Weil functors 

Weil functors (in the following WF; see Kolar et al. [1993] and Kriegl and Michor 
[1996]) represent a way to introduce some kind of useful infinitesimal method 
without the need to possess a non-trivial background in mathematical logic. 
The construction of WF does not achieve the construction of a whole "in- 
finitesimal universe", like in the theory of Fermat reals or in NSA and SDG, 
but it defines functors Ta : Man — > Man, related to certain geometrical 
constructions of interest, starting from a Weil algebra. A Weil algebra is a 
real commutative algebra with unit of the form A = E • 1 © N, where N 
is a finite dimensional ideal of nilpotent elements. The flexibility of its in- 
put A gives a corresponding flexibility to the construction of these functors. 
But, generally speaking, if one changes the geometrical problem, one has 
also to change the algebra A and so the corresponding functor Ta- E.g., 
if A = M[x]/(x 2 ), then Ta is the ordinary tangent bundle functor, whereas 
if B = R[x, y]/(x 2 , y 2 ), then Tg = Ta ° Ta is the second tangent bundle. 
The definition of a WF starting from a generic Weil algebra A is very long, 
and we refer the reader e.g. to Kriegl and Michor 1997, 1996, Kolar et al. 
1993. Note that, in the previous example, x, y G B verify x 2 = y 2 = 
but x ■ y 7^ 0. This provides us the first difference between WF and Fermat 
reals. In fact *M = IR • 1 © and dim^Doo = 00, so that using the in- 
finitesimals of 'M. we can generate a large family of Weil algebras, e.g. any 
yl = IR-l©AcM- lffi-Dfc (which represents k-th order infinitesimal Taylor's 
formulas) where N is an IR-finite dimensional ideal of infinitesimals taken in 
Dfc. On the other hand, not every algebra can be generated in this way, e.g. 
the previous B = R[x, y]/(x 2 , y 2 ) . But using exponential objects of C°° and 
*C°° we can give a simple infinitesimal representation of a large class of WF. 
For ai, . . . , a c € N n , c > n, let 



E.g. if ki = (3,0), k 2 = (0,2) and a = (1,1), then D% = {{h,k) G 
D3 x D2 I h • k = 0}. To any infinitesimal object D% there is associated 
a corresponding Taylor's formula: let / = °g\D a , with g G C°°(K n ,R), then 



Here i(a) := {r G N n | 3h G D? '■ h r 7^ 0, |r| < k} is the set of multi-indexes 
r G N n corresponding to a non zero power h r , and k := max(/si, . . . , k n ). 
The coefficients m r = |j£(0) G M. are uniquely determined by the formula 
(B.3.1). We can therefore proceed generalizing the definition 13.1.1 of stan- 
dard tangent functor. 

Definition B.3.1. If M G Man is a manifold, we call M D k the C°° object 



Dl := {h G D kl X . . . X D kn I h 



Vi = l,...,c}. 




(B.3.1) 



r£t(o) 
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with support set 

\M D %\ :={'/bg : fEC°°(R n ,M)}, 

and with generalized elements of type U (open in M. u ) defined by: 

de u M D k d:U — >\M D %\ and d-i£ 'M D k, 

where i : \M D k \ <^-> *M D k is the inclusion. 

Let us note explicitly that writing M D i we are doing an abuse of notation 
because this is not an exponential object. We can extend this definition to 
the arrows of Man by setting f D k(t) := t ■ f G N D k , where t G M D % and 
/ G Man(M, N). With these definitions we obtain a product preserving 
functor (— ) D k : Man — > Man. Finally we have a natural transformation 
eo : {-) D * — ► iMan defined by evaluation at £ M": e (M)(t) := t(0). 
The functor (— ) fc and the natural transformation eo verify the "locality 
condition" of Theorem 1.36.1 in Kolar et al. [1993]: if U is open in M and 
i : U ^ M is the inclusion, then U D k = eo{M)~ l (U) and i D % is the inclusion 
of U D k in M D k . We can thus apply the above cited theorem to obtain that 
(— ) D k is a Weil functor, whose algebra is 

Al((-) D k)=R D k. 

Not every Weil functor has this simple infinitesimal representation. E.g., 
the second tangent bundle (— ) D o(— ) D is not of type (— ) D k - indeed it is easy 
to prove that the only possible candidate could be D% = DxD, but (K D ) D is 
a four dimensional manifold, whereas R DxD has dimension three. We do not 
have this kind of problems with the functor (-) D k = , C 00 (L>^, -) : 'C°° — ► 
•C°° which generalizes the previous one as well as TM = *M D generalizes 
the standard tangent functor. In fact because of cartesian closedness we have 

(X D k") D <* ~x D k xD h 

and D% x is again of type D^. 

Summarizing, we can affirm that WF permit to consider nilpotent in- 
finitesimals which are more algebraic and hence more general than those 
occurring in the Fermat reals. The typical example is the WF Tg for 
B = R[x,y]/(x 2 ,y 2 ), corresponding to the second tangent bundle. On the 
other hand, WF do not permit to consider an extension of the real field with 
the addition of new infinitesimal points (like in our framework, where we have 
the extension from E to *R), and hence they do not permit to consider prop- 
erties like order between infinitesimals, an extension functor analogous of the 
Fermat functor and the related properties, like the transfer theorem, tangent 
vectors as infinitesimal curves, infinitesimal parallelograms to add tangent 
vectors, infinitesimal fluxes, and so on. This implies that with the WF we do 
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not have "a framework with the possibility to extend standard spaces adding 
infinitesimals", but we are forced to consider a new WF for every geometrical 
construction we are considering. Finally, the general definition of WF works 
on the category of smooth manifolds modelled on convenient vector spaces, 
because it needs the existence of charts (see Kriegl and Michor [1997, 1996], 
Kolar et al. [1993]), and we already mentioned (see Section 5.3) that this 
category is not cartesian closed. Therefore, WF cannot be defined for spaces 
like N M , where M is a non-compact manifold. On the contrary, we have 
seen (see Chapter 13) that some results of infinitesimal differential geometry 
can be obtained also for spaces of the form *N* M , where M is a generic 
manifold. 

Finally, a recent approach similar in essence to Weil functors is differential 
geometry over a general base ring, see Bertram [2008] and references therein. 
The basic idea is to develop, as far as possible, all the topics of differential 
geometry not dealing with integration theory, in the framework of manifolds 
modelled over a generic topological module V over a topological ring K. This 
of course, includes ordinary finite dimensional real or complex manifolds, but 
also infinite dimensional manifolds modelled on Banach spaces and even on 
the hyper-vector spaces *M n . One of the basic results is that in this way the 
tangent functor TM becomes a manifold over the scalar extension V © eV, 
i.e. over the module of all the expressions of the form u+ev over the ring K[e] 
of dual numbers over K, i.e. K[s] := IC ffidK := K[x]/ (x 2 ). The process can 
be iterated obtaining that the double tangent bundle T 2 M is a manifold over 
V © e\V © e 2 V © eie 2 V , which is a module over K[ei,e 2 ] := K[x,y]/ (x 2 ,y 2 ). 
Analogous results are available for T k M and for the jet bundle J k M. The 
theory is appealing for its generality and for the possibility to obtain in a 
simple way a context with formal infinitesimals. This construction does not 
deal with cartesian closedness and hence generic spaces like Man(M, N) 
cannot be considered. 

B.4 Surreal numbers 

Surreal numbers has been introduced by J.H. Conway and presented in 
Knuth [1974] and in Conway [1976] 2 . One of the most surprising features of 
surreal numbers is that starting from a simple set of rules it is possible to 
construct a rich algebraic structure containing the real numbers as well as 
infinite and infinitesimals, but also all the ordinal numbers, the hyperreals 
of NSA, the Levi-Civita field and the field of rational functions. Indeed, in a 
precise sense we will see later, the ordered field No of surreal numbers is the 
largest possible ordered field or, in other words, the above mentioned simple 
rules for the construction of surreal numbers, represent the most general way 

2 Really, the same field of numbers has been predate by Cuesta Dutari [1954] (in Span- 
ish) and Harzheim [1964] (in German). 
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to obtain a notion of number culminating in an ordered field. 

There are two basic ideas to introduce surreal numbers: the first is to 
have the possibility to construct numbers in a transfinite-recursive way using 
a notion analogous to that of Dedekind cut (called Conway cut). If we have 
a totally ordered set (N, <), a Conway cut is simply a pair (L, R) of subsets 
L, RCN such that 

V/GLVrGi?: / < r, (B.4.1) 

in this case we will simply write L < R. This is exactly the notion of 
Dedekind cut without the condition that the subsets L, R have to be con- 
tiguous (i.e. without the condition that Ve > 03 / G L3r G R : \l — r\ < e). 
Exactly because we do not have this further condition, we need another 
condition for a pair (L, R) to identify a unique "number". Indeed, the sec- 
ond idea, intuitively stated, is that every Conway cut identifies uniquely the 
simplest number x between L and R: 

V7 G L Vr G -R : I < x < r. (B.4.2) 

We can intuitively represent a Conway cut and the associated simplest num- 
ber in the following way 

L R 

X 

A little more formally, the class No of surreal numbers is introduced by 
Conway using a suitable set of rules. We can think at these rules as axioms 
defining a suitable structure (No, <, {— | — }). In the following, as usual, 
x < y means x < y and x 7^ y. 

Construction If L, R C No and L < R, then {L \ R} G No, that is 
starting from a Conway cut (L, R) we can construct a surreal with 
{L\R} G No. 

Surjectivity If x G No, then there exist L, R C No such that L < R and 
x = {L\R}, that is all surreal numbers can be constructed starting 
from a Conway cut. 

Inequality If x = {L x \ R x } and y = {L y \ R y } are well defined 3 , then x < y 
if and only if L x < {y} and {x} < R y , i.e. l x < y and x < r y for every 
l x G L x and every r y G R y . This rule can be represented in the 
following way 

L x Rx L v R v 

x • • • y 



3 That is L x < Rx and L y < R y . Let us note that using a notation like x = {L x \ R x } 
we do not mean that a number x £ No uniquely determines the subsets L x and R x . 
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Equality If x, y G No, then x = y if and only if x < y and y < x, that 
is equality between surreal numbers can be defined starting from the 
order relation <. 

Starting from these simple rules/axioms we can already construct several 
meaningful examples of numbers in No. Prom the definition (B.4.1) of L < R 
we see that always L < and < R for every L, R C No. So we have < 
and from the Construction rule {0 | 0} G No. Therefore, No is not empty 
and we can iterate the process. For simplicity, we will write {|} := {0|0}, 
{L|} := {L|0}, {\R} : = {0|i?}, {xi, . . . , x n \ R} := {{x 1: . . . ,x n }\ R} and 
{L | x\, . . . , x n } := {L | {x±, . . . , Xn}}. Hence we have, e.g., 

{|}GNo 
x G No =>• {|x}, {x\} G No. 

But the understanding of the class No has a great improvement if we intro- 
duce the above mentioned interpretation of simplicity. Conway's idea is that 
a number x G No is simpler than y G No if x is defined before y in the previ- 
ous iterative process (using Conway's terminology: x was born before y). So, 
{|} is the simplest number 4 and this justify the definition {|} =: 0. On the 
next step, we have e.g. {|0} and {0|} which have the same degree of simplicity 
(because they are both defined in the second step of the iterative process). To 
interpret these numbers we have hence to use the idea of simplicity expressed 
in (B.4.2): {0|} is the simplest number greater than and {|0} is the simplest 
number less than 0. This justify the definition 1 := {0|} and —1 := {|0}. Up 
to isomorphisms we can hence affirm that N, Z C No. Another meaningful 
example based on this interpretation is the number {0 | 1} which has to be 
thought as the simplest number between and 1, i.e. ^ := {0 | 1}. From the 
Inequality rule we can prove that {| x} < < {x |} for every x G No, and 
that 1^0, hence < 1 follows from the Equality rule. Analogously one 
can prove that . . . < —3 < —2 <— 1<0<1<2<3<... Moreover, we 
can also easily see that e.g. {—1 1 1} = so we note that different subsets L, 
R C No can define the same number x = {L \, R}. 

But now we also have that N C No and hence we can form the number 
N + 1 := {N |} and this catch a glimpse of the possibility to extend all this 
using transfinite induction. 

Instead of further proceeding with Conway's approach to No we want 
to sketch his point of view to the foundational questions arising from his 
construction. These ideas are precisely stated in the Appendix to Part Zero 
of [Conway, 1976]. The mainstream's approach to a topic like No, where 
one must use e.g. transfinite induction, is to fix a formal theory of sets (like 

4 Of course, at this stage of developement and using this not-strictly formal point of 
view, our use of the notion of "simplicity" is only informal and it is natural to ask for a 
more formal definition, considering, moreover, its uniqueness. This will be done in the 
next section. 
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Zermelo-Fraenkel ZF theory or von Neumann-Bernay-Godel NBG theory) 
and to formalize every construction inside that theory Sometimes, this for- 
malization can conduct to a theory far from the original intuition, because 
different formalizations are possible of a given informal construction. Let 
us note explicitly that here J. Conway's term of judgment is the searching 
for a good dialectic between informal constructions and their formal coun- 
terpart, which has been a leading thread of all the present work. Conway's 
foundational point of view can be summarized citing, as in [Conway, 1976]: 

It seems to us, however, that mathematics has now reached 
the stage where formalization within some particular axiomatic 
theory is irrelevant, even for foundational studies. It should be 
possible to specify conditions on a mathematical theory which 
would suffice for embeddability within ZF (supplemented by ad- 
ditional axioms of infinity if necessary) , but which do not other- 
wise restrict the possible constructions in that theory 

The Cuesta Dutari definition of No 

From our point of view, one has the best result if there exists a formalization 
respecting the above mentioned good formal-informal dialectic, and hence a 
great effort has to be dedicated to the searching for this best formalization, if 
any, before assuming a point of view so general and radical like J. Conway's 
one. This type of formalization for surreal numbers is possible and is given 
by [Cuesta Dutari, 1954]. In this appendix we only sketch the first steps 
of this development; for a complete treatment, see [Ailing, 1987]. The set 
theory we will consider is NBG. 

Definition B.4.1. Let (T, <) a totally ordered set, then we say that (L,R) 
is a Cuesta Dutari cut in T iff 

1. L, M C T 

2. L < R 

3. LUR = T. 

Moreover, we will denote by CD(T) the class of all Cuesta Dutari cuts in T . 

Essentially a Cuesta Dutari cuts is a Conway cut with the additional condi- 
tion L U R = T. Since (0, T) and (T, 0) are always Cuesta Dutari cuts, we 
have that CD(T) is never empty. 

If we think than each Cuesta Dutari cut identifies a new number, the 
union T U CD(T) can be thought of as a completion of the totally ordered 
set (T, <) if we can extend the order relation < to this union. This is done 
in the following 
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Definition B.4.2. Let (T, <) be a totally ordered set, then on the Cuesta 
Dutari completion x(T) := TU CD(T) of T we define the order relation: 

1. If x, y G T then we will say that x is less than or equal to y iff x < y in 
T . Because of this first case, the order relation on x(T) will be denoted 
again by the symbol <. 

2. Ifx£Tandy = (L,R) G CD(T), then: 

(a) x G L =>■ x < y 

(b) x G R =>■ y < x 

3. If x = (L X ,R X ), y = (L y ,R y ) G x( T ), then x < y iff L x C L y . 

It is indeed possible to prove (see Ailing [1987]) that (x(T), <) is a totally 
ordered set. For example if we take t, r G T with t < r, we can consider the 
cut c = ((— oo, t], [r, +oo)) and we have t < c < r. If x = (L,R) G CD(T), 
then L < {x} < i? and, as a further example, (0, T) is the least element of 
x(T), whereas (T, 0) is the greatest element. 

So, how can we form using Cuesta Dutari cuts? We do not have to think 
at the Cuesta Dutari completion as a final completion starting from a single 
given ordered set (T, <) but, instead, as a tool for a transfinite-recursive 
construction: 

Definition B.4.3. Let On be the class of all ordinals, we define by transfi- 
nite recursion the family (T Q ) a60n of ordered sets given by: 

1. To is the empty set ordered with the empty relation, 

2. For every (3 G On: 

(a) If a + 1 = f3, then T p := x (T a ) 

(b) If (3 is a non-zero limit ordinal, then Tg := {J a< gT a . 

Finally we set No := UaeOn^a- 

So, e.g., := (0,0) G Ti = x(3b) C No. The ordinal index a in the 
previous transfinite recursive definition gives the notion of simplicity of a 
number x G No, that is its birthday using Conway's terminology. 

Definition B.4.4. If x £ No, we define the birth-order function by 
b(x) := min {a G No | x G T a } , 

where < is the order relation defined on No. 
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So we have, e.g., 6(0) = 0, 6(1) = 6(-l) = 1, 6(2) = 6 (±) = 6 (-|) = 2. 

At this point, the most important result is Conway's simplicity theorem: 
it states that every Conway cut (L, R) determines uniquely the simplest 
surreal number filling the gap between the subsets L and R: 

Theorem B.4.5. Let L, R C No with L < R, then there exist one and only 
one x G No such that: 

1. L <{x} <R 

2. Ifye No \ {x} verifies L < {y} < R, then b(x) < b(y). 
This unique x will be denoted by {L \ R} . 

For a proof see Ailing [1987]. 

Ring operations on No 

On the class of surreal numbers we can define all the field operations, the 
simplest one being subtraction: 

x = {L\R} => —x := {—R\ — L}. 

The definition of sum and product requires some motivations. Let x = 
{L x | R x } and y = {L y \ R y } be surreal numbers, so that 

l x <x<r x (B.4.3) 
ly <y < r y {BAA) 

for every l x G L x , r x G R x , l y G L y and r y G Ry. Since we want No to be 
an ordered group with respect to addition, we must have: 

l x +y <x + y 
x + l y < x + y 
x + y <r x + y 
x + y < x + r y . 

Hence Conway defines x + y as the simplest number verifying these inequal- 
ities, i.e. using transfinite recursion we can define 

x + y := {(L x + y) U (x + L y ) \ (R x + y) U (x + Ry)} , 

where, e.g., L x + y := {l x + y : l x G L x }. Analogously we can proceed to 
justify the definition of product. From (B.4.3) and (B.4.4), in the hypothesis 
that No be an ordered group under multiplication, we must have that x — l x , 
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y — ly, f x — x and r y — y are all greater than zero. Taking all the products 
of these terms involving an x and a y we have 

< (x - l x ) ■ (y - l y ) = xy - l x y - xl y + l x l y 
< (r x - x) ■ (r y -y) = xy - r x y - xr y + r x r y 
< (x - l x ) ■ (r y - y) = -xy + l x y + xr y - l x r y 
< (r x - x) ■ (y - l y ) = -xy + r x y + xl y + r x l y . 

As a consequence, from these we get inequalities bounding xy: 

^xV xl y l x ly ^ <&y ^ IxV ~t~ XT y l x T y 

r x y + xr y - r x r y < xy < r x y + xl y + r x l y . 

We can hence define (once again by transfinite recursion): 

L x . y : = (L x y + xL y - L x L y ) U (R x y + xR y - R x R y ) 
R x . y : = (L x y + xR y - L x R y ) U (R x y + xL y + R x L y ) 
x ■ y : = {L x . y | R x . y } , 

where e.g. L x y := {l x ■ y : l x €. L x } and L x L y := {l x ■ l y \l x G L x , l y £ 
Ly}. Using these definitions we can prove that No verifies the axioms of an 
ordered field. 



Examples of surreal numbers 

As we already sketched, up to isomorphism we have n = {0, 1, 2, . . . , n— 1 1} G 
N C No, -n = {\ - n + 1, -n + 2, . . . , -2, -1, 0} e Z C No, but also 
u := {N|}. It results n < uj for every n G N and hence No is a non- 
Archimedean field. Moreover, because we have an ordered field containing 
the integers, we also have Q C No, i.e. all the rationals can be seen as 
surreal numbers. Finally, using Dedekind cuts we can also identify E with a 
subfield of No. 

But using transfinite induction we can also define 

^(0) : = 

tp{fi) : = {{ip(a) : a < (3} |} G No V/3 G On, 

and we can prove that tp is an order-preserving map from the class of all 
ordinals On into No, with birthday function verifying b((p((3)) = (3. This 
also proves that No is a proper class and not a set because ip, being order 
preserving, is injective. For this reason usually one says that No is a Field, 
with the capital initial letter to underline that it verifies the axioms of a 
field, but its support set is a proper class. 
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We have already seen that in No we have infinities like to = {N | } , but 
we can also easily construct infinitesimals like 

| I - : n G N >0 
[ n 

which is strictly positive but smaller than any strictly positive real. 

All these examples can conduct us toward the conjecture that the class 
No is some kind of "universal" field containing every possible extension of the 
real field. Indeed we have the following theorem (see Conway [1976] for the 
proof; see also Ehrlich [1988] for a more general and systematic treatment) 

Theorem B.4.6. The field No verifies the following properties 

1. No is an ordered Field 

2. If 

A is an ordered subfield of No 
A is an ordered subfield of B, 

with \A\ and \B\ sets and not proper classes, then there exist 

B' ordered subfield of No 
/ : B > B' isormophism of ordered fields 

such that f\A = Ia ■ 

Moreover, if F verifies these properties 1. and 2 (like No does), then F ~ 
No as an ordered field. 

We can represent the situation in the following way: if we have (as dia- 
gram of morphisms between ordered fields) 



A 



No 



B 

then we can complete it with the commutative diagram 

A c - No 



B 



B' 
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Prom this point of view the field of surreal numbers is remarkably inclusive 5 . 
For example applying the previous theorem with A = K. and B = *M, we 
obtain that No contains, up to isomorphism, the hyperreals of NSA. 

Comparison with Fermat reals 

The first comparison between surreals and Fermat reals comes from the previ- 
ous Theorem (B.4.6) which cannot be applied to the ring *IL More trivially, 
the existence of non-zero nilpotent infinitesimals is not compatible with field 
axioms. 

Moreover, the construction of No is deeply based on order properties 
and produces a single numeric field and not a category of extended spaces, 
including manifolds, like our 'C°°. 

The field No has many remarkable properties, it is a real closed field, 
there is the possibility to define exponential and logarithm and even a notion 
of Riemann integral (see Fornasiero [2004]). On the other hand, like any 
other non Archimedean ordered field, No is totally disconnected, therefore 
we have examples of functions differentiable on an interval with everywhere 
zero derivative which are not constant, we do not have the uniqueness of 
the primitive of a continuous function and we do not have uniqueness in the 
simplest initial value problem: y'{x) = 0, y(0) = 0. This cannot be directly 
compared with our results regarding the development of the calculus on the 
Fermat reals (see Chapters 11 and 12) because our results are applicable to 
smooth functions only and not to a lower degree of differentiability. 

From a methodological point of view, as we have already sketched above, 
Conway's construction seems to be based on the search of a theory with 
strong intuitive meaning, essentially due to Conway's simplicity theorem 
(B.4.5). Formalization like Cuesta Dutari [1954] and Ailing [1987] permit to 
obtain a good dialectic between formal theory and intuitive interpretation, 
which is also the leading design of the present work. 

B.5 Levi-Civita field 

The Levi-Civita field (from now on: LCF) originally appeared in Levi-Civita 
[1893] and Levi-Civita [1898], but it was subsequently rediscovered by Ostrowski 
[1935], Neder [1941-1943], Berz [1992] and Berz [1994] (to whom, together 
with K. Shamseddine, we can attribute the modern development of the 
topic). For an account of Levi-Civita's work see also Laugwitz [1975]. For 
a detailed work in this topic and the proofs of the theorems we will state in 
this section, see e.g. Shamseddine [1999]. Because of the several analogies 

6 Prom this point of view the name "surreal numbers" is less meaningful than the original 
Conway's "numbers" without any adjective. 



297 



Appendix B. Other theories of infinitesimals 



between our Fermat reals and the LCF, we will introduce this topic with a 
certain level of detail. 

To motivate the introduction of the LCF we start from the idea to add 
to the real field R a single new invertible infinitesimal number d to which 
we want to apply all the ring operations but also arbitrary roots. Hence, we 
would like to be able to form numbers like 3 + d + 2d 2 , but also like d , 
d 1 / 2 , d" 1 / 2 , 2 — d 3 + 4cZ 3 / 5 — -id -2 / 3 . This can be easily obtained using purely 
algebraic methods, e.g. considering formal power series of the form 

x = ^2x q -d q . (B.5.1) 
There is no problem in defining the sum pointwise 

x + v := Y x i dq + Y y i dq := Y ( x i + dq > 

qe<Q <?e<Q <?eQ 

but we can recognize a first limitation considering the product, which is 
defined, as usual for formal power series, as 



x ■ y := 




(B.5.2) 



Indeed, the sum ^2 r+s=q x r ■ y s can have an infinite number of addends, 
depending on how many non-zero coefficients x r and y s we have in the factors 
x and y, and hence the previous definition of product x-y can be meaningless 
for generic formal power series x, y. Because we want that the definition 
(B.5.2) works for every pair x, y, we must introduce a limitation on the 
number of coefficients in our formal power series. In other words, we must 
limit the number of non zero coefficients in the formal series. For example 
we can have 

x = d~ 3 + d~ 2 + d~ l + 1 + d + d 2 + d 3 + d 4 + d 5 + . . . , 

or 

y = . . . + d~ 5 + d~ 4 + d~ 3 + d~ 2 + d~ l + 1 + d + d 2 . 

More generally, the equation r + s = q may have infinitely many solutions if 
there is an accumulation point for the indexes s £ Q such that y s ^ 0. In 
the LCF the choice fall on power series with a finite number of exponents 
"on the left", i.e. such that 

Vq G Q : card {r G Q | x r / , r < q} is finite. (B.5.3) 

From our point of view, which is not near to the formal point of view ex- 
pressed in the construction of the LCF - remember that at present we do 
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not have a notion of convergence for our series - it seems hard to motivate 
this choice instead of the limitation "on the right". Moreover, let us note 
explicitly that if we do not want to introduce limitations on the exponents 
we consider in our power series, then we are forced to say that the product 
x • y is not always defined, but only for those pairs x, y such that the sum 
J2r+s=q x r ' Us converges with respect to some notion of convergence 6 . This 
may seem strange from an algebraic point of view, but it can be considered 
more common in the calculus, where, e.g. in the standard Schwartz's theory 
of distribution, the product of two distributions is not always defined and 
can be considered in some cases only (see e.g. Colombeau [1992]), or where 
the set of convergent or divergent real sequences is not closed with respect 
to pointwise product. 

Leaving the intuitive motivations to arrive to a more formal mathematics, 
we can introduce our formal power series thinking of the corresponding defi- 
nition for polynomials: identifying a polynomial ao + a\x + CL2X 2 + . . . + a n x n 
with the ra-tuple of its coefficients (ao, a%, 0,2, ■ ■ ■ , a n ) is equivalent to say that 
a polynomial is a function of the form a : {0,1,2, ... ,n} — > E. Analogously 
we can define 

Definition B.5.1. The support set 1Z of the LCF is the set of all the func- 
tions x : Q — ► K with left-finite support, i.e. such that 

Vg G Q : card {r G Q \ x r 7^ , r < q} is finite. 

So, the value 7 x(q) =: x[q] has to be thought as the coefficient of the 
addend x[q] ■ d q . The ring operations are defined for q G Q as 

(x + y)[q\ : = x[q] + y[q] 

(x -y)[q]:= X M ' 2/M> 

r, seQ 

r+s=q 

and we can verify that (1Z, +, •) becomes a field (see e.g. Shamseddine [1999]). 
In a formal power series like (B.5.1) the leading term x m ■ d m with the lower 
value m G Q of the exponent determines the behavior of the number from 
several points of view, e.g. with respect to order. For this reason we introduce 
the following notations: 

Definition B.5.2. Let x, y G 1Z, then 

1. supp(x) := {q G Q | x[q] / 0} 

6 This notion may be trivial, e.g. if we consider only those pairs for which for every 
q £ Q, there is only a finite number of exponents r, s such that r + s = q. 

7 The notation with square brackets x[q] permits to avoid confusion when one consider 
functions defined on the LCF 1Z. 
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2. X(x) := min (supp(x)) for i / and A(0) := +00. The term X(x) is 
called order of magnitude. 

3. x ~ y : <^=> ^( x ) = X(y). This relation is called agreement of 
order of magnitude. 

4. X K,y :<=^ X(x) = X(y) and x [X(x)] = y [X(y)\ 

5. x= r y :<==^ Vg G Q< r : x[q] = y[q] 

If r > 0, the relation = r is the analogous of our equality up to k-th 
order infinitesimals (see Chapter 3): if x = r y, then x — y is given by sum 
of infinitesimals a q d q of order d > r. E.g. we can expect to have 1 + d + 
d 2 — 2d 3 =2 1 + d + d 2 + id 5 or d n+l = n 0. So, it appears sufficiently clear 
that, even if we do not have a ring with nilpotent elements, the equivalence 
relation = r can supply a possible alternative language. 

In the LCF we can prove the existence of roots: 

Theorem B.5.3. Let x £ TZ be non zero and n £ N>o- If n is even and the 
leading term x[X{x)\ > 0, then x has two n-th roots in TZ. If n is even and 
x[X{x)} < 0, then x has no n-th roots in TZ. If n is odd, then x has a unique 
n-th root in TZ. 

Exactly like in the study of polynomials, the particular number d[q] := 1 
for q = 1 and d[q] := otherwise, works as the independent variable in our 
formal power series, and the equality (B.5.1) can now be proved for every 
x £ TZ because (d r ) [q] = 1 if q = r and (d r ) [q] = otherwise. Let us note 
explicitly that if r = | G Q with p, q G Z, q > 0, then d r = ^dP, so we need 
the previous Theorem B.5.3. 

Obviously, the embedding of the reals is given by r G M 1— > r[— ] £ TZ, 
where r[0] = r and r[q] =0 otherwise, but it is now also clear that formal 
Laurent series (and hence also D. Tail's superreal numbers, see e.g. Tall 
[1980]), i.e. numbers of the form 

+00 

x= ^2 x k -d k 

k=-N 

are embedded in the LCF. 

Essential for the development of the LCF as an ordered field but also for 
the different notions of continuity and differentiability of functions / : TZ — > 
TZ is the order relation. As hinted above, we can define the order relation by 
comparison of the leading terms 

Definition B.5.4. If x, y £ TZ, we define 

x > :<==^ »[A(a;)] > 
x > y : <^=^ x — y > 
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With this relation the LCF becomes a totally ordered field extending the 
real field. 

In the framework of Fermat reals, the natural topology is the final one 
with respect to which any figure is continuous (see Section 6.2). As we men- 
tioned ibidem, for Fermat reals, and more generally for Fermat spaces, the 
topology is a byproduct of the difFeological structure. Using this structure, 
we have a natural way to define smooth maps between C°°-spaces and hence 
to extend these maps to the corresponding Fermat spaces, without any par- 
ticular focusing on the topology. In the LCF, it is not so clear what functions 
/ : K. — > E can be extended to the whole TZ and hence the approach is dif- 
ferent and mimics the classical approach of calculus. The next step is hence 
to use the order relation to define a corresponding order topology. 

Definition B.5.5. Because the order relation on TZ is total, we can define 
the absolute value in the usual way 

{x if x > 
—x if x < 

Moreover, we say that a subset U CK is open in the order topology iff 

Vu G U 3 5 G TZ >0 : {x G TZ : \x - u\ < 5} C U. 

For example the sequence (d n ) n ^ converges to the zero sequence in the 
order topology. Using the same idea, that is the formal analogy with the reals 
M, we can define continuity, differentiability and convergence of sequences 

Definition B.5.6. Let D C TZ and f : D — > TZ, then we say that f is 
topologically continuous at xo G D iff 

Ve G TZ>o 35 € TZ > o : Vx G D : \x - x \ < 5 \f(x) - f(x )\ < e. 

Definition B.5.7. Let D C TZ and f : D — > TZ, then we say that f is 
topologically differentiable at xq G D iff there exists a number I G TZ such 
that 

Me G TZ >0 35 £ TZ >0 Vx G D : < \x - x \ < 5 

Definition B.5.8. Let s : N — ► TZ, then we say that s converges strongly 
to s e TZ iff 

Ve G TZ >0 3N G N : Vn G N : n > N => \s n - s\ < e. 

It is interesting that now, using this notion of convergence, we can asso- 
ciate to our formal power series a notion of convergence: 



m - /(xo) 

X — Xq 
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Theorem B.5.9. Let x G 1Z and define recursively 

q : = X(x) 



qk+i ■-- 



min(supp(x) \ {q ,qi, ■ ■ • «/supp(x) D {q ,qi, •••,%} 
otherwise 



then the sequence iiENh X^o^fe] ' d qk £ 7£ converges strongly to x, so 
that we can write 

+00 

x = ^xlqk] • d qk . 
k=0 

Note that this theorem does not realize the above mentioned dialogue 
between potential infinitesimals and actual infinitesimals because, trivially, 
in its statement there is no mention of any such potential infinitesimal, i.e. 
of a function of the form i : E — > M convergent to zero, instead in the 
statement convergence is understood in the LCF sense. 

We can now give some motivations for the choice of the domain Q for 
the elements of the LCF 1Z: why is there, in the definition of 1Z, the field Q 
instead of M. like in our Fermat reals 8 ? The answer can be anticipated saying 
that Q is the simplest domain to obtain some of the desired properties. To 
render this statement more precise we need the notion of skeleton group. 

Definition B.5.10. Let (F, +,-,<) be a totally ordered field and define in 
it the absolute value as usual. Let a, b G F^q, then we say 

a<^b : <^=^ Vn G N : n • a <b 

and we will read it a is infinitely smaller than b. Moreover, we will say 

a~b :<==^ -i(|a| < and -i(|6| < \a\). 

The relation ~ is an equivalence relation, and we will denote by 

Sf := {[4~ l« e 

the set of all its equivalence classes. Moreover, it is possible to prove that the 
following definitions are correct: 



[a]„-[b]„: = [a-b]„ 
[a]„ < [&]„ Vn G N : n\a\ < \b\. 



'Recall e.g. that we can consider infinitesimal dt a for every real number a > 1. 
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It is possible to prove that (Sf, •,<) is a totally ordered group, called 
the skeleton group of F. This notion is naturally tied with the notion of 
non- Archimedean field. Indeed, the skeleton group of the real field is trivial 
Sr = {[1]-}, but it is not so for non- Archimedean fields, as stated in the 
following 

Theorem B.5.11. Let F be a totally ordered non- Archimedean field, then 

Z C S F . 

Moreover, if F admits roots of positive elements, then 

This motivates why we take Q as domain of our functions x &7Z, that is 
as exponents of d in our formal power series: it is the smallest set of exponents 
that permits to have a non- Archimedean field and roots of positive elements. 

But the idea to follow formal analogies to define continuity and differ- 
entiability (see Definitions B.5.6 and B.5.7) presents several problems (not 
characteristic of the LCF, but common to every non- Archimedean totally 
ordered field): e.g. the function / : [0, 1] — ► TZ defined by 




if x is infinitely small 

1 if a; is finite 



is topologically continuous and topologically differentiable, but it does not 
assume the value d G [0,1] even though /(0) < d < /(l), hence it does 
not verifies the intermediate value theorem. Moreover, f'(x) = for all 
x £ [0, 1] but / is not constant on [0, 1] . Therefore, also the simplest initial 
value problem y' = 0, y(0) = does not have a unique solution. This is due 
to the fact that infinitesimals are totally disconnected from finite numbers 
because d <C r for every r £ M>o, and this is a general problem of non- 
Archimedean fields. On the other hand, as we have seen in Chapter 13, in 
the context of Fermat reals, we do not encounter this type of problems. 

The solution adopted in the framework of the LCF is to change the notion 
of topological continuity introducing a Lipschitz condition: 

Definition B.5.12. Let a < b be given in TZ, let I £ {(a, b), [a, b], (a, b], [a, b]} 
be an interval of TZ and f : I — ► TZ, then we say that f is continuous in / 
iff 

3MeTZ: VsGl: \f{x) - f(y)\ < M ■ \x - y\ . 

This is very interesting for our comparison because a Lipschitz condition 
is essential both for our Fermat reals (see e.g. the Definitions 2.8.1 and 
2.1.1, but also Giordano [2004] where the Lipschitz condition is even more 
needed) and also for Frolicher and Kriegl [1988], Kriegl and Michor [1997]. 
The corresponding definition of differentiability recalls our approach with 
smooth incremental ratios (see Section 11.2): 
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Definition B.5.13. Under the same hypothesis as in the previous definition 
we say that f is differentiable on I iff there exists a continuous function 

f'[—, —]'■ I x I — ► TZ 

such that 

Vx, y E I : f{y) = fix) + f'[x, y]-(y-x). 
As usual we will set f'(x) := f'[x,x]. 

This definition is also very interesting, because, even if the approach of 
the LCF is a formal approach to infinitesimals, some of the chosen solutions 
are very similar to those adopted in non formal approaches to infinitesimals. 
For example, note the requirement that /'[—,—] should be continuous, and 
hence it should verify a Lipschitz condition, in analogy to the Lipschitz 
differentiability introduced in Frolicher and Kriegl [1988]. 

A natural problem dealing with LCF is what class of functions / : E — > 
R can be extended to a meaningful subclass of TZ with the possibility to 
generalize to them some properties, like the intermediate value theorem, an 
inverse function theorem, the maximum theorem, the mean value theorem, 
Rolle's theorem, the existence of primitive functions, or the constancy prin- 
ciple. Because of the left-finiteness of our formal power series x £ TZ, the 
most natural class of functions are those locally expandable in power se- 
ries (the term analytic is used for real functions only in the context of the 
LCF). The solution adopted in Berz [1994] and Shamseddine [1999] (see also 
Shamseddine and Berz [2007] and references therein for a more recent ar- 
ticle) is to define a notion of convergence of power series with coefficients 
in TZ, to prove for them the above mentioned theorems, and hence to show 
that standard power series in M are included as a particular case of this no- 
tion of convergence in TZ. It is also interesting to note that this concept of 
convergence is not the one derived from the formal analogies with the real 
case (see e.g. the Definition B.5.6) but it is rather derived from a family of 
seminorms. For more details on this development, see the above mentioned 
references. 

The left-finiteness of the Levi-Civita numbers permits to represent them 
on a computer. Indeed, for every r G Q the amount of information we 
have to store in the power series (B.5.1), up to the terms x q d q with q < r, 
is finite and we can represent all these numbers with the usual precision 
available in a computer. Therefore, using the equivalence relation = r (see 
Definition B.5.2) we can implement a calculus of Levi-Civita numbers on a 
computer. Obviously, this is possible for rare cases only in other theories of 
infinitesimals 9 and it founds useful applications in automatic differentiation 
(see e.g. Berz [1992]). Here the problem is to find a computer algorithm to 

9 We only mentioned here that the surreal numbers has been implemented in the com- 
puter based proof assistant Coq, see Mamane [2006]. 
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calculate the derivatives, up to a given order, of computationally complicated 
functions like (see Shamseddine [1999]) 

mnf-r 3 + 9 T + nJ 3+cos(sin(ln|l+x|)) 

81 + X + } + expftanhfsinhfcoshf ^(^f*)))) ) ) ) ) 

j( x \ — V V V ^cos(sm(cxp(tan(z + 2))))7777 

2 + sin(sinh(cos(tan _1 (ln(exp(3;) + x 2 + 3))))) 

obtained by composition of elementary functions like sin, cos, exp, the 
Heaviside function 

' 1 if x > 



H(x) :-- 



otherwise 



and of the field operations. These are called computer functions, and can 
be extended to a suitable subset of 1Z using their expansion in power series. 
The property that permits to compute these derivatives is expressed in the 
following theorem and it presents strong analogies with the calculus in our 
Fermat reals: 

Theorem B.5.14. Let f be a computer function continuous at xq £l and 
extendable to xq ± d. Then f is n-times differ entiable at xo if and only if 
there exist real numbers a\, . . . ,a n such that 



/(xo + d) =nJ2^- -<P 



Moreover, in this case we have f^(xo) = aj for j = 0, . . . , n. 

In Shamseddine [1999] one can find several examples of computation of 
derivatives using these formulas, and of non smooth functions whose regu- 
larity is proved using this theorem. A software, called COSY INFINITY, 
has also been created, which is suitable for the computation of derivatives of 
functions using the LCF (see Berz et al. [1996], Shamseddine [1999] and ref- 
erences therein also for the comparison with other methods of computation 
of derivatives) . 



Comparison with Fermat reals 

We have tried to introduce the LCF with a certain detail, due to the many 
analogies that one can see between the LCF theory and our own theory, even 
if the two approaches are very different from the philosophical point of view. 
We can underline several points where the LCF can be considered a better 
framework with respect to Fermat reals, and several others where we can 
state the opposite: 
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© The LCF is a field and not a ring. This is surely reassuring for some 
readers, even if we have mentioned in connection with some deep prob- 
lems that the theory of non- Archimedean fields find in the development 
of the calculus. On the other hand, the availability of infinities can be 
very useful to express e.g. the Riemann integral as an infinite sum or 
to define Dirac delta functions as ordinary functions, like in NSA. 

© In the LCF we have the existence of roots for every positive numbers, 
in particular also for infinitesimals. Of course, this is incompatible with 
a ring containing nilpotent elements and indeed, using Fermat reals, 
we are able to define roots only for invertible numbers. We hinted in 
Section 14 to the possibility to define the square root of an infinitesimal 
Fermat real h £ -Doo as the simplest k £ ^2-w(/i) such that k 2 = h, but 
this notion, even if useful, does not verify the usual equality Vk 2 = \k\. 

© In the present work, we chose to develop a theory of smooth functions 
only, so as to obtain the simplest results useful for smooth differential 
geometry. There is the possibility to extend some of our results to func- 
tions which only belong to C n , keeping present some of the ideas used 
in Giordano [2004]. An example in this direction is given by Theorem 
14.6.1. But at present, the theory of Fermat reals and Fermat spaces 
is not developed in this direction. The possibility to define continu- 
ity and differentiability in the theory of the LCF is hence interesting. 
Because the theory of LCF is not a theory of smooth functions only, 
we have the possibility to prove a useful theorem like B.5.14, even if 
that theorem is applicable only to computer functions expandable to 
xq ± d, i.e. to a class smaller than the one considered in the previous 
analogous Theorem 14.6.1. 

On the other hand we have: 

© Until now, the theory of LCF permits to extend the real field only, and 
not the general case of smooth manifolds, like in the case of Fermat 
reals. 

© The calculus with nilpotent infinitesimals seems easier, for smooth 
functions, with respect to the use of the equivalence relation = r . As 
we mentioned above, because on the right the power series of 1Z are 
not necessarily finite, the functions that naturally extends from M. to 
the LCF are the analytical ones. So, we have the methodological con- 
tradiction that the LCF permits to develop a meaningful notion of 
continuity and differentiability, but at the same time, because of the 
form of the formal power series considered in the LCF, the best results 
are for functions locally expandable in power series and not for a lower 
degree of regularity. At the same time each Fermat number need only 
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a finite number of reals to be stored in a computer, without any need 
of the equivalence relation = r , and hence *M can also be implemented 
in a computer. 

© Because of the formal approach to infinitesimals, the intuitive mean- 
ing of 1Z as connected to potential infinitesimals of E is missing. For 
example, at the best of our knowledge, there is no idea about how it 
would be possible to extend a given function / : E — > E to infinitely 
large numbers in TZ. 
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